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f PREFAC 




PREFACE TO FIRST EDITION. 



k N attempt has been made in this volume to give a somewhat 
^ satisfactory account of many parts of Celestial Mechanics 
tiier than an exhaustive treatment of any special part. The aim 
S been to present the work so as to attain logical sequence, to 
ftke it progressively more ditEeult, and to give the various subjects 
e relative prominence which their scientific and educational 
iportaoce deserves. In short, the aim has been to prepare such 
book that one who has had the necessary mathematical training 
ay obtain from it in a relatively short time and by the easiest 
epe a sufficiently broad and just view of the whole subject to 
lable him to stop with much of real value in his possession, or to 
irsue to the best advantage any particular portion he may choose. 

In carr^nng out the plan of this work it has been necessary to give 
1 introduction to the Problem of Three Bodies. This is not only 
le of the justly celebrated problems of Celestial Mechanics, but it ^ 
as become of special interest in recent times through the researches 
f Hill, Poincar^, and Darwin. The theory of absolute pertur- 
fttions is the central subject in mathematical Astronomy, and 
ich a work as this would be inexcusably deficient if it did not 
ive this theory a prominent place. A chapter has been devoted 
3 geometrical considerations on perturbations. Although these 
letbods are of almost no use in computing, yet they furnish in a 
jjnple manner a clear insight into the nature of the problem, and 
re of the highest value to beginners. The fundamental principles 
f the analytical methods have been given with considerable 
□mpleteneas, but many of the details in developing the formulas 
ave been omitted in order that the size of the book might not 
efest the object for which it has been prepared. The theory of 
rbits has not been given the unduly prominent position which it 
ae occupied in this country, doubtless due to the influence of 
Vataoa's excellent treatise on this subject. 

The method of treatment has been to state all problems in 
dvance and, where the transformations are long, to give an 
utline of the 8t«ps which are to be made. The expression "order 
f smalt quantities" has not been used except when applied to 
ower series in explicit parameters, thus giving the work all th« 



^Eroughout the text and^f 
le ends of the cbaptere, though by no nH 
ifficient to direct one in further reading fl 
' information. H 

This volume is the outgrowth of a oourfl 
uiually by the author at the University ofl 
st six years. These lectures have been opi 
udents and to graduate students who have nol 
' this work. They have been taken by studi 
Y many making Mathematics their major worn 
lough specializing in quite distinct lines, havl 
ea of the processes by means of which ast^ 
id predict celestial phenomena. Thus thei 
ive many an idea of the methods of investlgati 
itained in Celestial Mechanics, and have pn 
failed study extending into the various bn 
vestigations. The object of the work, the sut 

\ methods of treatment seem to have been i 



t and a thorough insight into the subjects 

i corrections and suggestions have add 

bacy and the method of treatment in many 

pnd Stone has read the proofs of the first. 




W PREFACE TO SECOND EDITION. 

THE necessity for a new edition of this work has given the 
opportunity of thoroughly revising it. The general plan 
»hich has been followed is the same as that of the first edition, 
beciuse it was found that it satisfies a real need not only in thin 
country, for whose students it was primarily written, but also in 
Europe. In spite of all temptations its elementary character has 
been preserved, and it has not been greatly enlarged. Very 
many improvements have been made, partly on the suggestion of 
Domerous aatronomera and mathematicians, and it is hoped that 
itvill be found more worthy of the favor with which it has ao far 
been received. 

Tbe most important single change is in the discussion of the 
inelhods of determining orbits. This subject logically follows the 
Problem of Two Bodies, and it is much more elementary in char- 
MtCT than the Problem of Three Bodies and the Theory of Per- 
lurbations. For these reasons it was placed in chapter VI. The 
subject matter has also been very much changed. The methods 
of Uplace and Gauss, on which all other methods of general appUc- 
ibility are more or less directly based, are both given. The 
flandard modes of presentation have not been followed because, 
however well they may be adapted to practice, they are not noted 
for mathematical clarity. Besides, there is no lack of excellent 
Works giving details in the original forms and models of com- 
putation. The other changes and additions of importance are 
in the chapters on the Problem of Two Bodies, the Problem of 
Three Bodies, and in that on Geometrical Consideration of Per- 
lurbstions. 

It is a pleasure to make special acknowledgment of asastance 
to my colleague Professor W. D. MacMillan and to Mr. L. A. 
Hopidns who have read the entire proofs not only once but several 
nmea, and who have made important suggestions and have pointed 
out many defects that otherwise would have escaped notice, 
They are lai^ely responsible for whatever excellence of form the 
book may possess. 

F. R. MouLTON. 
), January, 1914. 







CHAPTER I. 
FUNDAMENTAL PRINCIPLES AND DEFINTnONS. 

t. Elemeota and laws 

2. Problenu treated 

3. Enumeration of the principal elements 

4. Enumeration of printiplca and laws ....•■ 

5. Nature of the laws of motion 

6. Remarlta on the fint law of motion 

7. Remarks on the second law of motion 

& Renutrkj on the third Uw of motion 

DE«NmON3 ANB OENEBAI. BQUATIONB 

9. Rectilinear motion, speed, velocity 

10. Acceleration in rectilinear motion 

11. Speed and velocitiee in curvilinear motion .... 

12. Acceleration in curvilinear motion 

13. Velocity along and perpendicular to the radiua vector . 

14. The compottcntB of acceleration 

15. Application to a particle moving in a circle .... 

16. The areal velocity 

17. Application to motion in an ellipse 

Problenis on velocity and acceleration 

18. Center of maas of n equal particles ....■■ 

19. Center of maas of imequal particles 

30. The center of gravity 

21. Center of mass of a continuous body 

32. PtancB and axes of symmetry 

23. Application to a non-homogeDeoua cube . . . ■ ■ 

24. Application to the octant of a sphere 

Problems on center of mass 

HlSTOHICAI. BKBTCH FROM ANCIENT TUCBB TO NBWTON. 

25. The two diviaiona of the hiatory 

20- Formal astronomy 

27. Dynamical astronomy 

Bibliography 

CHAPTER II. 
RECTILINEAR MOTION. 
The Motion ow Faluno p*»ticlb8. 

39. The differential equations of motion 

SO. Case of constant force 



''•nWo „„,"r "'™»'^ "q".!!™ 

CHAPTER in, 

«• CmWfo,^ ™'"KALFOHCE 

«. TheW,,^ ; • . . . 



1 


H^B^^E" 


n 


1 


TABLE OF CONTENTS. 


txt. 




PiOJt 


SI 


Force vaiying invereely as the fifth power of the diatance . 


93 




ProbletDS on detenaining orbiM from iaw of force .... 


85 




Historical sketch and bibliography 


97 




CHAPTER IV. 






THE POTENTIAL AND ATTRACTIONS OF BODIES. 




69. 


BoKd angles 


98 


«. 


Tie attraction of a thin homogeneoua spherical ahell upon a 






particle in ita interior 


99 


(7. 








particle in ita interior 


100 


«. 








esterior particle. Newton'a method 


101 


1 f» 


Comments upon Newton's method 


103 


™, 


The attraction of a thin homogeneous ipherical ahell upon an 






exterior particle. Thomson and Tail's method .... 


104 


:i. 




100 




Problems on attractions of aicnple solids 


107 


72 


The general equations for the components of attraction and 






for the potential nhen the attracted particle ia not a part 








lOS 


73 


Case where the attracted particle is a part of the attracting maM 


110 


71 
75 




113 






disc upon a particle in iu axis 


113 


76 


The potential and attraction of a thin home^naous spherical 






shell upon an interior or an exterior particle 


114 


n. 










115 




Problems on the potential and attractions of simple bodies 


US 


7S. 


The potential and attraction of a solid homogeneous obtate 








tl9 


79, 








upon a unit particle in its interior 


122 




Problems on the potential and attractions of ellipsoids . 


126 


80. 


The attraction of a solid homogeneous ellipsoid upon an exterior 






partick. Ivory's method 


127 


n. 


The attraction of spheroids . 


132 


L^ 


Tht: attraction at the surfaces of spheroids 


133 


■ 




137 


■ 




las 


■ 


CHAPTER V. 




■ 


THE PROBLEM OF TWO BODIES. 




■ 


Equations of motion 


140 


E 


VThe motion of the center of mass 

I 


U\ 




86. The equations for relative motion i 

86. The int^ralH of areas 

87. Problem in the plane 

88. The elemeats in terms of the oooitanta of int^ratioD . 

89. Propertiea of the motion 

90. Selection of unite and determination of the constant k . 
Problems on elements of orbits 

91. Position in paraboUc orbits 

92. Equation involving two radii and their chord. Euier'a equation 

93. Poeition in elliptic orbita 

94. Geometrical derivatioD of Kepler's equation 

95. Solution of Kepler's equation 

96. Differential corrections 

97. Graphical solution of Kepler's equation 

98. Recapitulation ot formulas 

99. The development of £ in series 

100. The development of r and v in series 

101. Direct computation of the pohir cofirdinatea 

102. Position in hyperbolic orbil« 

103. Position in elliptic and hyperbolic orbits when e is near unity 
Problems on expansions and positions in orbits .... 

104. The heliocentric position in the ecliptic syBtem .... 

105. Transfer of the origin to the earth 

106. Transformation to geocentric equatorial coordinates 

107. Direct computation of the geocentric equatorial coordinates 

Problems on traneformatiooe of co5rdinatea 

Historical ^etch and bibliography 

CHAPTER VI. 
THE DETERMINATION OF ORBITS. 

108. General considerations 1 

109. Intermediate elements f 

110. Preparation of the observations 1' 

111. Outline of the Laplacian method of determining orbits ... 1' 

112. Outline of the Gaussian method of determining orbits ... 1' 
I. The Laplacian uethod or DETGitMiNiNO orbits. <^ 

113. Determination of the first and second derivatives of the angular ^ 

codrdinates from three observations % 

114. Determination of the derivatives from more than three ob- 

servations 2 

115. The approximationB in the detennination of the values of X, ii, r 

and their derivatives 2 

116. Choice ot the origin of time 2 

117. The approximations when there are tour observations ... 2 

118. The fundamental equations 2 

119. The equations for the determination of r and p . . . { . 3 

120. The condition tor a unique solution £ ■ I 



TABLE or CONTENTS. xm 

UT, PASS 

lit. Use of a fourth obaervatiDD in cose of a. double BoluUon . 218 

IJ9. The limits on m and Af 219 

U3. Difiercutial corrections 220 

lit, Diacuasion of the detarminant D 222 

12S. Reduction of the detenninanta D, and D| 224 

US, Correction for the time aberration 226 

117. Development of j:, y, and i in series 227 

US. Computation of the higher derivativee of X, fi, r . . . . 229 

IS. Improvement of the values of z, y, i, i', j/', i" 230 

UO. The modifications of Harser and Leuechnei 231 

n. The GArBsiAN method of determinino orbits. 

131. The equation for p. 232 

IE. The equations for p, Emd pj 236 

131. tmprovemeat of the solution 236 

134. The method of Gauss for computing the ratios of the triaoglea . 237 

135. The first equalioD of Gauss 238 

m. The eeoond equation of Gauss 240 

137. Solution of (98) and (101) 241 

1S8- Determination of the elements a, e, and u . , , . \ 243 

liH, Se(»>nd method of dolermtning a, e, and u 244 

140, Computation of the lime of perihelion passage 248 

lU. Direet derivation of equations defining orbits 249 

10. Formulas for computing an approximate orbit 250 

Problems on determining orbits 257 

Blstoiical sketch aud bibliography 258 

CHAPTER VII. 

THE GENERAL INTEGRALS OF THE PROBLEM OP n BODIES. 

113. The differential equations of motion 261 

lU. The six int«grab of the motion of the center of maaa . . . 262 

IB. The three integrals of areas 264 

1ft The energy integral 267 

M7. TTie question of new integrals 268 

Problenm on motion of center of mass and areas integrals . 269 

1*8. Transfer of the origin to the sun 269 

lit. Dynamical meaning of the equations 271 

ISO. The order of the systeni of equatiooB 273 

Problems on difierential equations For motion of n bodies . . 274 

HiBtoric&l sketch and bibliography 275 

CHAPTER VIII. 

THE PROBLEM OF THREE BODIES. 

Hi. I^blem conmdered 277 

Motion of thb iNFonrBSiMAi. bodt. 

18, The differential equations of motion 278 



I surf scee of aero T^ative veloa^ 

TiBBerand'B criterion for the identity of ci 
Stability of psj-ticular BoIutioDS . 
ApplicatioD of the criterion for BtabiUly t 

solutions 

Particular values of the conatADts of intesralid 
Application to the gegeoaohein 
Application of the criterion for stability to t 

solutions .... ... 

Problems on motion of infinitesimal body. 
Case op three finite bodies. 
CoDdiCioiu for circular orbits 
Equilateral triangle solutions 

Straight line solutions 

Oyoiiniical properties of the solutions 
General eonic section solutions .... 
Problems on particular solutions of tbe problem c 
Historical sketch and bibliography . 

CHAPTER IX. 
PERTURBATIONS-GEOMETRICAL CONE 

Meaning of perturbations 

Variation of coordinates 

Variation of the elemenU 

Derivation of tbe elements from a graphical cone 
Resolution of the disturbing force 
I. EFfBcrra OF ■ 
Dioturbiiuc effects of thej 



TABLE OF CONTBNTB. 



IH. Analytical resolutioo of the disturbiag effects of a third body . 

IS?. PerturbationB of the node 

ISS. Perturbations of the incliDation 

US, Prtc^esion of the equinoxes. Nutation 

190. Reeohition of the diHturbing acceleratioD in the plane of motion , 

191. Perturbations of the major aids 

IH. Perturbalion of the period 

193. The ».nniiii.l equation 

IH, The secular acceleration of the ffloon'a mean motion 



196. The parallaelic inequality 

197. The motion of the line of apaidEs 

198. Secondary effecle 

199. Pwturbatjooe of the eccentricity. ...... 

Ml The evection 

Kl, Gauae' method of computing secular vaiutiona 

10. The long period inequalitiea 

Problems on perturbations 

Hntorical sketch and bibliography 

CHAPTER X. 
PERTURBATIONS—ANALYTICAL METHOD. 

W. Introductory remarks 

104, Illustrative example 

%. Equations in the problem of three bodies 

'^>'i Transformation of variables 

- '" Method of solution 

■•'•'. Determination of the constanta of integration .... 

^. The terms of the fiiHt order 

!1D. Tha terms of the second order 

Problems on the method of computing perturbations 

III, Choice of elements 

113. l^grange's brackets 

!1S. Properties of I^aKrange's brackets 

Ill Transformation to the ordinary elements 

Si. Method of direct computation of Lagrange's brscketfl . 

««. Computation of [«, a], Ift, t], [i, w| 

HT. Computation of jfi". P] 

n& Computation of [a, e], [e, o|, [a. a] 

119. Cban(;e from H, u, and s to £1, ■, and t 

So. Introduction of rectangular components of the disturbing i 
celeratioD 

Problems on variation of elements 

21. Development of the perturbstive function .... 
33S. Development of Ri, I in the mutual inclination. 
O}. Development of the coefficients in powers of ei and «i . 
81. Develonmenls in Fourier series 



^«oiii0 on tiie perturbative function 

HiBtoiical sketch and bibliography 



I 



INTRODUCTION TO CELESTIAL MECHANICS 

CHAPTER I. 

FUimAMENTAL PRinciPLES AHD DEFINITIONS. 



1. Elements and Laws. The problems of every e 
npressibie in certain terma which will be designated as elements, 
ud depend upon certain principhs and laws for their solution. 
TTie elements arise from the very nature of the subject considered, 
Md are expressed or impUed in the formulation of the problems 
tttsted. The principles and laws are the relations which are 
^wn or are assumed to exist among the various elements. 
Tbey are inductions from experiments, or deductions from previ- 
oualy accepted principles and laws, or simply agreements. 

An explicit statement in the beginning of the type of problems 
•Weh will be treated, and an enumeration of the elements which 
*lwj involve, and of the principles and laws which relate to them, 
■ill lead to clearness of exposition. In order to obtain a com- 
plrte understanding of the character of the conclusions which are 
Nwhed, it would be necessary to make a philosophical discussion 
df the reality of the elements, and of the origin and character of 
^ principlee and laws. These questions cannot be entered into 
"We because of the difficulty and complexity of metaphysical 
"peculations. It is not to be understood that such investigations 
We not of value; they forever lead back to simpler and more 
Undeniable assumptions upon which to base all reasoning. 

The method of procedure in this work will necessarily be to 
^(^pt as true certain fundamental elements and laws without 
"iTing in detail into the questions of their reality or validity. 

"ill be sufficient to consider whether they are definitions or 
iive been inferred from experience, and to point out that they 
iiave been abundantly verified in their applications. They will be 
•ttepted with confidence, and their consequences will be derived, 
in the subjects treated, so far as the scope and limits of the work 
'■lii allow. 



inabilities are very grea^B 
and that it may well be termed "^M 
tion." Tills concluaion is eonfirme^B 
proves that the familiar chemical fl 
I exist in the Rtars also. ■ 

1 In particular, the motions of twH 
subject only to their mutual attracti 
trary initial conditions will be investin 
ml! be discussed when they are subj'el 
various sorts. The essential features J 
the action of a third body will be dl 
metrical and an analytical point of v\ 
what different cases. One is that in w 
Wtf around a planet is perturbed by 
that in which the motion of one plai 
turbed by another planet. 

Another class of problems which ari 
the orbits of unknown bodies from the 
tions at different epochs, made from 
known. That is, the theories of the i 
et<»ids will he based upon observations 
made from the earth. This incomple 
to be treated is sufficient for the em 
employed, _ 




I S\ NATURe OP THE LAWS OF MOTION. 3 

(() Force, with the content that the same term has in Physics. 

Positive numbers arise in Arithmetic, and positive, negative, 
ud complex numbers, in Algebra. Space appears first as an 
(wntial element in Geometry. Time appears first as an essential 
dement in Kinematics. Mass and force appear first and must be 
CODsidered as essential elements in physical problems. No defini- 
IJMis of these familiar elements are necessary here. 

4. Enumeration of the Principles and Laws. In representing 
::n' various physical magnitudes by numbers, certmn agreements 
--nsi be made as to what shall be considered positive, and what 
• gative. The axioms of ordinary Geometry will be considered 
1- lifing true. 

Tbe fundamental principles upon which all work ia Theoretical 
Mechanics may be made to depend are Newton's three Axioms, or 
to<M of Motion. The first two laws were known by Galileo and 
liuighens, although they were for the first time announced 
■i^i^ther in all their completeness by Newton in the Prindpia, 
.1 1686. These laws are as follows:* 

LiW I. Every body continues in its state of rest, or of uniform 
notunt in a ^raight line, unless it is compelled to change that state by 
<t force impressed upon it. 

Liw II. The rale of chaTige of motion is proportional to the force 
Mpressed, and takes place in the direction of the straight line in which 
^ farce acta. 

Law IU. To every action there is an equal and opposite readion; 
», lAe mviwU acHom of two bodies are always equal and oppositely 
UnM. 

5. Nature of the Laws of Motion. Newton calls tbe Laws of 
Motion ATioms, and after giving each, makes a few remarks con- 
Wning its import. Later writers, among whom are Thomson and 
T»it,t regard them as inferences from experience, but accept New- 
Itui's formulation of them as practically final, and adopt them 
in tile precise form in which they were given in the Prindpia. A 
number of Continental writers, among whom is Dr. Ernest Mach, 
'•ve given profound thought to the fundamental principles of 

'Otber fundamental laws may be, and indeed have been, employed; but 
4«)f bvolve more difficult mathematical principles at the very start. They 
■n luch as d'Alembcut'a principle, Hamilton's principle, and the aystems of 
KitcUkaff, Mach, Hertz, Boltzmana, etc. 

\Nataral Fhilotophy, sol. i.. Art. 243. 



certain ])henoinen& are not fully ^B 
principles, and they have recently^^ 
development of the so-called PrtfH 
Domical consequences of this moS 
Mechanics are very sliglit unless I 
is very long, and, whether they arfl 
considered in an introduction to thel 

6. Remarks on the First Law of 9 

Btatement that a body subject to nl 
motion, may be regarded as a defiuiti 
it is implied that there exists some n 
which motion is not involved. Now 
devices actually used for measuring t 
fundamental assumption. For exam 
earth rotates at a uniform rate beca 
upon it which changes the rotation se 
The second part of the law, which . 
a straight line wlien the body is aubjec 
as defining a straight line, if it is aa 
determine when a body is subject to n 
as showing, together with the first j 
are acting, if it is assumed that it is po: 
definition of a straight Une. Eith 



i ON THE BBCOND LAW OF MOTION. 6 

multipUed by the mass of the body moved. This is usually called 

tiw rate of change of momentum, and the ideas of the second law 

I wty be expressed by saying, the rate of change of momentum is 

• unfartumal to the force impressed and takes place in the direction 

' ."re straight line in which the force acts. Or, the acceleration of 

iivii of a body is directly proportional to the force to which it ia 

.'jid, and inversely proportional to its mass, and takes place in 

]_ otdiredion in which the force acts. 

It may appear at Srst thought that force can be measured 
rithout reference to velocity generated, and it ia true in a sense. 
For example, the force with which gravity draws a body downward 
B frequently measured by the stretching of a coiled spring, or the 
ratfnaty of magnetic action can be measured by the torsion of a 
'■'■r. But it will be noticed in all cases of this kind that the 

■ 1 uf reaction of the machine has been determined in some other 
L). This may act have been directly by velocities generated, 

■ it ultimately leads back to it. It is worthy of note in this 
iiiiwtion that all the units of absolute force, as the dyne, cont^ 
■['iiiitly in their definitions the idea of velocity generated. 

i In the statement of the second law it is implied that the effect 

p of s force is exactly the same in whatever condition of rest or of 

' motion the body may be, and to whatever other forces it may be 

li'jtct. The change of motion of a body acted upon by a number 

(fireea is the same at the end of an interval of time as if each 

' (■ acted separately for the same time. Hence the impUcation 

lie second law is, if any nwmfcer of forces act simultaneously on 

■■•'itj, whether it is at rest or in motion, each force produces the same 

:! change of momerUum that it would produce if it alone acted on 

■'ody ai rest. It is apparent that this principle leads to great 

-I'lifications of mechanical problems, for in accordance with it 

■ ■ 'ITects of the various forces can be considered separately. 

Mewton derived the parallelogram of forces from the second 

l»w of motion.* He reasoned that as forces are measured by the 

M*«lerations which they produce, (he resultant of, say, two forcea 

Blmuld be measured by the resultant of their accelerations. Since 

*B acceleration has magnitude and direction it can be repr^ented 

li>' a directed line, or vector. The resultant of two forces will 

then be represented by the diagonal of a parallelogram, of which 

IWD adjacent sides represent the two forces. 

* Prindpui, Cot. i. to the Laws of Motion, 



-lona which avoid this objectfl 

due to PoiKson,* which has for its fundaml 

axiom that the resultant of two equal forcesi 

in th« line of the bisector of the angle wM 

each other. Then the magnitude of the res\M 

by simple processes the general law ia obtaina 

8. Remarks on the Third Law of Motioil 

Newton's laws are sufficient for the determiJ 

of one body subject to any number of knownj 

principle is needed when the investigation cod 

a system of two or more bodies subject to their i 

The third law of motion expresses precisely t' 

^hat if one body presses against another the 

icttOD of the first with the same force. Ant 

lot 80 easy to conceive of it, if one body acta up 

jiy distance, the second reacts upon the first 

ippositeiy directed force. 

Suppose one can exert a given force at will: 

iw of motion, the relative masses of bodies caj 

ley are inversely proportional to the accelei 

rces generate in them. When their relativf 

und the third law can be tested by permittini 

act upon one another and measuring thei 

OB. Newton made several exi 




■ rees except by the accelerations they produce in masses, and 
iliirefore that effectively the reasoning in the preceding paragraph 
is in a circle. He objects also to Newton's definition that mass 
is proportional to the product of the volume and the density of a 
body. He prefers to rely upon experience for the fact that two 
bodies which act upon each other produce oppositely directed 
iccelerations, and to dejim the relative values of the masses as 
inversely proportional to these accelerations. Experience proves 
lurther that if the relative masses of two bodies are determined 
bj- their interactions with a third, the ratio is the same whatever 
the third mass may be. In this way, when one body is taken as 
the unit of mass, the masses of all other bodies can be uniquely 
dtt*nnined. These views have much to commend them. 

In the Scholium appended to the Laws of Motion Newton made 
Bome remarks concerning an important feature of the third law, 
Thi§ was first stated in a manner in which it could actually be 
expressed in mathematical symbols by d'Alembert in 1742, and 
bis ever ^ce been known by his name.* It is essentially this; 
When a body is subject to an acceleration, it may be regarded as 
ewrting a force which is equal and opposite to the force by which 
ihe acceleration is produced. This may be considered as being 
true whether the force arises from another body forming a system 

I with the one under consideration, or has its source exterior to the 
mtem. In general, in a system of any number of bodies, the 

' nmltants of all the applied forces are equal and opposite to the 
mcttoDS of the respective bodies. In other words, the impressed 
lonKs and the reactions, or the expressed forces, form systems 
Bhich are in equilibrium for each body and for the whole system. 
This makes the whole science of Dynamics, in form, one of Statics, 
md formulates the conditions so that they are expressible in 
mathematical terms. This phrasing of the third law of motion 
ban been made the starting point for the elegant and very general 
inveetigations of Lagrange in the subject of Dynamics-f 

The primary purpose of fundamental principles in a science is to 
«)6rdiaate the various phenomena by stating in what respects 
their modes of occurring are common; the value of fimdamental 
principles depends upon the completeness of the coordination of 
the phenomena, and upon the readiness with which they lead tc 
the discovery of unknown facts; the characteristics of funda- 
" See Appell's Micanique, vol. n,, chap. KXiu. 
t CclUcled Works, vols. xi. and XU. 



^^_ ; jttai two ucuiunes^H 

and uncertain advances of all the ancientsH 
found to be mutually contradictory, and tH 
nearly all the phenomena which have beeifl 
are conspicuous for their simplicity, but ifl 
some that they are in certain respects redun 
wonders whether they are primary and I 
nature, even as modified by the principle ol 
of the past evolution of scientific and phi 
should be slow in affirming that any statemeil 
and absolute truth. The fact that several i 
mental principles have been made the baseJ 
chanics, points to the possibility that perfa 
Newtonian system, or the Newtonian system 
principle of relativity, even though it may nc 
, will be supplanted by a simpler one 



Definitions and General Equ 
1 9. Rectilinear Motion, Speed, Velocity. 

'ptilinear motion when it always lies in the sai 
ten its distance from a point in that line v 
I moves with uniform speed if it passes ove 
I intervals of time, whatever their len 
Iresented by a posiUve number, and i^ 
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le speed and velocity are variable when the particle does not 
ertbe equal distances in equal times; and it is necessary to define 
b Uus case what is meant by the speed and velocity at an in- 
ftint. Suppose a particle passes over the distance As in the time 
-:.', and suppose the interval of time At approaches the limit zero in 
;ih a manner that it always contains the instant (. Suppose, 
' irther, that for every M the corresponding As is taken. Then 
'If velocity at the instant I is defined as 



'■2) 



- lim 



■ii'l the speed is the numerical value of t 

I niform and variable velocity may be defined analytically in 

'If fallowing manner. The distance s, counted from a fixed point, 
' I'unsidered as a function of the time, and may be written 

s = *(0. 

1 hen the velocity may be defined by the equation 

ds 



dt 



«'W, 



»hm ^'{() is the derivative of *(0 with respect to (. The velocity 
Baud to be constant, or uniform, if tp'iC) does not vary with /; 
Of, in other words, if *(0 involves ( Imearly in the form iii(t)=at+b, 
'here a and b are constants. It is said to be variable if the value 
■' 4'(() changes with (. 

Some agreement must be made to denote the direction of 
iDo^. An arbitrary point on the line may be taken as the 
Bigin and the distances to the right counted as positive, and 
Ituw to the left, negative. With thi.'j convention, if the value of s 
<l<tennining the position of thn body increases algebraically with 
tbetimetbe velocity will be taken positive; if the value of s de- 
otaaeB as the time increases the \'clocity will be taken negative. 
Tlieii, when v is given in magnitude and sign, the speed and direc- 
tion of motion are determined. 

10. AcceleratioD in Rectilinear Motion. Acceleration is the 
" '•- of change of velocity, and may be constant or variable. Since 
■' i-ase when it is variable includes that when it is constant, it 
Will he sufficient to consider the formef. The definition ot ac«\st- 



^5 -m:)- 



There raiiat be an agreement regarding tl 
tion. When the velocity increases algel 
increases, the acceleration will be taken posil 
decreases algebraically as the time increasel 
be taken negative. I 

11. Speed and Velocities in Curvilmearl 
with which a particle moves is the rate at] 
curve. If V represents the speed in this caaa 
curve, then 



(5) 



\dty 



\dt\ 

l/elocity ia the directed speed possessing the 
ind may be represented by a vector.* The \ 

Kniquely into tliree components parallel to 
pea; and conversely, the three components 
tiiquely into the vector- In other words, if 
ne components parallel to any coordinate ( 
Ke components parallel to any non-coplanar t 
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^dsdy _dy 



Frum these equations it follows that 



(8) 



'-Aihm'Hi) 



TbtK must be an agreement as to a positive and a negative 
fnction along each of the three coordinate axes. 

12. Acceleration in Curvilinear Motion. As in the case of 
velocities, it is simplest to resolve the acceleration into component 
ucelerations parallel to the coordinate axes. On constructing a 
utation corresponding to that used in Art. 11, the following 

jiiLtions result: 

(Px tPy _ tPz 



19) 



di*' 



di" 



dp' 



1^ numerical value of the whole acceleration is 

Ttit is not, in general, equal to the component of acceleration 
■long the curve; that is, to -tjj . For, from (8) it follows that 

"=^v(S)^(l)■-^(|)^ 



wheDce, by differentiation, 

dx (Px 
ip8_ dl dp 
dp' 



dy^^<Pz 



(") 



"V(-)% 



(f)- 



^didP'^ 



dsdP '^dsdP " 



Tina, when the components of acceleration are known, the 
*b(de acceleration is ^ven by (10), and the acceleration alon^ 



^nts of Velocity Alonj 
the Radius Vector. Suppose the jiatb ofl 
xy-pla.ne, and let the polar coordinates he r 
(12) X = TCOB 9, 

The componentB of velocity are therefore 

(dx 

^ = r.= -rsin.^-- 

(13) 

-_„„_+ r co= . ^ - 

Let QP be an arc of the curve described by] 
When the particle is at P, it is moving in thi 
the velocity may lje represented by the vector 



l^i«l* 




epresent the components of velocity along a 
lie radius vector. The reeuitai 




ng (13) and (14), the required compoaenta of velocity 
1 to be 



L 

■Mm 



i, +'' 



\dl 



'Mr 



be components of velocity, v, and vf, can be found in terms 
he components parallel to the x and y-axes by rauitiplying 

f(14) by cos 8 and sin B respectively and adding, and 



u, = + cos e 



dx , 



sin $ 



* 



dt 



df 



(. Tile Components of Acceleration. The derivatives of 
mtions (13) are 

(fi [iPr /desn „ [ d'e^„drde'\ . . 
dhj r iPt , „*d«1 ^ , [iPt /<i»\'l . , 

'■"S-['de+^didi\'""'^[w-'{li) J-""- 

r and a« represent the components of acceleration along 
jendicular to the radius vector. As in Art. 13, it follows 
e composition Euid resolution of vectors that 





I a, = a, sin 9 + a« cos 8 


aring (17) and (18), it is found that 




'■•df-'inl' 




d-e , „drde Id/ 



t\ dt)- 
f components of acceleration along and perpendicular to the 



By similar processes the components o 

parallel to any lines can be found. 

15. Application to a Particle Moving i 
Speed. .Suppose the particle moves with I 
around the origin as center; it is reqiureJ 




rig. 2. 

ponenta of velocity and acceleration parall 
I and parallel and perpendicular to the rat 
I the radius of the circle; then 

X = R CQ6d, y = Re 
I Since the speed is uniform the angle d is pr 
|or 6 = d. The coordinates become 
X •- R COB (ct)j. 
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U»= -Kc'aiii(d). 
And from (19) it is found that 



(24) 



(25) 



■ Rc^, 



It will be observed that, although the speed is uniform in this 
case, the velocity with respect to fixed axes is not constant, and 
tbe acceleration is not zero. If it is assumed that an exterior 
force is the only cause of the change of motion, or of acceleration 
of a particle, then it follows that a particle cannot move in a 
cirete with uniform speed unless it is subject to some force. It 
{(dlowB also from (25) and the second law of motion that the force 
oontinuaily acts in a line which passes through tbe center of the 
circle, 

16. The Areal Velocity. The rate at which the radius vector 
ftom a fixed point to the morving particle describes a surface ia 




Kg. 3. 



GftUed the areal velocity with respect to the point. Suppose the 
particle moves in the xy-plane. Let A^ represent the area of the 
triao^e OPQ swept over by the radius vector in the interval of 
time At. Then 

/-r 
2 



AA=- 



n (Afl); 



(2fi> M rLzl ainCAg) A9 

^ ' Al " 2 ' Afl ■ AJ • 

• tbe angle A0 diminiehee the ratio of the area of the triangle to 



mgular coordinates by the substitution 



equation (27) becomes 

dA 
dt ' 



(28) 






If the motion is not in the z^-ptane tht 
velocity upon the three fundamental pli 
respectively 



(29) 



iA„ \l dy 



dl 



'dt 



In certain mechanical problems the bod 
that the areal velocity is constant if the or 
In this case it is said that the body obeyt 
respect to the origin. That is, 



r* 37 = constant. 




5 and perpendicular to the radius vector. The equation 
I ellipse may be written in the parametric form 



I 

) 



X = a cos 4, y = 6 am . 
is eliminated, the ordinary equatioD 

It follows from (30) that 



dt 



■ df 



•n- 



'di-'' 



ibstituting (30) and (31) in the expression for the law of areas, 

Kdtiui 

P di " Ob " ■"■ 

Stegral of this equation is 

* = Ci( + (^; 

1^ = when ( = 0, then c» = and * = Cit. 
nbstituting the final expression for ^ in (30), it is found that 
L ^ = - Ci*(l cos « = - Ci*X, 



= — Ci'd COS = 

= — ci'b sin ^ = — cfy/. 



leae values of the derivatives are substituted in (20) the 
>onents of acceleration along and perpendicular to the radius 
»r are found to be 

-C.V, 



Jo, = — I 

ta, = 0. 



P L PB0BLEH8. 

A pftTtide movefl with uniform Bpeed along a helix trec«d on a urculor 
ler whose radiiu is R; find the components of velocity and acceleratiop 
al lo the X, y, and z-«xes. The equations of the heliz are 



-^ H .to W). « - re; 


- - » rto W) + g H nn {2a), 


-o-eo8 {«) +^-Ham'(«); 


-^.,<eo.(a)+^H«i,'(a)- 


.^/.^doM; 



- A coa (d) H F* - ^=^ ■ r« J 



Ok - 

3. A particle movee in an ellipse in such s taai 
of areas with respect to one of the foci aa an oripi 
components of velocity and acceleration along and | 
vector and parallel to the axes in terms of the coOn 



'■■ 


.'^^ 


9, 


..-^ 




•■ 


-g- 


2S- 


AAa9 


B,- 


• 


. _i! 


l 


«L-0: 
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18. Center of Mass of n Equal Particles. The center of ma^ 
of a sjst«in of equal particles will be defined as that point whose 
distance from any plane is equal to the average distance of all 
of the particles from that plane. This must be true then for the 
three reference planes. Let (ii, yi, Zi), {xi, y,, Zi),etc., represent 
the rectangular coordinates of the various particles, and 2, §, S 
the rectangular coordinates of their center of mass; then by the 
defijiition 



(32) 



Xi + Xi + ■ ■ ' + 2 



S- 



■■+!,._S''^ 



Suppose the mass of each particle is m, and let M represent the 
mass of the whole system, or JIf ^ nm. On multiplying the 
numerators and denominators by m, equations (32) become 



nm ~ M ' 
~ nm M ■ 



It remains to show that the distance from the point (£, J, 5) 
to any other plane is also the average distance of the particles 
from the plane. The equation of any other plane is 

ax + by + cz + d = 0. 

Tbe distance of the point (£, y, I) from this plane is 

ax^bS + ci + d 



(34) 



d = - 



Va' + 6* + c» 



n-Vo' + &> + £? 

Therefore the point {i, y, 3) defined by (32j 
of center of mass with respect to all planes.l 

19. Center of Mass of Unequal Partil 

cases, (a) that in which the masses are co| 
that in which the masses are incommei 

(a) Select a unit m in terms of which al( 
expressed integrally. Suppose the first i 
ptTn, etc., and let pim = wii, p^m = mt, etc. 1 
thought of as made up of pi + pi + ■ 
and consequently, by Art. 18, 





M 


gmPiH 




S*"^'^' 


£"■'. 



I»l 



CBNTEB OF UASB OF SYSTEHB OF PARTICLEB. 



21 



quantity. Equations (36) continually hold where the mi are the 
masses of the bodies minus the remainders. As the submultiples 
of m approach zero as a limit, the sum of the remainders approaches 
zero as a limit, and the ejcpressions (33) approach as limits the 
expressions in which the wi* are the actual masses of the particles. 
Therefore in all cases equations (36) give a point which satisfies 
tlie definition of center of mass. 

The fact that if the definition of center of mass is fulfilled tor 
the three reference planes, it is also fulfilled for every other plane 
mn easily be proved without recourse to the general formula for 
the distance from any point to any plane. It is to be observed 
that the ^z-plane, for example, may be brought into any position 
whate%'er by a change of origin and a succession of rotations of 
tbe coordinate system around the various axes. It wiU be neces- 
sary to show, then, that equations (36) are not changed in form 
(1) by a change of origin, and (2) by a rotation around one of the 
axes. 

(I) Transfer the origin along the i-axis through the distance a. 
The Bubstitution which accomplishes the transfer is a: = i' + o, 
and tbe first equation of (36) becomes 

Smi(xi' + a) T" miCi a V m.- 
_ _ fel I fat , 



f = - 



M 



which has the same form bs before. 

(2) Rotate the x and y-axes around the a-axis through t! 
angle 6. The substitution which accomplishes the rotation is 

{X = x' cos ff — y sin 0, 
V = j' sin ff + y' COS &. 
TbB fiurst two equations of (36) become by this transformation 



i saxB + yf C0&6 = mad - 



M 



20. The Center of Gravity, 
particles which are near togethc 
subject to forces downward whi 
portional to their respective mas 
particle will be defined as the i 




Pig. 4. 

which is the product of the mass m < 
tion g. The center of gravUv nf ♦^- 
Doinf. H"-^^ ^' 
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sbal! be equal and lie in a line parallel to PiPt ; then the other com- 
ponenla will lie in the same line AB, which is parallel to the 
dirpction of the original forces /i and /j, and will be equal respec- 
lively to/i and ft. Therefore the resultant of/i and/i is equal to 
-!-/i in magnitude and direction. It ia found from simila' 
'ingles that 

Z,^ AB h = :^^ 

if P,B' f PTB' 
whence, by division, 

ft P,B x-xi' 



It solution for x gives 



fiX,+f,Xt 



Httie resultant of these two forces be united with a third force /i, 
■point where their aura may be applied with the same effects is 
d in a similar manner to be given by 

- _ /lJl + /iX] +/tJl 

*wi so on for any number of forces. Similar equations are true 

lot parallel forces actir^ in any other direction. 
Suppose there are n particles mi subject to n parallel forces/* 
e to the attraction of the earth. The coSrdinates of their 
ff of gravity with respect to the origin are given by 






The center of gravity ia thus seen to be coincident with the center 

ef mass; nevertheless this would not in general be true if the sys- 

^^^were not in such a position that the acceletatiooa U) v\i\(^)> 



indiBtinguishably close together; on this a 
treated as continuous masses. For continl 
the limits of expressions (37), as m^ appT 
taken. At the limit m becomes dm and thq 
nite integral. The equations which give f 
therefore 

_ fxdm 



(38) 



/dm ■ 
fydm 
fdm ' 

- '/dm ■ 



where the integrals are to be extended throng 
When the body is homogeneous the densi 
any portion of the maaa divided by ite volui 
not homogeneous the mean densUy is the c 
mass divided by the whole volume. The de 
the Umit of the mean density of a volume ii 
question when this volume approaches zen 
density is represented by a, the element of au 
in rectangular coordinates, 

i^TTi = adxdydt^ 
rhen equations (38) become 



4 
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In certain problems the integrations are performed more mmply 
if polar codrdinatea are employed. The element of mass when 
expressed in polar coOrdinat«s is 




(42) 



_ ///gT* COS* 4> COS 0dit>dBdr 
fffar' COS * d* dfl dr ' 

^ fff'"* cos* ^ sin 6d^d6dr 

ffjin* cos <t>d<t>dedr ' 

//far* sin coe ^d^dSdr 

ffftn' COS <l>d<l>dedr ' 



I 



cause each element o^H 
can be paired with a correapondiii^H 
Bide, and the whole body can be di^| 
meiitA. This plane is called a pi<^| 
geneouB body is symmetrical with reH 
of maaa is in the line of their interel 
axis of symmetry. If a homogeneofl 
respect to three planes, intersecting m 
is at their point of intersection. Fil 
planes and axes of symmetry the ceni 
simple figures can be inferred withoul 
integration. ' 

23. AppUcBtion to a Non-Homogei 
density varies directly as the square of 
faces of the cube. Take the origin at 
the i/r-plane be the face of zero dem 
k is the density at unit distance. Su) 
equals a; then equations (39) become 






f 



't 
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If polar cooniiiiates were used in this problem the upper limits 
of the integrals would be much more complicated than they are 
with rectangular coordinates, and the integration would be 
correspondingly more difficult. 

24. Application to the Octant of a Sphere. Suppose the sphere 
is homogeneous and that the density equals unity. It is preferable 
(a use polar coordinates in this example, although it is by no 
means necessary. Either (39) or (42) can be used in any problem, 
ind the choice should be determined liy the form that the limits 
lake io the two cases. It is desirable to have them all coustanta 
when they can be made so. If the origin is taken at the center 
of the sphere, and if the radius is a, equations (42) become 




I 



inally, the integratirai wito ^| 

The octant of a sphere has threl 
planes defined by the center of A 
bounding spherical triangle, and tl 
opposite sides. Since these three ■ 
point but also in a hne, they do noti 
mass. I 

As nearly all the masses occurriQgl 
spheres or oblate spheroids with thr^ 
intersect in a point but not in a line 
mulas just given are extremely sim; 
need be solved. 



n. PROBLE 

1. Knd the center of mass of a fine atraij 
varies directly as the nth poner of the dista 

Ans. — ~i R from the ei 

2. Find the coordinates of the center o 
denwty bent into a auadranm 
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4. Fmd ibe coordinatce of the center of maaa of a i.hin pkte of uniform 
.' ri_-«iiv, having the form of a complete loop of the lemniacale whoae equation 




C Rnd the coOrdinatee of the center of moss of an octant of a sphere of 
'vliua ft vhoae denaity variea directly as the nth power of the distance froir 



^^^T, Find the cofirdiDates of th' 
^^Voff by a plane perpendicular 

FT, 



IB of a paraboloid of revolution 



IS = « = 0. 






h ta the distance from the vertex of the paraboloid to the plan 

S. Find the coordinates of the center of mase of a right circular cone 
'i^blia h and whose radius is R. 

i' Find the coQrdinates of the center of mnas of a double convei lena of 
li'jiDoccneouB gla^ whose surfaeee are spheres having the radii ri and rt = 2ti 
**! riioae IhicknesB at the center ie ^^— - 



10. In a concave-convex lena the radivie of curvature of the conves and con- 
•"ejurfacea are fi and r» > ri. Determine the thickneaa and diameter of the 
^K that the center of maas shall be in the concave surface. 



Historical Sketch from Ancient Times to Newton. 
K, The Two Divisions of the History. The history of the 
'development of Celestial Mechanics is naturally di^ndcd into two 
'''atinct parts. The one is concerned with the progress of knowl- 
'^ge about the purely formal aspect of the universe, the natural 
'^>iaions of time, the configurations of the constellations, and 
the determination of the paths and periods of the pVaaete \ti \iVfcvs 



ntitnately associated that the speculationsH 
atluenced unduly the conclusions in the fl 
;lear that the two kinds of investigation shol 
Q the mind of the investigator, it is equally ell 
le constantly employed as checks upon eachi 
if the next two articles will be to trace, in as fel 
he development of these two Unes of progreJ 
Celestial Mechanics from the times of the early! 

the time when Newton applied his transceJ 
analysis of the elements involved, and to thein 
if the sublimest products of the human mind. 

26. Formal AstroDomy. The first division 
Ihenomena altogether apart from their causes, i 
formal Astronomy. The day, the month, and 
pvious natural divisions of time that they 
Lticed by the most primitive peoples. But tb 
Be relations among these periods required son 
Iti&c spirit necessary for careful observations 
Bwn of Chaldean and Egyptian history they a; 
Bown with a considerable degree of accuracy. 

1 these peoples ot their earlier civilizations a 
Hie is known with certainty regarding their 
Kits. The authentic history of Aatronomy at 



H^fflw 
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fflurh of his information from Egypt, though the baaie for pr&- 
dirling eclipses rests on the period of 6585 days, known as the 
'tira), discovered by the Chaldaeans. After the lapse of this 
period eclipses of the sun and moon recur under almost identical 
lircumatances except that they are displaced about 120° westward 
on the earth. 

Anaximander (611-545 b.c.)i a friend and probably a pupil of 
Thales, constructed geographical maps, and is credited with 
hiiing invented the gnomon. 

Pythagoras (about 569-470 b.c.) travelled widely in Egypt and 
Chaldea, penetrating Asia even to the banks of the Ganges. On 
bis return he went to Sicily and founded a School of Astronomy 
and Philosophy. He taught that the earth both rotates and 
revolves, and that the comets as well as the planets move in orbits 
AToimd the sun. He is credited with being the first to maintun 
that the same planet, Venus, is both evening and morning star at 
different times. 

Meton (about 465-385 B.C.) brought to the notice of the 
teamed men of Hellas the cycle of 19 years, nearly equalling 236 
synodic months, which has since been known as the Metonic cycle. 
After the lapse of this period the phases of the moon recur on the 
same days of the year, and almost at the same time of day. The 
still more accurate Callipic cycle consists of four Metonic cycles, 
less one day. 

Aristotle (384-322 b.c.) maintained the theory of the globular 
form of the earth and supported it with many of the arguments 
which are used at the present time. 

Ariatarchus (310-250 b.c.) wrote an important work entitled 
Magniivdes aiid Distances. In it he calculated from the time at 
which the earth is in quadrature as seen from the moon that the 
latter is about one-nineteenth as distant from the earth as the sun. 
The time in question is determined by observing when the moon 
is at the first quarter. The practical difficulty of determining 
exactly when the moon has any particular phase is the only thing 
that prevents the method, which is theoretically sound, from 
being entirely successful. 

Eratosthenes (275-194 B.c.) made a catalogue of 475 of the 

brightest stars, and is famous for having determined the size of 

the earth from the measurement of the difference in latitude and 

(be distance apart of Syene, in Upper Egypt, and Alexandria. 

Hipparcbus (about 190-120 B.C.), a native ot 'BV\.'hyia&, Vb*^ 



[Icensions and Declinati^H 
app<?arance of & temporary star to mak^B 
stars. He measured the length of theH 
of the month from eclipses, the motionl 
that of her apogee; he was the author ol 
discovered the precession of the equinoB 
obser\-ations of the planets. The works I 
only indirectly, his own writings having! 
the destruction of the great AJexandrianI 
under Omar, in 640 a.d. 1 

Ptolemy (100-170 A.D.) carried forward j 
faithfully and left the Almagest as the ni 
Fortunately it has come down to modem ti 
much information of great value. Ptolei 
is the evection of the moon's motion, wh 
lowing the moon during the whole month, 
attention to certain phases as previous ol 
discovered refraction, but is particularly ft 
eccentrics and epicycles which he developed 
motions of the planets. 

A stationary perioii followed Ptolemy di 
not cultivated by any people except the Ar 
and commentators rather more than ori( 
the Ninth Century the greatest Arabia 




PROM ANCIENT TIMES TO NEWTON. 



opemicus (1473-1543), and has been pursued with mcreasing 
eal to the present time. Copernicus published his masterpiece, 
>e Revohittonihus Orbium Codesiium, in 1543, in which he gave to 
Ihe world the heliocentric theory of the soiar system. The 
ifStem of Copernicus was rejected by Tyeho Brahe (1546-1601), 
iho advanced a theory of his own, because he could not observe 
my parallax in the fixed stars, Tyeho was of Norwegian birth, 
but did much of his astronomical work in Denmark under the 
patronage of King Frederick. After the death of Frederick he 
moved to Prague where he- was supported the remainder of his 
life by a liberal pension from Rudolph II. He was an indefatigable 
sod most painstaking observer, and made very important contri- 
butions to Astronomy. In his later years Tyeho Brahe had 
Kppler (1571-1630) for his disciple and assistant, and it was by 
diwussing the observations of Tyeho Brahe that Kepler was en- 
-i''li*d, in less than twenty years after the death of his preceptor, 
iHDounce the three laws of planetary motion. It was from 
!■ laws that Newton (1642-1727) derived the law of gravitation. 
'Mliieo (1564-1642), an Italian astronomer, a contemporary of 
Kt [)ler, and a man of greater genius and greater fame, first applied 
tljp telescope to celestial objects. He discovered four satellites 
reiiolving around Jupiter, the rings ot Saturn, and spots on the 

I tun. He, like Kepler, was an ardent supporter of the heliocentric 

27. DTDsmical Astronomy. By Dynamical Astronomy will be 
:iit the cormecting of mechanical and physical causes with 

• ned phenomena. Formal Astronomy is so ancient that it is 

■; possible to go back to its origin; Dynamical Astronomy, on 
'lie other band, did not begin until after the time of Aristotle, and 
liifTi real advances were made at only verj' rare intervals, 

Archimedes (287-212 B.C.), of Syracuse, is the author of the 

•■ -ound ideas regarding mechanical laws. He stated correctly 
principles of the lever and the meaning of the center of gravity 

'■i body. The form and generality of his treatment were im- 
proved by Leonardo da VinH (1452-1519) in his investigations 
offitatical moments. The whole subject of Statics of a rigid body 
invoK'oe only the application of the proper mathematics to these 
prinnipies. 

It is a remarkable fact that no single important advance was 
iiiadt' in the discovery of mechanical laws for nearly two thousand 
jeareaftcr Archimedes, or uiitiJ the time of Stevinus (,'V64%-\yiiS) , 



I 



Hy acting force to keep a )■ 
it was natural for a body to have aH 
motion. This is the opposite of tbA 
law). This law waa discovered byH 
the study of the motion of bodies si 
and out on a horizontal surface. GI 
principle that the change of velocil 
mined by the forces which act upcl 
nearly all of Newton's 6rst two laws. I 
with complete success to the diacoverj 
and of the motion of projectiles. Tn 
such that he is justly considered to b| 
He was the first to employ the pendu! 
time. 

Huyghena (1629-1695), a Dutch m 
published his Horologium OsdUaloriv 
theory of the determination of the inti 
from pendulum experiments, the the 
lation, the theory of evolutea, and t 
pendulum. 

Newton (1642-1727) completed the 
mental principles of Meebanica, and ap 
Buccees in the solution of mechanical 
He employed Geomet^wit^iid^^ 
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RECTILINEAR ■ 

28. A great part of the work in cl 
the solution of differential equations! 
very complicated on account of the nl 
involved. The ordinary Calculus isl 
the treatment of equations in which I 
variable and one dependent variable; I 
equations in several variables, requi 
nection with physical problems anJ 
one which is usually made not witl 
present chapter will be devoted to t 
solution of certain classes of problems 
processes are closely related to those i 
mathematical text-books. It will for 
the methods which arc familiar in « 
mentary Differential £k|uations to the 
of mechanical and astronomical proble 

The examples chosen to illustrate 
largely from astronomical problems 
interest to justify their insertion, e\ 
needed as a preparation for the mt>re co 
will follow. They embm 
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CASE or CONSTANT FORCE. 



upoD the units employed. Then, if / represents the force, the dif- 
ferential equation of motion is 

(1) ''' 



"5r 



-k% 



This is also the differential equation of motion for any case in 
'-''ich the resultant of all the forces ia constantly in the same 
!^ht line and in which the body is not initially projected from 
■ line. A more general treatment will therefore be given than 
■ lid be required if / were simply the force arising from the 
; h's attraction for the particle m. 

riie force / will depend in general upon various things, such as 
;i.t position of m, the time /, and the velocity v. This may be 
indicated by writing equation (1) in the form 

(2) "' S = - **-^f*' '' ">■ 

n which f(s, t, v) simply means that the force may depend upon 
llie quantities contained in the parenthesis. In order to solve 
Itus equation two integrations must be performed, and the char- 
icter of the integrals will depend upon the manner in which / 
depends upon s, t, and v. It is necessary to discuss the difierent 
(MB separately. 

30. Case of Constant Force. This simplest case is nearly 
toliied when particles fall through small distances near the earth's 
mrface under the influence of gravity. If the second is taken 
■ the unit of time and the foot as the unit of length then k*f = mg, 
where g is the acceleration of gravity at the surface of the earth. 
I(a numerical value, which varies somewhat with the latitude, 
Belittle greater than 32. Then equation (I) becomes 



{3) 






I Tliij equation gives after one integration 

%'-<" + "■ 

. nhat Ci is the constant of integration. Let the velocity of the 
IMrticle at the time t ^ be f = Vg. Then the last equation 
8 at t = 



^Konesatl 



I 



Suppose the particle is started ad 
at the time ( = 0; then this equati 

whence 

(4) s - - 

When the initial conditions a 
position of the particle at any timel 
which the body has any position byl 
equation in t. 

If the acceleration were any other] 
than — mg, the equation for the spac 
(4) only in the coefficient of P. 

It is also possible to obtain an im 
speed and the position of the partic 

.d, 
di- 



of equation (3) by 2 ^r . Then, ainc 



m'—' 



It follows from the initial conditions 
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cceleratioQ must be taken with the negative sign, and the differ- 
Dtial equation for positive values of s is 



(6) 



■■ - ifc's, 



For positions of the particle in the negative direction from the 
on^D the velocity increases with the time, and therefore the 
■Gcelerstion is positive. The right member of equation (6) must 
be taken with such a sign that it will be positive. Since a ia 
native in the region under consideration the negative sign must 
be prefixed, and the equation remans as before. Equation (6) ia, 
therefore, the general difFerential equation of motion for a body 
subject to an attractive force varying directly as the distance. 

Multiply both memberB of equation (6) by 2 ^ and integrate; 
tbe result is 

" (!)"--'''"+"■ 

If I -= Sp and j7 = 0, at the time t = 0, then this equation 

bnoQue 

/day k*. . .. 

ihich may be written, as is customary in separating the variables, 

da ^ kdi 



lie initial of this equation ii 



= + c,. 



It tg found from the initial conditions that Ci = ^ ; whence 
. , 8 kl , -K 

(h taking tiie mne of both members, this equation becomes 



m 









FVom this equation it is seen that the motion is oscillatory and 



rhen tbu miuiu iijuuiuiiui 

the motion of the simple pendulum, the c 
fork and most musical instruments, the \ 
body, the small variations in the position 1 
For this reason the method of finding its 
mination of the constants of integration ] 
mastered. 

m. PROBLEMS. 

1. A particle is started with an initial velctcity o 
in Bubject to an acceleratioa of 20 met^ra p 
at the end of 4 aces., and how for will it have moved?] 

{f — 100 meters per sec 
» = 240 meters. 

2. A particle Btarting with an initi&l velocity of 
moving with a coDstant acceleration describee 2050 n 
ifl the acceleration? 

Aru. a " 160 meters per sec. 

3. A particle is moving with an acceleration of S mi 
what space must it move in order that its velocity i 
10 meters per sec. to 20 meters per sec.? 



4. A particle starting with a poaitive initial velocit 
I and moving under a positive acceleration of 20 mete 
I apace of 120 Oketeia. What time w 




g=|(e"+e-°)=SoCodiK(. 
crvc ihal equation (7) may be written in the gimilar form 



>= (eJ=i 



'")- 



«Ki. 



). The mirfacc gravity of the sun is 23 times that of the earth. If a Bolat 
auDBnoe 100,000 iniles high was produred by an explosion, what must have 
a the vdocity of the material when it left the surface of the eun? 
Ans. 184 miles per sec. 

)2. Solution of Linear Equations by Exponentials. The differ- 
ti&l equation (6) and the corresponding one for a repulsive force 
; linear in s with constant coefficienta. There is a general 
eor>- which shows that all Hnear equations having constant 
efficients can be solved in terms of exponentials; or, in certain 
ecial cases, in terms of exponentials mull iplied by powers of the 
dependent variable (. This method has not only the advantage 
generality, but is also verj' simple, and it will be illustrated by 
living (5). Consider the two forms 



(t*S , 



fc»it = 0, 



mime s = e*' and substitute in the differential equations; 

hence 

1 XV - ft'e*' = 0. 

ince these equations must be satisfied by all values of I in order 
^t ^' shall be a solution, it follows that 



(0) 



I X' + i' = 0, 
I X» - i' = 0. 



*t the roots of the first equation be Xt and Xs; then the first 
ijtiation of (8) is verified by both of the particular solutions 
'■■ md «**'. The general solution is the sum of these two particu- 
ir solutions, each multiplied by an arbitrary constant.. PtedsaX'j 



*^*^ » • «^ an J Of 

dt *• when / « ( 

'^e derivatives of ao) J '••^'' + **- 
O°«ub«titutu,g/,0and* ,. 

" A " «• , It foQowB 



I^eref, 



ore 
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This method of treatment shows the close relation between the two 

problems much more clearly than the other methods of obtaining 

the solutions. 

33. AttractiTe Force Varying Inversely as the Square of the 

Distance. For positions in the positive direction from the ori^n 

the velocity decreases algebraically as the time increases whether 

the motion is toward or from the origin; therefore in this region 

the acceleration is negative. Similarly, on the negative aide of 

. Jfc' 
ibe origin the acceleration is positive. Since ^ is always positive 

the right member has different signs in the two cases. For 
nmplicity suppose the mass of the attracted particle is unity. 
Then the differential equation of motion for all positions of the 
particle in the positive direction from the ori^n is 



(12) 






On multiplying both members of this equation by 2 -jt and inte- 
ETfiting, it is found that 

Suppose V = Vo and 9 = sq when t = 0; then 



Ci = 



2it" 



On substituting this expression for Ci in (IS), it is found that 



'^i 



If Ho* < there will be some finite distance si at which -r 

will vanish; if the direction of motion of the particle is such that 
it reaches that point it will turn there and move in the opposite 

direction. If Vo* = 0, 37 will vanish at s = 00 ; and if the 

So at 

particle moves out from the origin toward infinity its distance "hVU 



(14) 



da l2, hi ~l 



The positive or negative sign is to be I 

imrticlc is receding from, or approaching I 

This equation can be written in the forn 

H VsiS — 8* \Si 

Wid the integral ia therefore 

Since « = Bo when ( = 0, it follows that 

c, = - VsiSs - Sd* + ^ sin-' ( ■ 

whence 

Si r . , /2s ~ si\ . , /2so- 
^ em-' ( — I — sin-' ( 

+ VsiSo - So' - 



(16) 



This equation determines the time at whic 

position at the right of the origin whose d 

, than Si. For values ofsjE 



35) THE VELOCITY FROM INFINITT. 46 

The time required for the particle to fall from Sn to the origin 
3 obtaioed by putting a = in (15). and is 

The time required for the particle to fall from rest at s = A] to 
the ori^ is 

(16) r = r.-T, = |(|)'. 

34. The Height of Projection. When the constant ci haa been 
determined by the initial conditions, equation (13) becomes 

It follows from this equation that the apeed depends only on the 
distance of the particle from the center of force and not on the 
direction of it"? motion. The greatest distance to which the particle 
recedes from the origin, or the height of projection from the origin, 
is obtained by putting v = 0, which pves 
1 1 Wo' 



But if the height of projection is measured from the point of 
projection «o, as would be natural in considering the projection of 
a body away from the surface of the earth, the formula becomes 



St = S\ — St = 



2t* — Uo^So ' 



35. The Velocity from Infinity. When the particle starts 
from 8o with zero velocity, equation (13) becomes 

^'"' (^)'-KJ-f.)- 

^^Bt the particle falls from an infmite distance, So is infinite and the 
^^■nuation reduces to 
^B (18 



1"« (^)' = ?- 

From the investigations of Art. 34 it follows that, if the par- 
r tide ia projected from any point 8 in the positive (Urect\oTi ^fti 



I 



ICiis members of the eola^H 
velocities, it would recede to an ^M 
acted on by other forces. But ifH 
to take it away from a satellite or aH 
to the attraction of the remaining H 
chief of which is of course the sunfl 
recede to infinity and be entirely Id« 

36. Application to the Escape oM 
theory of gases is that the volumeJ 
maintained by the mutual impacts I 
which are, on the average, in a state! 
rarity of the earth's atmosphere and ' 
about fifteen pounds to the square in 
of the high speed with which the mole 
frequency of their impacts. The dif 
move with the same speed in any givei 
but the number of those which have a i 
the mean of the squares becomes lese 
ences increase. Theoretically, in all g 
of the velocities is from zero to infi 
cases occur at infinitely rare interva 
Under constant pressure the velocitii 
to the square root of the absolute t orn 
portionaJ to the j 
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bom infinity, it is probable that the atmospheres of all celestial 
bodies are being depleted by this process: but in most cases it is 
an excessively slow one, and is compensated, to some extent at 
least, by the accretion of meteoric matter and atmospheric mole- 
cules from other bodies. In the upper regions of the gaseous 
envelopes, from which alone the molecules escape, the temperatures 
are low, at least for planetary bodies like the earth, and high 
Ttlocities are of rare occurrence. If the mean square velocity 
were as great as, or exceeded, the velocity from infinity the deple- 
tion would be a relatively rapid process. In any case the elements 
and compounds with low molecular weights would be lost moat 
npidly, and thus certain ones might freely escape and others be 
largely tetiuned. 

The manner in which the velocity from infinity with respect 
to the surface of an attractti^; sphere varies with its mass and 
rsdius wiil now be investigated. The mass of a body is propoiv 
tional to the product of its density and cube of its radius. Then 
jf, which is the attraction at unit distance, varies directly ae the 
mass, and therefore directly as the product of the density and 
the cube of the radius. Hence it follows from (18) that the 
velocity from infinity at the surface of a body varies as the product 
of its radius and the square root of its density. The densities 
•nd the radii of the members of the solar system are usually ex- 
pressed in terms of the density and the radius of the earth; hence 
llie velocity from infinity can be easily computed for each of them 
after it has been determined for the earth. 

Let R represent the radius of the earth, and g the acceleration 
of gravitation at its surface. Then it follows that 

On substituting the value of kf determined from this equation 
into (18), the expression for the square of the velocity becomes 



(!)■ = 



2gP 



V - 2gR. 
Ut a second be taken as the unit of time, and a meter Ba the uol^ 



I 



11,180 n 

Mood 2,396 

Sun 618,200 

Mercury 3,196 

VenuH 10,475 

Man 5,180 

Jupiter 61,120 

Satun) 37,850 

Uraaus 23,160 

Neptune 20,830 



The velocity from infinity decreases! 
center of a. pianet increases, and the i 
jection in order that a molecule ma) 
spondingly; and the centrifugal accelerat 
adds to the velocities of certain moleculi 

The question arises whether, under 
at the surfaces of the various bodies 
molecular velocities of the atmospheric 
surpass the corresponding velocity from 

It is possible to find experimentally 
gas having a given density and tempen 
from which the mean square velocity 
shown in the kinetic theory of g 
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poD the earth that in the remote past they were at a much bigbei 
imperature, aad the 6uperior planets have not yet cooled down 
a the solid state. There ia evidence that the most refractory 
ubstaaces have been in a molten state at some time, which implies 
bat they have had a temperature of 3000 or 4000 degrees Centi- 
Erade. Therefore the square root of the mean square velocity 
may have been much greater than the approximate mile a second 
[or hydrogen given above, and it probably continued much greater 
for a long period of time. On comparing these results with the 
table of velocities from infinity, it is seen that the moon and 
inferior planets, according to this theory, could not possibly have 
reUined free hydrogen and other elements of very small molecular 
Wrights, such as helium, in their envelopes; in tho case of the 
mooD, Mercury, and Mara, the escape of heavier molecules as 
lutn^en and oxygen must have been frequent. This is especially 
probable if the heated atmospheres extended out to great dis- 
ttnces. The superior planets, and especially the sun, could have 
tetuned all of the familiar terrestrial elements, and from this theory 
it should be expected that these bodies would be sm-rounded with 
extensive gaseous envelopes. 

The observed facts are that the moon has no appreciable 
ilmosphere whatever; Mercury an extremely rare one, if any at 
all; Mars, one much less dense than that of the earth; Venus, one 
perhaps somewhat more dense than that of the earth; on the 
other band the superior planets are surrounded by extensive 
gaseous envelopes. 

37. The Force Proportioaal to the Veloci^. When a particle 
moves in a resisting medium the forces to which it is subject 
depend upon its velocity. Experiments have shown that in the 
earth's atmosphere when the velocity is less than 3 meters per 
second the resistance varies nearly as the first power of the velocity; 
lor velocities from 3 to 300 meters per second it varies nearly as 
Ihe second power of the velocity; and for velocities about 400 
meters per second, nearly as the third power of the velocity. 

[a) Consider first the case where the resistance varies as the 
firet power of the velocity, and suppose the motion is on the 
earth's surface in a horizontal direction with no force acting except 
that arising from the remstance. Then the differential equation 
li motion is 

(20) ^' • •-•'^ - " 



• dl ' 



rtitute in (20) and divide by e*'; 

X* + k*\ = 

The roots of thia equation are 

I Xi = 0, 
1 X, = - , 

and the general solution ia 

(31) 

Suppose ^ = fo and 8 = So when i = 

Ci and Ci can be determined in terms of Vo 
becomes 



(22) 



+ 



fc* Jt**" 



(b) Consider the case where the resiati 
power of the velocity and suppose the moti 
Take the positive end of the axis upward 
upward the velocity is positive and the r( 
velocity. Therefore when the motion is 
produces a negativ e acc€ 




This method ia bo important in astronomical problems that it 
will be introduced in the present simple connection, though it is 
not at all necessary in order to obtain tlie solution of (23). In 
order to apply the method consider first the equation 



(24) 



<it» 



dt 



which is obtMned from (23) amply by omitting the term which 
does not involve e. The general solution of this equation is 
tiie first of (21), The method of the variation of parameters, or 
wnatants, consists in so determining Ci and Ci as fimctions of ( 
that the differential equation shall be satisfied when the right 
member is included. This imposes only one condition upon the 
two quantities ci and Ci, and another can therefore be added. 

II the coefficients ci and Cj are regarded as functions of (, it 
is found OD differentiating the first of (21) that 



As the supplementary condition ( 
be made subject to the relation 



I ci and ct these quantities will 



rtich simplifies the expression for -^ . Then it is foimd that 


M ^■'^'■'-'■'-'■''-'"W 


•adequation (23) gives 


m "'li--'- 


ItfoUows from this equation and (25) that 


W) 


dt t" dt » • 




ci pi + «i', c. - |i e"' + c.', 



rtere Ci' and c\ are new constants of integration. When these 
Tihiea of Ci and ct are substituted in (21), it is found that 



Suppose, «,^^^A^ 
^« <ferivat.VeB of (10) ^'"^ "' 

O°«ub8titutu^,.0 * 

(ft "" ^ , II 



Theref( 



ore 
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coa fc/ + -r- sin kl, 



■- So cosh *( + -r- sinh kt. 

ThU method of treatment shows the close relation between the two 
problems much more clearly than the other methods of obttuning 
the solutions. 

33. AttractiTe Force Varjing Inversely as the Square of the 
Distance. For positions in the positive direction from the origin 

I the velocity decreases algebraically as the time increases whether 
the motion is toward or from the origin; therefore in this region 
the acceleration is negative. Similarly, on the negative side of 
jfc* 
the origin the acceleration is positive. Since -j is always positive 

Uw right member has different signs in the two cases. For 
antplicity suppose the mass of the attracted particle is unity. 
Then the differential equation of motion for all positions of the 
particle in the positive direction from the origin is 

^= _^ 
dp a*' 



(12) 



On multiplying both members of this equation by 2 
p&ting, it is found that 

Suppose v = vg and s = Sg when t = 0; then 

Ci = f 0* • 

Od substituting this expression for ci hi (13), it b found that 

*» _ ^ - /2k' , .,, at' 

2fc» 



and inte- 



•^i 



Hvf- 



< there will be some finite distance Sj at which -r, 
•0 at 

will vanish; if the direction of motion of the particle is such that 
<t reaches that point it will turn there and move in the opposite 

"lifMtion. If vo* = 0, 17 will vanish at s = oo ; and if the 

So at 

PWticle moves out from the origin toward infinity \ts d\atauce "m'"^ 



I 



From the initial conditions it foUow 

Ci' = log (1 ■ 
Therefore 

The maximum height, which is read 
sero, is found from (36) to be 



The time of reaching the highest poii 
J- equal to zero in (34), is given by 

T = ~ tan-' 
kg 

When the particle falls the reais 
direction and the sign of the last ter 
may be accomplished by writing k iT 
change is made throughout the solut 
Of course the results should be writt 
instead of the trigonometric as they w 
to avoid the annPAranne nf imaidmua 



IV. PROBLEMS. 



re the poutive square root of «• is always taken, holds for the problem of 
33 whichever side of the origin the partirle may be. Integrate this 



2.Let»— i"— ^(in equation (23) ; int^rate directly and show that the 
rault a the same as that found by the variation of parameters. 

3. Find equaiiona (37) by direct infegration of the differential equationB, 

4. Suppoae a pariiclc starts from reet and movra subject to a repulsive 
(fee vfuying inversely as the square of the distance; find the velocity and 
One dapsed in lerma of the space described. 



ifl~2k'(---\. 



^€' 



S. What is the velocity from infinity with respect to the sun at the earth's 
Atuce from the sun? 

Ans. 42,220 meters, or 26.2 miles, per sec. 
8. Suppoae a particle moves subject to an attractive force varying directly 
K tb« distance, and to a resistance which is proportionaJ to the speed; solve 
1^ differential equation by the general method for linear equations. 

M, Let k' be the factor of proportionality for the velocity and P for the 
Dce. Then the solutions are 



-e + 


Jf- 


-«■ 


2 




-*'- 


■li^- 


^Sf 



■ouas more in detail the form of the solution and it« phyucal meaning 
"Ata [a) k* - if < 0, (6) *< - 4P = 0, (() jf - 4? > 0. 

'!■ Suppose that in addition to the forces of problem 6 there is a force /it"; 
Mve the solution by the method of the variation of parameters and discuss 
UwiDoUon of the particle. 

i. Develop the method of the variation of parameters for a linear differ- 
Will equation of Ihe third order. 

9. \S k^ •• equation (23) becomes that which defines the motion of a 
■■Miy falling body. Show that the limit of the solution (32) as ^ approaches 
[ uroia 



^ycwticie IS projected ii 

in a plane which will be taken a^ 
vertical with the positive end dii 
ential equations of motion are 

((Px 



(38) 



dp 
Idi^ 



Since these equations are indepei 
be integrated separately, and give 

z = ait + at 



= -€? 



dx 



+ 



Suppose X — y = 0, 37 = ^'o cos 

where a is the angle between the lin 
plane of the horizon, and vo is the s] 
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The equation of the curve described, which ia found by elimi- 
naling ( between these two equations, ia 

(40) y = xtaiia-^-^^3^. 

This is the equation of a parabola whose axis is vertical with ita 
vertex upward. It can l>e written in the form 

(Uo* . \^ 2va^ I fo'sin'aX 
X sin CE cos a ) = — -z— I w — —k ) ■ 

The equation of a parabola with ita vertex at the origin has the 
lorra 

X* = ~ 2py, 

where 2p is the parameter. On comparing this equation with the 
equation of the curve described by the particle, the coordinates 
of the vertex, or highest point, are seen to be 



i = — am a cos a 



MTie distance of the directrix from the vertex is one-fourth of 
«e parameter; therefore the equation of the directrix is 



! + 5 



I' o' sm' 1 



+- 



2 2j ' 2j 

The square of the velocity is found to be 

*Y.„.._ 



\ 



■=(S) 



\dl 



"o find the place where the particle will strike the horizootal 
'»ane put y = in (40). The solutions for x are a: = and 



Protn this it follows that the range is greatest for a given initial 
»city if « = 45°. From (39) the horizontal velocity ia seen to 



H^city 



I 



for a. If a > — there ia no solutio 

S 
Bolutions differing from the value for 
equal amounts. 

If the variatioD in gravity at differ* 
surface, the curvature of the earth, 
are neglected, the investigation above 
earth's surface. For bodies of great 
this theory are tolerably accurate fol 
acceleration is taken toward the centd 
ia supposed to vary inversely as the j 
path described by the particle is an ell 
earth as one of the foci. This will be ] 



V. PROBLBH 

1. Prove that, if the aecelerotionH paralli 
CODat&nt quantities, the path described by 
general initial conditions. 

2. Find the direction of the major axis, obi 
the constant components of acceleration. 

3. Under the assumptions of Art. 39 find 
angle with the x-aida. 

A. Rhow thnl. ihn rlimnlinn ^^^^H^M 




The Heat op the Sun. 



40. Work and Energy. When a force moves a particle agunst 

any resistance it is said to do work. The amount of the work ia 
proportional to the product of the resistance and the distance 
through which the particle is moved. In the case of a free particle 
the resistance comes entirely from the inertia of the mass; if there 
s friction this is also resistance. 

Energy is the power of doii^ work. If a given amount of work 
isdone upon a particle free to move, the particle acquires a motion 
that will enable it to do exactly the same amount of work. The 
energy of motion is called kinetic energy. If the particle is retarded 
by friction part of the original work expended will be used in over- 
coming the friction, and the particle will be capable of doing only 
u much work a.s has been done in giving it motion. Until about 
1850 it was generally supposed that work done in overcoming fric- 
tion b partly, or perhaps entirely, lost. In other words, it was be- 
lipved that the total amount of energy in an isolated system might 
f.'itntinuaily decrease. It was observed, however, that friction 
generates heat, sound, light, and electricity, depending upon the 
circumstances, and that these manifestations of energy are of 
the same nature as the original, but in a different form. It was 
then proved that these modified forms of energy are in every 
Wse quantitatively equivalent to the waste of that originally 
considered. The brilliant experiments of Joule and others, made 
J m the middle of the nineteenth century, have established with 
K^t certainty the fact that the total amount of energy remains 
the same whatever changes it may undergo. This principle, 

Ifaiown as the conserEotion of energy, when stated as holding 
"iroughout the universe, is one of the most far-reaching general- 
itationa that has been made in the natural sciences in a hundred 
years.* 

41. Computation of Work. The amount of work done by a 
Newtonian force in moving a free particle any distance will now be 
computed. Let m equal the mass of the particle moved, and A* 
a constant depending upon the mass of the attracting body and 
the imits employed. Then 

P 



Herbert Spenc«r regards the principie u bemg axiomatic, and atatea his 
regard to it in hia Firtt PrincipUi, part ii., chap. vt. 



Hs lound by ta^g tfei^^ 
between the limits So and si. On perfor 
substituting the limits, it is found that 

2\dt J i\di I 

Suppose the initial velocity is Eero; then i 
the work W done upon the particle, and I 



(42) 



W 






By hypothesis, the particle has no kinetil 
and therefore the power of doing work eqJ 
half the mass and the square of the velocit 
from infinity, So is iofitiitc, and the formuL 

becomes 

2\dt) si ■ 



(43) 



If the particle is stopped by striking a b{ 
point 81, its kinetic energy is changed inl 
energy such as heat. It has been found 
body weighing one kilogram falling 425 me 
the earth's surface, under the influence of 
generates enough heat to raise the tempei 
ot water one degree Centigrade. This qui 
the calary.\ The amount of heat gener 




TBE TEUFEHATtntE OF UETBOBS. 



Let m be expressed in kilograms and v in meters per second. 

In order to determine the constant C, take Q and m each equal to 

unity; then the velocity is that acquired by the body falling 

Itiruugh 425 meterB. It was shown in Art, 30 that, if the body 

I IkUb from rest, 

.. = -!.., 

r [ v= -gt. 

On eliminating ( between these equatiooB, it is found that 

V' = 2gs. 
h the unite employed g = 9.8094, and since s = 425 and 
<^ = 8338, it follows from (44) that 

C = ^- 
8338' 

TTien the general formula (44) becomes 

<«) « = ^. 

*here Q is expressed in calories if the kilogram, meter, and second 
'^ taken as the units of mass, distance, and time. 

42, The Temperature of Meteors. The increase of temperature 
*•' a body, when the proper units are employed, is equal to the 
•lumber of calories of heat acquired divided by the product of the 
***a8s and the specific heat of the substance. Suppose a meteor 
"hose specific heat is unity (in fact it would probably be much 
'^8 than unity) should strike the earth with any given velocity; it 
's required to compute its increase of temperature if it took up all 
the heat generated. The specific heat has been taken so that the 
increase of temperature is numerically equal to the number of 
c&lories generated per unit mass. Metieors usually strike the earth 
with a velocity of about 25 miles, or 40,233 meters, per second. 
On substituting 40,233 for v and unity for m in (4-5), it is found 
that T = Q = 194,134, the number of calories generated per unit 
mass, or the number of degrees through which the temperature of 
the meteor would be raised. As a matter of fact a large part of 
the heat would be imparted to the atmosphere; but the quantity 
of beat generated is so enormous that it could not be expected that 
my but the largest meteors would last long enough to reach the 
sarth's surface. 
HL meteor falling into the sun from an tn&idte dietauce 'vw^^ 
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remembered wliat an enormoiul 
H. A. Newton* as being aa t 
earth, it is easily conceivable ttiJ 
tiun its temperature. Indeed, thl 
to account for the replenishment a 
the sun radiates. There can I 
correctness, and it only remains tJ 
Let it be assumed that the suni 
direction, and that meteors fall ul 
every direction. Under this assumi 
ated by any portion of the surface w 
impact of meteors upon that pd 
received by the earth will be to tht 
the sun as the surface which the ea 
sun is to the surface of the who! 
distance from the earth to the su 
surface which is within the cone whc 
the center of the sun, is to the wt 
surface subtended by the earth is 
sphere whose radius is the distanc 
earth receives as much heat as is i 
generated upon, the surface cut out 
would intercept precisely as many c 
small area, and woul 




irELUHOi;rz s contraction theobt. 



milliona of times more heat than the earth receives from meteors, 
and consequently the theory that the Bun'a heat is maintained by 
the impact of meteors Is not tenable. 

44. Heimholtz's Contractioii Tbeor;. The amount of work 
done upon a particle is proportional to the product of the reaiBtance 
overcome by the distance moved. There is nothing whatever said 
about how long the motion shall take, and if the work is converted 
into heat the total amount is the same whether the particle falls 
the entire distance at once, or covers the same distance by a suc- 
cesaion of any number of shorter falls. When a body contracts 
if is equivalent to a succession of very short movements of all its 
particles in straight lines toward the center, and it is evident that, 
iinowing the law of density, the amount of heat which will be 
generated can be computed. 

In 1854 Helmholtz applied this idea to the computation of the 
heat of the sun in an attempt to explain its source of supply. He 
made the supposition that the sun contracts in such a manner that 
it always remains homogeneous. While this assumption is 
certainly incorrect, nevertheless the results obtained are of great 
Value and give a good idea of what doubtless actually takes place 
under contraction. The mathematical part of the theory is given 
in the Philosophical Magazine for 1856, p. 516. 

Consider a homogeneous gaseous sphere whose radius is flo and 
density a. Let A/o represent its mass. Let dM represent an 
element of mass taken anywhere in the interior or at the surface 
of the sphere. Let R be the distance of dM from the center of 
'he sphere, and let M represent the mass of the sphere whose radius 
iefi. The element of mass in polar coordinates is (Art. 21) 
(46) dM = alf COS <t,d^dBdR. 

The element is subject to the attraction of the whole sphere 
Kitbin it. As will be shown in Chapter IV, the attraction of the 
ipherical shell outside of it balances in opposite directions so that 
t need not be considered in discussing the forces acting upon dM. 
Svery element in the infinitesimal shell whose radius is R is 
.ttracted toward the center by a force equal to that acting on dM; 
herefore the whole shell can be treated at once. Let dM, repre- 
ent the mass of the elementary shell whose radius is R. It is 
jimd by integrating (46) with respect to B and 0. Thus 



^ * 



dM, = aWdRC" J J^ cm ♦<;♦ } (J» - tmSfdU. 
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But M = inoR'; hence, subatituting tA 
and representing the work done on f 
W, = dW, it follows that 



The integral of this expression from to ^ 
►of work done in the contraction of the t 
Mdius CRa to Kfl. That is, 



^)r« 



which may be written 

(48) W = 

If C equals infinity, then 
(49) 



W = \k' 



■ Bo ■ 



If the second is taken as the unit of ti 
unit of mass, and the meter as the unit 
compute<! from the value of g for the ct 
W hv M;^. the rrmilf will h^M^^— 




HEIHHOLTZ 8 CONTRACTION THEOBT. 
^3t» C - 1 Mj 

5ii ' C ■ fio ■ 8338 ' 

By definition, ft' is the attraction of the unit of mass at unit 

stance; therefore, if m is the mass of the earth and r its radiiis, 

follows that 

fc%t 



iQ solving for fc' and substituting in (51), the expression for 7* 
ecoraes 

y ^ 3(C - 1) r^ Afo 2g 

5riC flo m 8338' 
It the body contracted from infinity (C = •»), the amount of 
eat generated would be sufficient to raise its temperature T 
igrees Centigrade, where T is given by the equation 

3 i ^ M, Jg_ 

5 T, flo m 8338' 



(52) 



(S3) 



jppose the specific heat is taken as unity, which is that of water.* 



fio 



= 116,356, 



M^ 



332,000. 



n substituting these numbers in (53) and reducing, it is found that 

T = 27,268,000° Centigrade. 
berefore, the sun contracting from infinity in such a way as to 
Bays remain homogeneous would generate enough heat to raise the 
iperalure of an equal mass of water more than twenty-seven miUionx 
degrees Centigrade. 

If it is supposed that the sun has contracted only from Neptune's 
bit equation (52) can be used, which will give a value of T 
flut nVir less. In any cai*e it is not intended to imply that it 
J ever contract from such great dimensions in the particular 
loner assumed; the results given are nevertheless significant 
4 throw much light on the question of evolution of the solar 
stem from a vastly extended nebula. If the contraction of the 
* Ho other ordinary terreetriaJ substance hoa a epecific beat so great as 
Ity except hyilrogon gns, whow spcridc heat is 3.409. But the lighter gaaes 
Ihc solar ntmoaphcre may also have high values. 
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which become manJfest in the d^M 
other substancea prove the exH 
heretofore considered, and sugfl 
supplied partly, if not largely, fH 
unsafe at present to put any liniB 

The experiments of Abbott haw 
tion that the sun radiates heati 
amount of heat emitted yearly J 
mass of wat-er equal to that of the I 
order to find how great a shrinkJ 
be required to generate enough he! 
ation 10,000 years, substitute 14,4t 
On carrying out the computation, 
C = l.Ot 
Therefore, the sun vnnild generate 
one four-thouaandlh of its present i 
radialion 10,000 years. 

The sun's mean apparent diame 
its diameter of .000528 would ma 
l."0, a quantity far too small to bi 
the methods now in use. On re 
units, it is found that a contract 
meters annually would accm 



HISTORICAL SKETCH. 6 

L How many pounda would have to fall per day on every squtire mile o 
i kvers^T Tons on the whole earth? 

. J'917 pounds. 

190,300,000 tons. 

3. Flod the amount of work done in the contractioD of any fraction c 
ihr radiua of a sphere nhen the law of density is a = ■^. 

Am. IF = ler'iJpf^-^Vfi = i'(^^— M ■^^, or J of the work 
done when the sphere b homogeneous. 

4. Ijiplace ssaumed that the resistance of a fluid agBioat compression ia 
directly proportional to its density, and on the basis of this assumption he 
found that tiie law of density of a spherical body would be 



-Ml 



vtiere Q and m are constants depending on the material of which the body is 
ramposed, and where a Is the radius of the sphere. This law of density is in 
bsriMHiy, when applied to the earth, with a number of phenomena, such aj) 
tli« preceaedon of the equinoxes. Find the amount of heat generated by 
notnetioQ from Infinite dimenaons to radius Ro ot a body having the Lapla- 
oinlaw of density. 



i. Find how much the heat generated by the contraction of the earth 
from the density of meteorites, 3.5, to the present density of 5.6 would raise 
tile temperature of the whole earth, assimiing that the specific heat ia 0.2. 
Am. T ~ 6520.5 d^reea Centigrade. 



mSTORICAL SKETCH AND BIBLIOGRAPHY. 

Tlie laws of falling bodies under constant aj.'celeration were investigated 
by Galileo and Stevinus, and for many coses of variable acceleration by 
Newton. Such problems are comparatively simple when treated by the 
inalyticaJ proeeeseB which have come into use since the time of Newton. 
Parabolic motion was discussed by Galileo and Newton. 

Tlie kinetic theory of gases seems to have been first su^^ested by J. Bei^ 
WHiilli about the middle of the 18th century, but it was first developed mathe- 
matically by Clausius. Maxwill, Boltzmann, and O. E. Meyer have made 
important contributions to the subject, and more recently Burbury, Jeans, 
and Hilbert. Some of the principal boolcs on the subject are: Uisteon's 
UeieeuU* and the MoUcular Theory (descriptive work); L. Boltimann's 
CtuOieorU: H, W. Watson's KinrCie Theory of Gaset; O. E. Meyer's Die Kine- 
AkA« Tfieorie der Gone; 3. H. Burbury's iCinctic Theory (^ Otuea; J. H. Jeao'a 
Kiftelie TJuory of Oaies. 
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»Axiai papers must be read for an e 
the sun. Sub-atomic energies are dii 
Substances and their Radiations, 

For evidences of the great age of tl 
bury's Geology^ vol. ii., and vol. lu., p. 
the age of the earth see Arthur Hohnes 



CHAPTER in. 

CENTRAL FORCES. 

iiitnil Force. This chapter will be devoted to the dia- 
lon of the motion of a material particle when subject to an 
«tive or repelling force whose line of action always passes 
ugh a fixed point. This fixed point is called the center of force. 
I not implied that the force emanates from the center or that 
e is but one force, but simply that the resultant of all the forces 
ng on the particle always passes through this point. The 
e may be directed toward the point or from it, or part of the 
; toward and part of the time from it. It may be zero at any 
i, but if the particle passes through a point where the force to 
ch it is subject becomes infinite, a special investigation, which 
aot be taken up here, is required to follow it farther. Since 
active forces are of most frequent occurrence in astronomical 

physical problems, the formulas developed will be for this case; 
lange of sign of the coefficient of intensity of the force for unit 
ance will make the formulas valid for the case of repulsion. 
le origin of coordinates will be taken at the center of force, 

the line from the origin to the moving particle is called the 
m vector. The path described by the particle is called the 
t. The orbits of this chapter are plane curves. The planes 
defined by the position of the center of force and the line of 
ial projection. The z^-plane will be taken as the plane of the 
it. 

6. The Law of Areas. The first problem will be to derive the 
eral properties of motion which hold for all central forces. The 
; of these, which is of great importance, is the taw of areas, and 
stitutea the first Proposition of Newton's Principia. It is, 
I particle is subject to a central force, the areas which are swept 
' by Ike radius vector are proportional to the intervals of time in 
A they are described. The following is Newton's demonstration 
t. 

jet be the center of force, and let the particle be projected 
IB A in the direction of B with the velocity AB. Then, by the 
r of motion, it would pass to C in the first two \imt& o\ 
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to b in a unit of time iF it had r 
second law of motion, it will i 
parallelogram BbCC to C. 
would move with uniform velocitjl 
But suppose that when it arrives a 
acts upon it in the direction of 
that it would move to c in a unit 
motion. Tht-n, as before, it will i 
parallelogram and arrive at D at th 
process can be repeated indefiniteb 
The following equalities among 
volved hold, since they have sequen 

OAB = OBC = OBC - 

Therefore, it follows that OAB 
That is, the areas of the tnanglei 
unite of time are equal ; aod^ 



^lAMALTTTCAL DBHONSTSATIOM OF LAW OF ABEAS. 
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■lenline will approach a smooth curve as a limit. The areas 
over by the radius vector in any finite intervals of time are 
lioQal to these intervals during the whole limiting process. 
fore, the proportionality of areas holds at the limit, and the 
m is true for a continuous central force. 
ill be observed that it is not necessary that the central force 
ary continuously. It may be attractive and instantaneously 
e to repulsion, or become zero, and the law will still hold; 
is necessary to exclude the case where it becomes infinite 
a special investigation is made. 

linear velocity varies inversely as the perpendicular from 
i^ upon the tangent to the curve at the point of the moving 
le; for, the area described in a unit of time is equal to the 
ct of the velocity and the perpendicular upon the tangent, 
the area described in a unit of time is always the same, it 
B that the linear velocity of the particle varies inversely aa 
rpendicular from the origin to the tangent of its orbit. 
Analytical Demonstration of the Law of Areas. Although 
Qguage of Geometry was employed in the demonstration 
t. 46, yet the essential elements of the methods of the 
ential and Integral Calculus were used. Thus, in passing 
■ limit, the process was essentially that of expressing the 
m in differential equations; and, in insisting upon com- 
; intervals of finite size when the units of measurement were 
litely decreased, the process of integration was really em- 
I. It will be found that in the treatment of all problems 
ing vajiable forces and motions the methods are in essence 
of the Calculus, even though the demonstrations be couched 
metrical language. It is perhaps easier to follow the reason- 
geometrical form when one encounters it for the first time; 
e processes are all special and involve fundamental difficulties 
are often troublesome. On the other baud, the develop- 
of the Calculus is of the precise form to adapt it to the 
lent of these problems, and after its principles have been 
lastered, the application of it is characterized by comparative 
city and great generality, A few problems will be treated 
;b methods to show their essential sameness, and to illustrate 
[vantages of analysis. 

/ represent the acceleration to which the particle is subject, 
rpothe^, the line of force always passes through a fixed 
bbich will be taken as the origin of coordmatea. 
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along the x and ^axes are respect! 
and the differential equations of moti 



The negative sign must be taken befoi 
equations if the force is attractive, and 
Multiply the first equation of (1) 1 
by -f X and add. The result is 




"dC 



"dp 



On integrattr^ this expression by part 



where h is the constant of integration. 
The integrals of differentiating 



tob ulws op anquiab and linbab vELoarr. 

rhich shows that the area is directly proportional to the time. 
This is the theorem which was to be proved. 

48. Converse of the Theorem of Areas. By hypothesis 

A = Cit + Cj. 

>n taking the derivative with respect to t, it ia found that 

dA 

This equation becomes in polar coordinates 
uhI in rectangular coordinates 



The derivative of this expreaaion with respect to i is 



(Pi ^ 



= x:j/. 



That is, the components of acceleration are proportional to the 
^wrdinates; therefore, if the law of areas is tnie with respect to a 
["lint, the resultant of the accelerations pa^ises through that point, 
jfl d / dB\ 

, it follows that :i; I r' 37 I = 0. Hence, by 



Or. since r* 



dt 



dl\ dt j 



(19), Art. 14, the acceleration perpendicular to the radius vector is 
I Wo; that is, the acceleration is in the lint^ passing through the 

49. The Laws of Angular and Linear Velocity. From the 
eiprpseion for the law of aroa.^* in polar coordinates, it follows that 



therefore, the angvlar velocity i. 
^Ihe radius vector. 
The linear velocity is 



iversdy proportional to the square 



I 




Hence the expreseion for the linel 



therefore, the linear velocity i 
pendicular from the origin upon ti 



SrUTJLTANEOUS 

SO. The Order of a System I 
Equations. One integral, equation I 
(1) has been found which the moti| 
The question is how many more int 
to have the complete solution of the 

The number of integrals which ; 
solve a system of differential equat 
system. Thus, the equation 



(5) 



dt' 



is of the nth order, because it mus 
reduced to an integral form. Simili 



SmULTAMEOUS DIFFBBENTIAL EQUATIONS. 

dx 



dt 



-■ xt, 



dt /.'- f." !.■ 

TtiaK, these n simultaneous equations, eacli of the first order, 
ititut€ a system of the nth order. An equation, or a system 
quations, reduced to the form (7) is said to be reduced to the 
nal form, and the system is called a normal system. 
wo simultaneous equations of order m and n can be reduced 
normal system of order m -\- ri. Consider the equations 



Wtbe 



\u 



d-« , 



= 0, 



I the /( and the <tn are functions of x, y, and (. By a sub- 
ition similar to that used in reducing (6), it follows that they 
equivalent to the normal system 



dt 



■-r."-T.- 



!h is of the order m + n. Evidently a similar reduction is 
ibie when each equation contains derivatives with respect to 
I of the variables, either separately or as products. 
onversely, a normal system of order n can in general be trans- 
ted into a aingle equation of order n vdlk one dependent variaMe. 
ft the ideas, consider the system of tlte second ordet 



nn <Px_dfdx 

If y and -^ are eliminated betwee 
be an equation of the form 

where F is a function of both x a 

equations (10) may have such prop€ 

and -^ is very difficult. 

If the normal system were of the 
variables x, y, and z, the first and s( 
equation would be taken, and the first 
third equations. These four new 

three make seven from which y, z, 

general be eliminated, giving an equ 

alone. This process can be extende 

The differential equations (1) can b 

x' — 37 , y' — jt to the normal systc 
at at 



{dx 



1 » 
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REDUCTION OF ORDER OF DUTBRENTIAI, BQUATIONS. 



77 



SI. Reductioii of Order. When ao integral of a system of 
differential equations haa been found two methods can be followed 
in completing the solution. The remaining integrals can be found 
from the original differential equations as though none was already 
known ; or, by moans of the known integral, the order of the system 
of differentia! equations can l)e reduced by one. That the order 
of the system can be reduced by means of the known integrals 
will be shown in the general case. Consider the system of differ- 
ential equations 

dxt 
dl 

dx. 



(13) 



= Ad., 



, «, 



■/*., 



, 0. 



/.(!., 



, '., 0- 



Suppose an integral 

F{xi, Xt, ■•■, Xn, () = conatant =c, 
bas been found. Siippoae this equation is solved for i„ in terms 
of Zi, • • ■ , «B-i, c, and (. The result may be written 

a:« = Kii, Xi, •■-, x,_i, c, 0- 
Substitute this expression for x„ in the first n — 1 equations of (13) ; 
tbey become 



(14) 



3f tbe variable x^- 

It is apparent from these theorems and remarks that the order 
of a simultaneous system of differential equations is equal to the 
sum of the ordere of the individual equations; that the equations 
can be written in several ways, e. g., as one equation of the nth 
order, or n equations of the first order; and that the integrals may 
^1 be derived from the original system, or that the order m&v Vft 
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va pro! 

1. Prove the converse of the law ot al 
show that the steps agree with the onolyl 

2. Prove the law of angular velocity b| 

3. Why cannot equations (1) be int 

4. Derive the law of areas directly i 
to polar coOrdinatea. 

5. Show in detail that a normal aysb 
a single equation of order four, and the & 

6. Reduce the syatem of equationa (12) I 
of the btegral of areas, 

52. The Vis Viva Integral. Suppo 
the origin; then the negative sign mi 

members of equations (1). Multipl 
the second by 2 -jt , and add. The r 

dp dt'^ dp dt I 

It follows from r* = ar" + y* that 
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i form of the functioD it>(r) is given the integral on the 
HU be found. Suppose the integral ie *(r) ; then 
I y* = - 2*(r) + c. 

>(r) is a single-valued function of r, as it is in physical prob- 
it follows from (16) that, if the central force is a function of 
Lstance alone, the speed ia the same at ail points equally 
it from the origin. Its magnitude at any point depends upon 
jtial distance and speed, and not upon the path described. 
the force of gravitation varies inversely as the square of the 
ice between the attracting bodies, it follows that a body, for 
}le a comet, has the same speed at a given dietance from the 
hether it is approaching or receding. 

PLES WHERE / IB A FUNCTION OF TBB COORDINATES ALONE. 

Force Vafying Directly as the Distance. In order to find 
ala of equations (1) other than that of areas, the value of 
rms of the coordinates must be known. In the caae in which 
tensity of the force varies directly as the distance the inte- 
n becomes particularly simple. Let fc' represent the acceler- 
at unit distance. Then / = kh, and, in caae the force is 
tive, equations (1) become 

P 






-l^. 



iportant property of these equations is that each ia inde- 
nt of the other, as the first one contains the dependent 
>le X alone and the second one y alone. It is observed, more- 
that they are linear and the solution can be found by the 

d given in Art. 32. U x = Xa, -jr = Xo, y= j/o, ^ = Vo at 



■ dt 



dt 



then the solutions expressed in the trigonometrical form are 
^ X = + xa COB kt + -^ ma kt, 

u 



™ — fcxd sin kt + Xo' coe kt, 
= + ya cos kt + ^ an kt, 
= — ky,t sin kl + j/o' cos kt. 



d 



(fcVo' + yc'*)»» + (S +"i?)? 



This is the equation of an ellipse with j 
uidesajoyo' - j/oXq' = 0, when the orbit del 
lines which must be coincident; for, then I 



from which 

Xo = cxn', yo = 

In this case equation (20) becomes 

(21) (k't? + l)(y,'x - x.'yY - 

and the motion is rectilinear and oscillator 
the coordinates and the components of vel 



54. Differential Equation of the Orbit. 

by the moving particle, independently of tl 
may move along this curve, is of much inten 
of finding the orbit is to integrate the differen 
to eliminate the time. This is often a compi 
question arises whether the time cannot be 
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hii a second differeatial quotient cannot be separated as though 

rit were an ordinarj' fraction ; therefore, the order of the derivatives 

must be reduced before the direct elimination of t can be made. 

^In order to do this most conveniently polar coordinates will be 

snployed. Equations {22} become in these variables 



k{33) 



-/, 



dt dt ■ 



The integral of the second of these equations is 



dl 



-- h. 



.d> , 



n eliminating -^ from the first of (23) by means of this equation, 
f |he result is found to be 

(24) ^ = i'_/ 

Now let r = - : therefore 

dt u'di' u' dedt~ do' 



dV , d (^\ 

LdP ~ '^dt\d9j 



■-''li'iii'-'^ii'- 



"hen this value of the second derivative of r ii 
e given in (24), it is found that 



equated to the 



(25) 



S = hh>? 



:-^)- 



Mb differential equation is of the second order, but one integral 

[ luB been used in determining it; therefore the problem of finding 

\ the path of the body is of the third order. The complete problem 

f the fourth order; the fourth integral expresses the relation 

tietween the coordinates and the time, or defines the position of 

the particle in its orbit. 

Since the integral of (25) expresses u, and therefore r, in terms 

I of 0, the equation 

then integrated, gives the relation between 6 and t. 



r century Kepler announced ■ 
motion, which he had derivtHj from a ml 
of a long scries of observations of the plan 
They are the following: I 

Law 1. The Todiiia vector 0/ each -planM 
as the origin sweeps over equal areas in eqwM 

Law IL The orbit of each planet is an em 
of its foci. I 

Law in. The sqxuires of the periods of\ 
other as the cubes of the major semi-axes of tn 

It was on these laws that Newton based I 
the planets move subject to forces directed 
varying inversely as the squares of their di 
The Newtonian law will be derived here by i 
cal method instead of the geometrical meth 

From the converse of the theorem of areas 
it follows that the planets move subject to ' 
toward the sun. The curves described are 
law, and equation (25) can, therefore, be usee 
for the acceleration in terms of the coSrdini 
the major semi-axis of the ellipse, and e its 
equation in polar coordinates with origin at 
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lerefore, the acceleration to which any planet is Bubjeet varies 
versely as the square of its distance from the sun. 
If the distance r is eliminated by the polar equation of the conic 
e expression for / has the form 

/ = fc,'(l + e cos e)», 
hieh depends only upon the direction of the attracted body and 
>t upon its distance. Now for points on the ellipse the two 
[presdoDs for / give the same value, but elsewhere they give 
iSerent values. It is clear that many other laws of force, all 
pteing in giving the same numerical values of / for points on the 
Sipee, can be obtained by making other uses of the equation of 
l» conic to eliminate r. For example, since it follows from the 
ir equation of the ellipse for points on its circumference that 
(1 + e COB $)t _ 
a(l-e») 



-=1, 



1 law is 



_ fe'd + e cos 9)h- 



' a(l - e=) ' 

i value of /, which depends both upon the direction and 
^stance of the attracted body, differs from both of the preceding 
or points not on the eltipae. All of these laws are equally con- 
ittent with the motion of the planet in question as expressed by 
iepler'B laws. But the laws of Kepler hold for each of the eight 
ilanetB and the twenty-six known Katellites of the solar system, 
wides for more than seven hundred small planets which have so 
srbeen discovered, It is natural to impose the condition, if pos- 
ible, that the force shall vary according to the same law for each 
lody. Sine* the eccentricities and longitudes of the perihelia of 
heir orbits are all different, the law of force is the same for all 
hese bodies only when it has the form 



Uiother reason for adopting this expression for / is that in ease of 
U the others the attraction would depend upon the direction of 
fae attracted body, and this seems improbable. This conclusion 
' further supported by the fact that the forces to which comets 
fp subject when they move through the entire system of planets 
My according to this law. And finally, as will be shown in Art. 
iB, the accelerations to which the various planets are subject vary 
fota one to another according to this law. 



It will be oljscrvcd that theH 
siderably more than can be derivW 
motion; and it was by a mastfl 
graspod it in its immense generaH 
it has stood without change fcfl 
contemplated in its entirety it isl 
in the physical sciences. I 

56. Examples of Findiog the d 
describes a circle passing throu^ 
(depending on the distance alone) I 
simple expression. Let a repreae 
equation of the circle is 



= 2ac 



3$, 



I 



On substituting this expression in ( 



(b) Suppose the particle deacribi 
the center. Thi 



DOUBLE 8TAK ORBITS. 



ibstituting in (25), tbe expression for/ is found to be 



The Universality of Newton's Law. 
T. Double Star Orbits. The law of gravitation is proved 

Kepler's laws and cert^n assumptions as to its uniqueness 
nld in the solar system; the question whether it is actually 
vrwal naturally presents itself. The fixed stars are so remote 

it is not possible to observe planets revolving aj-ound them, 
ideed tbey have such attendants. The only observations 
I far obtained which throw any light upon the subject are 
« of the motions of the double stars. 

toublc star astronomy started about 1780 with the search for 
e stars by Sir Wilbam Heracbel for the purpose of determining 
illax by the differential method. A few years were sufficient 
ihow him, to his great surprise, that in some cases the two com- 
enta of a pair were revolving around each other, and that, 
refore, they were physically connect«d as well as being appar- 
ly in the same part of the sky. The discoverj- and measure- 
it of these systems has been pursued with increasing interest 

zeal by astronomers. Bumham's great catalogue of double 
■3 contains about 13,000 of these objects. The relative motions 
80 slow ui most cases that only a few have yet completed 

revolution, or enough of one revolution so that the shapes of 
ir orbits are known with certainty. There are now about thirty 
■8 whose observed angular motions have been suiRciently great 
Jrove, within the errors of the observations, that they move 
iilipses with respect to each other in such a manner that the 

of areas is fulfilled. In no case is the primary at the focus, 
,t the center, of the relative ellipse described by the companion, 

it occupies some other place within the ellipse, the position 
|Tng greatly in different systems. 

>om the observations and the converse of the law of areas it 
)W8 that the resultant of the forces acting upon one star of a 
' is always directed toward the other. The law of variation 
;he intensity of the force depends upon the position in the 
)se which the center of force occupies. It must not be over- 
ted at this point that the orbits of the stars are not observed 
'ctly, but that it is their projections upon the planes ^owyitA 



■lUHUllbiii ail ellipse. ^^ 

Astronomers have assumed that the 
that the apparent departure of the ce 
the ellipse described by the companio 
have then computed the angle of the li 
tion. No inconsistencies are introdu 




Kg. 9. 



possibility remains that the assumpt 
question of what the law of force must b 
of gravitation will now be investigated. 

58. Law of Force in Binary Stars. J 



LAW OF FORCE IN BINAKT BTAI18. 



On transforming to polar coordinates and putting r = -, 
equation ^ves 

(27) u = A8me + B cos S =fc VC sin 26 + D cos 28 + H, 
where 

' A=l, B='-, C 



D~ 



tP + OQ-P- 



H -- 




On differentiating (27) twice, it is found that 
-tt: = ~ A sin6 — B ccme 

-C'-jy-(g3in2e+Dcos20)*-2i/(Cain2g+Dcos2fl) 



(38) 



(C sin 29 + I» cos 2fl + H)* 
On Bubrtitutii^ (27) and (28) in (25), it follows that 
(g* - C - P') 



(29) 



/= •■ 



r* (C sin 29 + D cos 2tf - 
This becomes as a consequence of (27) 

(g* - C - D') 



H)r 



(30) 
There 



r" /I 



- ^ sin ff - B cos 9 I 



3 infinitely many other laws, all giving the same 
^ilues of /for points on the ellipse in question, which are obtained 
^y multiplying these expressions by any functions of u and B 
fhich are unity on the ellipse in \-irtue of equation (27). 

ll does not seem reasonalile to suppose that the attraction of 
two stars for each other depends upon their orientation in space. 
Equation (29) becomes independent of S if C = Z> = 0, and (30), 
il X = B = 0. The first gives 

, _ constant 
/ - =^ r' ' 
*nd the second, 

/ = =t constant • r. 

^e first is Newton's law, and the second is excluded by the 
'"■t that no primary star has bwn found in the center of the orbit 
described by the companion. It is clear that 6 can be eliminated 
ffom (29) and (30) by means of (27) without imposing the cqu- 



I 



(31) 



l-l 



that the spectroscope shows the ^| 
terrestrial elements. H 

59. Geometrical Interpretation I 
expression for the central force giveH 
simple and interesting form. Let I 

transform A sin 9 — B cos 6 intB 

the original constants; then (30) beJ 

The equation of the polar of the p 
the general conic (26) iaf 
axix' -h h(xTy' + yix') + cya' + d{xi 
where Zi and ^i are the running varii 
origin this equation becomes 

(32) dxi + fyx-g 

and has the same form as the denon 
of X and y in (31) arc such that thej 
conic, while Xi and j/i of (32) satisfy tl 
They are, therefore, in general numer 
But the diatance frq 
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k,ifo parfide motdn^ subject to a ceniTal force describes any 
i intenaity of Ike force varies directly as the distance of the 
wm the origin, and inversely as Che cube of its distance from 
si the origin with respect to the conic. 

■mples of Conic Section Motion, (a) Wbon the orbit is 
conic "with the origin at tbe center, the polar line recedea 
JV' 

Us directly as the distance, as was shown in Art. 56 (b). 
len tbe origin is at one of the foci of the conic the polar 

!> directrix, and p = - , where e is the eccentricity. Then 
Imes 

fewton's law which was derived from the same conditions 






Vm. PROBLEMS. 

integral when f = -^r f = i^i f ^ —^- 



lose that in Art. 53 the particle is projected orthogooally Trom 
find llie equatiooa corresponding to (10) and (20), Suppose atill 
it fc •■ 1, Zt " 1; find the initial velocity such that the eccentricity 
M may be 1/2. 

, (..-I*, or 



tbe central force aa 
grdeacribe the spiral r 



[..-IS. 

function of the distance i 
= -^ ; the apiral r = e*. 



' tbe central force aa a function of the distance under whioh e 
ig doMiribe the lemniacate r* = a' cos 20. 



' tbe central force as a function of the distance under nhicb a 
ff deacribe the cordioid r = a(l + cos 9}. 



L 



I 



where a and e have tie sao 

ii paraJlel to the major axis of the e 

oeoter and the focus show that the foil 



fl - and is a minimum for 


9 = 1 ; th( 


the neareet apee the maximi 


im is for 9 . 


that if the origin is on the 


minor axis 


minimum for 9 = | . 






flint. C Bin 20 + D cos 


29 + ff = 



He numerator of this expression set eqi 
tangenta (real or imaginary) from the ori) 
Sedion*. Art. 92.) 

8. Find expressions for the central fi 
with the origin at an end of the nujar ai 



that they reduce U 



l when the ellipse bee 
An*. 



l""^ 
\"'^ 



OBBIT FOB FOECB VABTINO AS DISTANCS. 



*• 1 



[-S]. 



r = Tiri-«. 



The first integral of this equation b 





UJ = 


-p5-«- + '.; 








(34) 




* udu 


^»-r,. 


_*:-/£._„.vi' 



du 



The constant A* must be positive in order that j- may be real, as 

it is if the particle is started with real initial conditions. 
If the upper sign is used, equation (34) becomes 

(35) 2de = -7^^. 



It is easily verified that the same equation (36) would be reached, 
fhen the initial conditions are substituted, if the lower sign were 
u«d. The integral of (35) is 



2 = X 006 2(fl + c). 
On going back to the variable r, this equation becomes 

'^^ '^ " c, - 2A cos 2(fl + c) • 

TioB is the polar equation of an ellipse with the origin at the center. 
Hence, a particle moving subject to an attractive force varying 
foectly as the distance describes an ellipse with the origin at the 
center. The only exceptions are when the particle parses through 
the origin, and when it describes a circle. In the first ft = 0, 
^i equation (25) ceases to be valid; in the second, ci has such a 
Value that it satisfies the equation 



tquired to determine 
mamicr. Equation (25) is in this case 

This equation can be written in the form 
(Pu , k* 

This is a linear non-homogeneous differs 

be integrated by the method of variatiol 

was explained in Art. 37. When its rigj 

the general solution is I 

u = CiCosff + C|ffln 

k' 
It is clear that if tt is added to this ve 

n" 

equation will he idrntically satisfied. Co 
solution of (37), which is the same as that 
of parameters, ii 



On taking the reciprocal of this equation, i 



»I 
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This is the polar equation of a conic with the origin at one of the 
loci. 

From this investigation and that of Art. 55 it follows that it the 
orbit is a conic section with the origin at one of the foci, and the 
force depends on the distance alone, then the body moves subject 
to B central force varying inversely as the square of the distance; 
aod conversely, if the force varies invexsely as the square of the 
distance, then the body will describe a conic section with the 
origin at one of the foci. 

Let p represent the parameter of the conic and e its eccentricity. 
Tiien, comparing (38) with the ordinary polar equation of the 

it is found that 



1 + e cos * 



(39) 



and Bt, is the angle between the polar axis and the end of the 
major axis directed to the farthest apse. The constants A' and A 
are determined by the initial conditions, and they in turn define 
p and e by (39). If e < 1, the conic is an ellipse; if e = 1, the 
Conic is a parabola; if e > 1, the conic is a hyperbola; and if e = 0, 
the conic is a circle. 

63. Force Varying Inversely as the Fifth Power of the Distance. 



h this case / = 
(W) 



, and (25) becomes 
/ 



de^I 



d*u 



On solving for -r^ and integrating, it is found that 
'2A»" 



(«) 

Therefore 

(42) 



i^r 



• - U' + C. 



du 



ijc. 



lfc» 



The right member of this equation cannot in general be integrated 
m terms of the elementary functions, but it can be transformed 
•Dto an elliptic integral of the first kind. Then u, and conse- 
quently r. is expreeaible in terms of by elliptic functions, aaA ^}&e 



t a^UlOl UILBC will 

ing as any power of the distance. 

(fc) Another special case is that in whl 
are such that Ci 4= and the right meJ 
square. That ia, Ci = ^. Then equatiJ 

[da) y^oh"* ^k) ] 
The integral of this equation is 



whence 

(43) r=- 




where coth -5- 


(•«-e,)i«the hyperboU 




lV2(*«-e,). 


(c) If the initial conditions are such tha 


gives 


- M ■*" 


the integral of 


/If ■ 
»V2Si""- 



THE FIFTH POWBIt OF THE DISTANCE. 96 

(d) If none of these coaditions is fulfilled the right member of 
(41) b a biquadratic, and equation (42) can be written in the form 

(45) 



V=t (1 ±«>U»)(1 ±/3*K') 

where C, a*, and jS* are constants which depend upon the coefficients 
of (41) in a simple manner. Equation (45) leads to an elliptic 
integral which expresses 8 in terms of u. On taking the inverse 
functions and the reciprocals, r is expressed as an elliptic function 
of ). The curves are spirals of which the circle through the origin, 
and the one around the origin as center, are limiting cases. 

If the curve is a circle through the origin the force varies in- 
vereely as the fifth power of the distance (Art. 56); but if the 
force varies inversely as the fifth power of the distance, the orbits 
which the particle will describe are curves of which the circle is a 
particular limiting case. On the other hand, if the orbit is a 
come with the origin at the center or at one of the foci, the force 
varies directly as the distance, or inversely as the square of the 
distance; and conversely, if the foree varies directly as the distance, 
or inversely as the square of the distance, the orbits are alwaya 
fonica with the origin at the center, or at one of the foci respectively 
[Arts. 53, 55, 56 {&)!- A complete investigation is necessary for 
«very law to show this converse relationship. 

IX. PROBLEMS. 

1. Dieeun the motion of the particle by the general method for linear 
^uitione when the force variefi inversely as the cube of the diBtance. Trace 
Uie curvee in the various special caees. 

2. Expresa C, a*, and 0* of equation (45) in terms of the initial conditions, 
for original projections at right angles to the radius vector inveetigate all the 
P'xnble caaee, reducing the integrals to the normal form, and expreasing r aa 
^ptic fuDctions of e. Draw the curves in each caae. 

3. Suppoae the law of force a that given in (20); i. e. 



^(C sin 2S + Z> cos 29 + ff)i r*[*(fl)]l' 

'"t^nte the differential equation of the orbit, (25), by the method of van- 
>IJDD of parameters, and show that the general solution has the form 

- = ci COB e + ci mn fl + MW, 

of integration. Show that the curve ia e. vnuc 



n = (1 

where 7 is the period of revolution. 

5. In the case of a central force t 
defined by the equation 

JOiscusB the integration of this equation 

/.*- 

' r 

6. Suppose the law of force is that gi^ 

^ 



0— ' 



sin 6 



Substitute in (25) and derive the general 
Hint. Let u " v + A eind + B cobI 

Ans. -^'Atane + Bcoae+'ylc 

r 

which is the equation of a conic section. 
7. Suppose the Uw /^f — 
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iject of central forces waa first diseuased by Newton. In Sectiona 

of the Firat Book of the Prininpia he gave a. splendid geometrical 
of the subject, and arrived at some very general theorema. These 

the Prindpia Mp«cittlly deserve careful study. 

impler cases were worked out in the eighteenth century by anolyti' 
iods. A few examples itie pven io detail in Legendre's TraM det 
s BUipliqties. An exposition of principles and a list of examples 
Q in nearly every work on analytical mechanics; among the beet of 
Mtmenta are the Fifth Chapter in Tait and V't^s Dynamict of a 

■ and the Tenth Chapter, vol. i., of \ppe\Va\t)^anique R(dionelU. 
RDemoir, vol. xlvt., Journal fiir Matkemalik, treats the subject in 
IWl. The special problem where the force varips inversely as the 
fer of the distance boa been pven a complete and elegant treatment 
dillan in The American Jmimal of Mathematics, vol, xxx, pp. 282-306. 
jroblem of finding the general expreemon for the possible laws of force 
g in the binary star syst«ma was proposed by M. Bertraad in vol. 
of the Complee Rendm, and was immediately solved by MM. Darboux 
phen, and published in the same volume. The treatment given above 
xt is similar to that ^ven by M. Durboux, which has also been repro- 
. a, note at the end of the Micanique of M. Despeyrous. TTie method 

^en is given in Tisserand's Mi antQu« Cftesle, vol. i., p. 36, and in 

iteanique Ratiimelk, vol. i., p. 372. It seems to have been generally 

that Newton had reated the same problem in the Prindpia, 

liolium to Proposition xvii. This was reproduced and shown to 

tt to the work of MM. Djubouxand Halphenby Professor Glaishcr 

MlUv Nolites / R.A.S., vol. xxxix. 

(trand has shown (Complies Retidus, vol. ucxvii.) that the only laws 
I force under the action of which a particle will describe a conic 

■ ic' 

bU initial conditions are/ = * 3 ""d / = * fr. M. Koenigs has 

tuJittin de la SoeifU MathHnatiq'ie, vol. xvii.) that the only laws of 
depending upon the distance alone, for which the curves de- 
ne algebraic for all initial conditions are / = * -j and / = * 1^. 
shown (Ajnerican Journal of Mathematiet, vol. xxxi.) that the 
rherc the force la a function of the distance alone, where it does not 
'the center of force, and where it is real throughout the plane, ^viag 
orbit is the Newtonian law. 






64. The previous chapters biU 
in which the law of force was gH 
law of force iflfcd?the orbits wl 
were made as thWigh the masaesB 
of finite size. When forces exisi 
all the masses involved, bodies ol 
attract one another according to n 
sary to take up the problem of I 
finite bodies of different shapes atl 

It follows from Kepler's laws ani 
that, if the planets are regarded J 
aions compared to their distances 
the influence of forces which are di 
sun and which vary inversely as 
from it. This suggests the idea t 
may account for the motions still 
regarded as being of finite size, witl 
other particle in the system. The 
that this is true. 

This chapter will be devoted to 8 
of finding the attractions of bodiei 
in any position, exterior or interior 
aa the squares of the 
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centric sphere divided by the square of its radius measures the 
solid angle. 

Since the area of a spherical surface equals the product of 4t 
and the square of its radius, it follows that the sum of all the solid 
angles about a point is 4ir. The sum of the solid angles of one-half 
of all the double cones which can be constructed about a point 
without intersecting one another is 2t, 

The volume contained within an infinitesimal cone whose soUd 
angle is w and between two spherical surfaces whose centers are 
at the vertex of the cone, approaches as a hmit, as the surfaces 
approach each other, the product of the solid angle, the square of 
the distance of the spherical surfaces from the vertex, and the 
diatftoce between them. If the centers of the spherical surfaces 
are at a point not in the axis of the cone, the volume approaches 
as a limit the product of the solid angle, the square of the distance 




Fig. 10. 



I 



from the vertex, the distance between the spherical surfaces, and 
the reciprocal of the cosine of the angle between the axis of the 
cone and the radius from the center of the sphere; or, it is the 
product of the solid angle, the square of the distance from the 
vertex, and the intercept on the cone between the spherical 
wrfaces. Thus, the volume of abdc, Fig. 10, is V = u^ • <A. 
The volume of a'b'd'c' is 



3 (Oa'O') ' 

Sometimes it will be convenient to use one of these expressions and 
eometimes the other. 

M. The Attraction of a Thin Homogeneous Spherical Shell 
upon a Particle in its Interior. The attractions of spheres and 
other simple figures were treated by Newton in the PrvTwn.-pia, 




Fig. 1 

solid angle is <a with its vertex a 
the s hell. The n the mass of the 
m = ff ABio A P ; likewise the m£ 
m' = aA'B'tairP. The attractio 
respectively 



a = 



AF 



1 » 



Since A'B' = AB, a = Jfc*AB«<r = a 
tesimal solid angle with vertex at 
^herical aheU attracts particles wUhii 
This holds for anv miTn^** '-^ ^^ ' 



UPON AN INTERIOR PARTICtE, 



at P. The masses of th e tw o in fi nitesimal elem ents at A and A' 
at respectively m = aAB<jiAP and m' = aA'B'uA'P'. The 



attractions are t 



i and o 



Construct a diameter 



_ __ -^f^ Mr'' 

CC parallel to AA' in the elliptical section of a plane throug h the 
cone and the center of the ellipsoids, and draw its conjugate DD'. 
They are conjugate diameters in both elliptical sections, E and 
E': the refor e DD' bisects every chord parallel to CC, and hence 
AB = A'B'. The attractions of the elements at A and A' upon 




Fig. 12, 



I 



P are therefore equal. This holds for every infinitesimal solid 
<ngle whose vertex is at /*; therefore the attractions of a thin eUiptic 
Wioeoid upon an interior particle are eqwd in opposite directions. 
This holds for any number of thin shells and, therefore, for 
shells of finite thickness. 

68. The Attraction of a Thin Homogeneous Spherical Shell 
Vfoa an Exterior Particle. Newton's Method. Let AH KB 
and ahkh be two equal thin spherical shells with centers at and o 




Fig. 13. 



'wpectively. l*t two unit particles be placed at P and p, unequal 
'I'stanecs from the centers of the shells. Draw any secants from p 
Butting off the arcs il and bk, and let the angle kpl approach zero 
«i a limit. Draw from P the secants PL and PK, cutting ofE the 
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ATTRACTION OF THIN SPHERICAL SBBLIiS 



arcs IL and HK equal respectively to il and hk. Draw oe p« 
pcndicular to -pi, od perpeudicular to ■pk, iq perpendicular to ;; 
and ir perpendicular to pk. Draw the corresponding lines in tl 
other figure. 

Rotate the figures around the diameters PB and jA, and ce 
the masses of the circular rings generated by HI and At, M and 
respectively; then 

(1) HIXlQ:kiXig= M:m. 

The attractions of unit masses situated at / and t are respective! 
proportional to the inverse squares of PI and pi. The con 
ponenta of these attractions in the directions PO and po are ti 

respective attractions multipUed by -p^ and —. respectively. ', 

A' and a' represent the components of attraction toward and i 
then 

__1_P0. J_P2 

' Pi' PI 'p^ pi' 
Now consider the attractions of the rings upon P and p. The 
resultants are in the directions of and o respectively becaus 
of the symmetry of the figures with respect to the lines PO and pi 
and they are respectively M and m times those of the unit particle 
Let A and a represent the attractions of M and m; then 

M^PQ m pq ^ HIXIQ PF hixig p/ j 
'pJ'PI'^pi pT po- ^ po^ 



(2) 



(3) A:a=^,^:~t_ 



In order to reduce the right member of (3) consider the simila 
triangles PIR and PFD and the corresponding triangles in th 
other figure. At the limit as the angles KPL and kpi approacl 
zero, DF : d^ = I because the secants IL and HK respective!; 
equal U and hk. Therefore 



PI :PF = RI : DF, 
pf:pi = DF(^df):n, 
and the product of these proportions is 

(4) PI X pf : PF X pi = RI :ri = HI : hi. 

From the similar triangles PIQ and POE, it follows that 
PI :P0 = IQ: OE, 
00 -.■pi = OEi= oe) : iq. 



and similarly 




UPON AN EXTERIOR PABTICLB. 



le product of these two proportions is 

(5) PI Xpo:POXpi = IQ-.iq. 
The product of (4) and (5) is 

PfXpfXpo-.p^XPFXPO^HlXlQihiX iq. 
maequently equation (3) becomes 

(6) ^ : fl = ^ : PO". 

berefore, the circular rings attract the exterior particles toward 
e centers of the sheila with forces which are inversely propor- 
)nal to the squares of the respective distances of the particles 
}m these centers. In a similar manner the same can be proved 
r the rii^ KL and kl. 

Now let the lines PK and pk vary from coincidence with the 
uneters PB and pb to tangency with the spherical shells. The 
!ulta are true at every position separately, and hence for all at 
ice. Therefore, the resultants of the aUractions of thin spherical 
dis upon exterior particles are directed toward their centers, and 
! inlensilies of the forces vary inversely os the squares of the distances 
the particles from the centers. 

If the body is a homogeneous sphere, or is made up of homo- 
oeous spherical layers, the theorem holds for each layer sep&- 
tely, and consequently for all of them combined. 
09. Comments upon Newton's Method. While the demon- 
^tjon above is given in the language of Geometry, it really 
pends upon the principles which are fundamental in the Calculus, 
tting the angle kpl approach zero as a limit is equivalent to 
long a differential element; the rotation around the diameters is 
uivalent to an integration with respect to one of the polar angles; 
s variation of the line pk from coincidence with the diameter to 
igency with the shell is equivalent to an integration with respect 
the other polar angle; and the summation of the infinitely thin 
iOa to form a solid sphere is equivalent to an integration with 
pect to the radius. 

^ince Newton's method gives only the ratios of the attraction of 
lal spherical shells at different distances, it does not give the 
inner in which the attraction depends upon the masses of the 
ite bodies. This is of scarcely less importance than a knowU 
Se of the manner in which it varies with the distance. 
In order to find the manner in which the attraction depends upon 
> maaa of the attracting body, take two equally dense sv^mcs^. 



h 




their distances, and their attractiorl 
of their distances, whence the equal 
P. Let A represent the conimon a 
that its center is also at Oj. Let A'\ 
attraction of Si in the new positiol 
Art. 68, 

A^_o 
A 



Therefore, the two shells aUract a part 
forces directly proportional to their n 
previous theorem, it follows that a par 
is homogeneous in concentric layers i 
with a force which is directly proportio 
and inversely as the square of the dis 
though the mass of the sphere were all a 
Since the heavenly bodies are nearb 
spherical layers they can be regarded i 
cussion of their mutual interactions exi 
near each other as in the case of i 
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COB iOBA) ' 

The attractions of the two 



m 



, TTjji aa 

" - """^^ c«(.OB-Ay 
upon P are respectively 



I 




From the construction of A it follows that 

PO-.OB = 0B: OA. 

Hence the triangles POB and BOA, having a common angle in- 
cluded between proportional sides, are similar. Therefore 



Similarly 



4^ = 

BP 



AB' 
B'P~ 



The angle OB A equals the angle OB' A. Then equations (7) 
become 



OF^ coeipBA)' 



= if<TW 



OP* co8{OBA) 

The angles BPO and B'PO are respectively equal to OBA and 
OB' A ; therefore they are equal to each other. The resultant of 
liiL' two equal attractions a and or' is in the line bisecting the angle 

fietween them, or in the direction of 0, and is given in magnitude 

by the equation 



I 



[ shell upon the exterior 
respect to £.>, 

R = irk? 



a*Aa | 
UP 



or, the attraction varies directly as tl 
versely as the square of the distance ofl 

71. The Attraction upon a Particle il 
Shell. In Arts. 66-69 the attractioT 

spherical shell upon an interior and i 
tively, have been discussed; the pro! 
treating the case where the attracted i 
itself. 

Let O be the center of the spheri 
and P the position of the attracted p 
whose solid angle is u with its vertex 




Fig. 16. 
sity of the shell; then the mass of th 



PBOBLEH8. 

lie attractioQ of the whole shell is 



I. 



2o' 



fc follows from this equation and the results obtained in Arts. 
S6 and 69 that the attraction on an interior particle infinitely near 

2a' ■ 
particle infinitely near the shell, — ^ .* The diecontinuity in the 

Attraction is due to the fact that the mass of any finite area of the 
shell is uasumed to be finite although it is supposed to be infinitely 
thin. There is no such discontinuity at the surface of a solid sphere 
because an infinitely thin shell taken from it has only an infini- 
tesioml maas. 

X. PROBLEMS. 

1. Suppose an; two similar bodies are similarly plai^ in perapective. 
Sboff that a particle at their center of perspectivity ia attracted inversely aa 
Uirir line&i dimenaiona if they are thin rods of equal density; equally, if tbey 
in thin shells of equal density; and directly as their linear dimenuons if 
Ibey ue solids of equal density. Consider a, nebula which is apparently aa 
luge u the sun. Suppose its distance is one raillioo times that of the sun 
till that its deoaity is one millionth that of the sun. Compare its attraction 
let the earth with that of the sun, 

3, Prove that the attractions of two homogeneous spheres of equal density 
lot puticles upon their surfaces ai« to each other as their radii. 

3. Prove that the attraction of a homogeneous sphere npon a particle m 
iuintmor varies directly as the distance of the particle from the center. 

1. Prove that all the frustums of equal height of any homogeneous cone 
iilmci a particle at its vertex equally. 

3. Find the law of density such that the attraction of a sphere for a particle 
upoD its surface shall be independent of the si^e of the sphere. 

ft. Prove that the attraction of a unitorm thin rod, bent in the form of 
M arc of a circle, upon a particle at the center of the circle is the same as 
ihat vhich the mass of a similar rod equal to the chord joining the exlreniities 
vould exert if it were concentrated at the middle point of the ore. 

7. Prove that the attraction of a thin uniform straight rod on sji exterior 
particle is the same in magnitude and direction aa that of a dreular arc of the 
saoie density, with its center at the particle and subtending the same angle 
■■ the rod, and which is tangent to the rod, 

e note on the attraction of spherical shells, Lagrange, CoUeeUd Worki, 

, p. mi. 



p 



le Attractiiig 'fiass.' TO?^eo 

ceding articles are special, being effiJ 
cases to which they are applied; thJ 
follow are characterized by their unifl 
illustrate ^ain the advantages of proci 
Consider the attraction of the finite! 
upon the unit particle P, which is not I 
exterior to M or within some cavity il 
of P be z, y, z. Let the coordinateB c 



be i, II, f, and t he diaj 
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dm = ffdfdjidf, 

p» = (I - «' + (y - 7,)' +(z- f)', 
<»=/(£, 17, f). 
The int^Tal sign T signifies that the integral muat be extended 
OWT the whole mass M. Then, if ff is a finite continuous function 
nl the cofirdinates, &s will always be the ca,se in what follows, X, 
Y, and Z are finite definite quantities. In practice dm is expressed 
in terms of rr and the ordinary rectangular or polar coordinates, 
■nd X, Y, and Z are found by triple integrations. 

The three integrals (9) can be made to depend upon a single 
integral in a very simple manner. Let 



(10) 



r dm 

' JfJO p 



V is called the potential fuTiclion, the term having been introduced 
by Green in 1828. It is a function of x, y, and z and will be 
spoken of as the potential of M upon P at the point (x, y, 2). 

Since P is not a part of the mass M, p does not vanish in the 
region of integration. The limits of the integral are independent 
of the position of the attracted particle; therefore the function 
mider the integral sign can be differentiated with respect to 
X, y, t which are treated as constants in computing the definite 
integrals. The partial derivatives of V with respect to x, y^ 
and z are 



■^dm, 



SI.- f fa-") 

ay Jint if 

3z JcJT) p 



dm, 



(i« 



I these equations with (9), it is found that 



..«Z 

.,av 



i 



i part of the ^^ic'&ig mass, an| 

this caao. 

In order to show first that X, I 
nate values in this case, let dm I 
polar coordinates with the origin a 
equations expressing the rectan) 
polar with the origin at P are 

"J- X = po 



Then the expressions for the comi 
potential become 

y « _ fc»///,T cori 
Z = - fc»///<r Bin 
V = +Sffap COB <( 

where the limits are to be so det 
shall be extended throughout the wl 
are all finite J 



78] WHEN PARTICLE IS PART or ATTRACTING HA8B. Ill 

lepresented by Mi and that outside of it by Mi. Let the corre- 
qwDding parts of the componenta of attraction and the potential 
be distinguished by the subscripts 1 and 2. Then 




X = Xi + X,, 



= V, + Vt, 



because all of these quantities are uniquely defined. 
it follows from Art. 72 that 



,av» 



Yt = fc' 



dVi 



Z. = k^'l'. 



dx ' dy 

Now coDffider the derivative of V with respect to x. It 

■r- = Um T V lim — -r 

dx A»=o or. . — , fir. 

tl3) 






Ax 



■■+i* 



Let the distance from P to dm be p, and from P' to dm be p'. 
Then 

Ax ^1) \ p' p/ ^ ' 

It follows from the triangle P dm P' that | Ax | ^ | p' — p !, 
iriiere the vertical lines on a quantity indicate that its nimierica] 
mtue is taken. Hence it follows that 



|/'i_i'\i|£^<5('i+i'i 

\\p' pI lix\^n'=2\if^ ,•>]■ 
IVV^-Til^I f dm 1 r dm 



1 
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ireseed in polar coordinates this inequaliQf becoDMB 
i ^ j Iff coa^pd-pdedp 

+ Ip.J^'j^" '^'^ 'fi'd'P'de'dp'. 

laximum value of in c. The result of iut^ratiilB 
p and p' is 

' are in the sphere t the distances *> and p' cannot 



POTBNTUL AND ATTHACTION OF CIHCULAJi DISC. 

74. Level Surfaces, The equation V = c, where c takes con- 
stant values, defines what are called level surfaces or equipolential 
surface. 

Any displacement &x, 6y, 5z, of the particle frona the point 
(jo, j/o, io) in a level surface must fulfill the equation 

which is the condition that the points {xo, yo, eo) and (lo + ix, 
if" + Sj/. 2o + is) shall both be in the same level surface. This 
KjuatioQ becomes as a consequence of (11) 

(14) X6x+ YSy + Z&z = 0. 

The direction cosines of the resultant attraction to which the 
particle is subject are proportional to X, Y, Z, and the direction 
cosines of the line of the displacement are proportional to 5x 
by, &z. Since the sum of the products of these direction cosines 
in corresponding pairs is zero, it follows that the resultant attrac- 
tion is perpendicular to the level surfaces. Consequently, if the 
particle starts from rest it will begin to move perpendicularly to 
the level surface through its initial position; but after it has 
acquired an appreciable velocity it will not in general move 
perpendicularly to the level surfaces because the motion depends 
not only upon the forces, which have been shown to be orthogonal 
to the level surfaces, but also upon the velocity. 

75. The Potential and Attraction of a Thin Homogeneous 
Circular Disc upon a Particle in its Axis. Take the origin at thg 
center of the disc whose radius is R. Let the coordinates of P be 
«, 0, 0. Then 

V = f~= rs p' rdrd0 

Upon integrating, it is found that 



9^ \_<x'+ R} v^J' 

If X is kept constant and R is made to approach infinity as a limit, 
the attraction becomes 
(16) X = =F 2TitV. 

9 





Fig, 19. 

number of superposed discs would act 
Hence, if the earth were a plane of in 
commonly supposed, bodies would 
constant forces at all altitudes, and 
derived under the hypothesis of cons 
rigorously true. 

76. The Potential and Attraction 
Spherical Shell upon an Interior or 




76] THIN HOMOGENEOUS SPHERICAL SHELL. 

One of the three variables *, d, p must be expressed ii 
the remajning two. Froni the figure it is aeeu that 

p» = I* + fi' - 2xR cos 4,; 
whence 

(18) pdp = xR Bin <t>d4>. 

Then (17) becomes, if P is exterior, 

(19) 
snd if P is iuterior, 

(20) 
The integrale of these equations are respectively 
4t»B> M 



(21) 



The z-componenta of attractioa are respectively 
„dVB fc'Af 






(22) 



dx ' 



which agree with the results obtained in Arts. 66 and 70. 

The attraction of a solid homogeneous sphere also can be found 
at once. Considering the shell as an element of the sphere, the 
M of (22) is pven by the equation 

M = 4ir<Tr'dr. 
Let X represent the attraction of the whole sphere M; then 

Consider the mutual attraction of two spheres. In accordance 
with the results which have just been obtained, each one attracts 
■ vPiy particle of the other as it would if its mass were all at its 
center. Hence the two spheres attract each other as they would 
if their masses were all at thi^ir respective centers. 
77. Second Method of Computing the AttractioQ of a Homo- 
Sphere. A very simple method will now be given of 
the attraction of a solid homogeneous sphere u^vi «ii 




mnn — upuii mienur puriicii 



^^B sphere 




sphere 5' through P' and suppose it 
A one-to-oDe correapondence betweet 
of the two spheres is established by th 



(23) 






Ki»', 



The corresponding points are in lines | 
center of tile spheres, and P corresp< 
represent the attractions of S' and S t 
They are given bj' the equations 
R- 
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where pi and pi are the extreme values of p obtained by integrating 
with respect to x. That is, the first integration gives the attrac- 
tion of an elementary column extending through the sphere parallel 
to the i-axis, and p. and pi are the distances from the attracted 
particle P' to the ends of this column. In completing the int&- 
gration the sum of all of these elementary columns is taken. The 
corresponding statements with respect to the first equation of (25) 
are true. 

riuppose the integrals (25) are computed in such a manner that 
corresponding columns of the two spheres are always taken at 
the same time. Consider any two pairs of corresponding elements, 
as those at A and A'. For these p = p', and this relation holds 
throughout the integration as arranged above. Hence it follows 
from equations (24) and (.25) that 

But, from (23), 

therefore 

R'J J \P,' Pil " ff' 

Let M represent the mass of the sphere S, and M' that of S'. 
The attraction of S' upon the interior particle P is given by 

__ VM 

therefore it follows from the relation R''X' = B*X that the 
attraction of S upon the exterior particle P' is 

agreeing with results previously obtained (Arts. 69, 70). 




I 



3. Find by the limiting proc«8a for I 
last problem is fioite and det«niunat« 

tracting mass. 

4. Show that the level Burfacea f or a | 
apheroida whose tocl are 

5. Find the compoDents of attract i J 
radius is R, upon a particle on its edge: f 
its base; (ft) perpendicular to this directi| 
pendtuular to these two directione. 

AfU. {a) X = ii<rffl; (H ! 

6. Find the deviation of the plumb-I 
radius r and denaty ai. Let R represen 
Ui be spherical, and at its mean density. 

Aru. If \ IB the angle of deviation, 



tan X = ^ — ■^ approii 

7. Prove that if the attraction voriea 
any shape atlracta a particle as though it 
its center of maiB. 
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7B. The Potential and Attraction of a Solid Homogeneous 
Oblate Spheroid upon a Distant Unit Particle. The planets are 
very nearly oblate spheroids, and they are so nearly homogeneous 
that the results obtained in this article will represent the actual facts 
nnth sufiictcnt approximation for most astronomical appUcations. 

Suppose the attracted particle is remote compared to the 
dimensions of the attracting spheroid. Take the origin of co- 




ordinates at the center of the spheroid with the z-axis coinciding 
tritb the axis of revolution. Let R repreeent the distance from 

Then 



O to P, and r 


the distance from to the element of 

>= f ^, 


(26) \ 


p - V(i - £)■ + (» - ,)■ + (f- f)'. 




B =V»- + »' + 2', 



■ VF+ ^ + r*. 

It foUoWB from these equations that 



V/P + r'- 



2(i| + !n 

? 



-'() 



fl-v/i 



r- - 2(ii + OT + .f) 



Let pi pi and ^ be taken as small qtiantities of the first 

order; then, on expanding the expression for p-' by the binomial 
theorem, it is found that, up to small quantities of the third order, 



, 3 (i-y + gV + i-f + 2xy£, + iyz,! + 2a!i) 



Let M represent the maas of the spl 

fdm = M 

and, aince the origin is at the center of 

j {dm = 0, I Tjdnj = 

Let a represent the density; then 

dm = or'cos^d^ 
f = r C06 * 
I) = r cos ^ Bin < 
{" = r Bin *, 
and (27) becomes 

+ 1^///'^ tos'tam'lkitdedr + |g 
'^'Wfff^ cos^ « sin B C03 9d*dfl 
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(28) 



I 






+ l^f_l£ >' 00^ tdtdr 



Bf 



'X;r 



r* sin'*cos*d0dr + • 



5 last three integrals being zero. 

The next integration must be made with respect to r, as this 
triable depends upon ^. Let the major and minor semi-axes 
F a meridian section of the spheroid be a and h respectively, and 
it e be the eccentricity. Then 

M 



■^ C08° ^ ' 

pon integrating (28) with respect to r and expanding in powers 
r e, it is found that, up to terms of the second order inclusive, 



I 



10 B' 
3 nW 



f' (l+je'c 



M 

' R ' 



+ r.^i'^+y')fy + i^ 



^ coa"* + • ■ ■) sin* ^ cos4>d4' 



t integrating with respect to * and arranging in powere of e, 
je expression for V becomes 



T,b> 



(,i' + y'-m^+- 



15 R' 

f = a'(l - «■); 



J 
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therefore 
(29) 






Tbe oomponentaof attxactioD are found from equations (11) and 
(29) to be 



(30) 



. = _-'[.,l^.<-±^^.^...]. 



(»- + t'-4r-) 






If the spheroid ahould become a sphere of the same mass, the 
expressions for the components of attraction would reduce to the 
first terms of the right members of equations (30). If tbe attracted 
particle is in the plane of tbe equator of tbe attracting spheroid, 
« = 0; and if it is in the polar line, i = y = 0. Hence it foUows 
from (30) that (Ac oUrodion o/ an oblate spheroid upon a particle 
at a given distance from the center in ike plane of its equator ia greater 
than that of a sphere of equal mass; and in the polar line, less than that 
of a sphere of equal mass. As the particle recedes from tbe at- 
tracting body tbe attraction approaches that of a sphere of equal 
mass. Therefore, as the particle recedeit in the plane of the equator 
the attraction decreases more rapidly than the square of the distance 
mcreaees; and as it approaches, the attraction increases more rapidly 
than the square of the distance decreases. The opposite results are 
true when the particle is in the polar line. 

79. The Potential and Attraction of a Solid Homogeneoua 
ElUpBoid upon a Unit Particle in its Interior. Let the equation 
of the surface of the ellipsoid be 



(31) 



^& + ? 



-1 = 0, 



and let tbe attracted particle be »tuated at tbe interior point 
(i, y, z). Take this point for tbe oripn of the polar coordinates 
p, 6, and ij). On taking tbe fundamental planes of this system 
parallel to those of the first system, these variables are related to 
the rectangular cofirdinatea by tbe equations 
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'4 = X + p COB (t> COB $, 
(32) ■ .i = v + pco8*8mtf, 

J" = z + p sin *. 
The potential of the ellipsoid upon the unit partiole P is 

V=( ~= a I ^l j p cos -t/d^xie dp. 

Since the value of p depends upon the polar angles the integration 
must be madp first with respect to this variable. The integration 



ifir- 



To express pi in terms of the polar angles substitute (32) in (31); 
whence it is found that 



(34) 
where 



(35) 



Ap,* + 2Spi + C = 0, 



a COS ^ cos g 



/ cos it> sin d z si 



Titan (34) it is found that 



- B ± VjB» - AC 



The only pi having a meaning in this problem is positive; A is 
essentially positive, and C is negative because (x, y, z) is within 
the ellipsoidal surface. Therefore the positive sign must be 
taken before the radical. On substituting this value of pi in (33), 
it b found that 



(36) 



iXjX" 



{2B>-2B<B'-AC-AC) 



ooa ^d^d6. 



Consider the integral 



■x;x" 



B-IP-AC 



not tint- 



(37) 



- •/-i Jo I 



a" 



X 



(^-) 



+ 



SID 



+ 



-i:r{ 






+ 



zxsva 



By comparing the elements property pa 
second integral is zero. 
Let 

(38) W^lj^^X co8> 4> co8> 



cos • 



^ , cc 
r 



then (37) can be written in the form 

(3.) v--<7F' + ff + ^^ 

For a g^ven ellipsoid W is a constant, a 
level surfaces has the form 

which is the eauatinn r^^ 
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W = ? r^ f' COB <t>d.t>d0 
L 2j_. Jo McosH + Nsin'e 

Jo J, Mcoa'6 + Nmv?0' 

M and AT are independent of 9; hence, on integrating with respect 
to this variable, it is found that* 

(41) 

- 2„«w r , '"^** ■ 

Jo -v(a'sin**+c*coa'*)(6*8in'*+c'co8**) 

To return to the symmetry in a, b, and c which existed in (38), 
Jacob! introduced the transformation 

■ ^ c 

sm 1^ = — ; 

VC + s 
whence 

X V(a' + s){b' + 8)(c» + 8) 
On forming the derivatives with respect to a, b, and c, and substi- 
tuting in (39), it follows that 

V-,„6.r(l--i^-j^-;T^) 



V(o' + »)(6' + .)(c> + .) 
The components of attraction are 

JC - t"— - - r* 2ir»<iiietl;'ii« 

«>: J. (a" + ») V(a" + sXi.- + »)((? + .) ' 
Y ^ jt» — = - P 2ir<rabcyi^de 

.aF_ r* 2T'jabczk'ds 



(43) 



S2 Jl (C* + «) V(?l 



■ + «)(!>' + <)(»■ + 8) 
Equation (41) is homogeneous of the second degree in a, b, 
• Letting tan ' z, the integral reduces to one of tlie itand&td lonta. 



where c is defined by the equation 



(46) 



o'+« 






<!' + 



The only value of a sdmiBsible in thia p 
Equation (46) ia a cubic in k and baa on< 
roota; for, the left member conaidered at 









fm 


"*■ 








V 


s 




\ 








"^ 











when K = + " 
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Upsoids will now be established by the equations (compare 
77) , , , 

(47) f'=^«' "' = !''■ i" = 7f- 

et P be the point correaponding to P'. It will be shown that 
he attraction of E upon P' is related in a very simple manner to 
"that of E' upon P. 

Let X, Y, and Z represent the components of attraction of E' 
upon the interior particle P at the point (i, y, z). They can be 
computed by the methods of Art. 79, and will be supposed known. 
Let X', Y', and Z' be the components of attraction of E upon P', 
vrhicb are required. The expresaiona for the z-components are 



\ 



(48) 



/1\ 



X = -f ./JJ^V^'df -f .///-^ciWl'iif', 



-didr\dt. 



On perfomung the integration with respect to (, it is found that 



(») 



]d,dt. 



where pt and pi are the distances from P' to the ends of the ele- 
mentary column obtained by integrating with respect to f. The 
solution is completed by integrating over the whole surface of E. 
The first equation of (49) ia interpreted similarly. 

Now X' will be related to X in a simple manner by the aid of 
the following lemma: 

// P and A are any two painte on the surface of E, and if P' and 
A' are the re spect ive c orres ponding points on the surface of E', then 
Ae distances PA' and P' A ar e equal. 

Let PA' = o' and AP' = p. Then p = p'. For, let the 
coordinates of P and A be respectively %\, iji, fi and fi, i7j, d; and 
of P' and A', f /, rtx, f / and fi', ijj', U- Then 

[ p'* = (£. - yr + (-)> - 1.')* + (f . - u^\ 
Lp' = (f, - 1>')' + (t). - -j.T + (r. - fi')'. 
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On making use of equations (45) and (47), it is found that 



&^t 



+ - 



m 

J.II>B0ID. 1H 

), it 16 found that I 



Since P and A are on the surface of the ellipsoid whose s 

are a, b, and c, each parenthesis equals unity. Therefore p''-ff = 0, 

or f) = p'. 

Suppose the integrals (49) are computed bo that the elements at 
corresponding points of the two surfaces are always taken simul- 
taneously. Then pi = p/ and pt = pi' throughout the integration. 

Moreover, it follows from (47) that i^v ^ n '^v' aJid df = -, df". 
Therefore 



^■"■'//(.7-p7)'"'*'' 



and similarly 



^ 



The letters a, h, c, and s of equations (43) should be given accents 
to agree with the notations of this article; and, since P and f 

are corresponding points, x = ~,x', y = ji y', z = -, z'. After 

making these changes in equations (43) and substituting them 
in (50) and (51), it is found that 

ds' 



X' = 



- 2ir(ro6cfc'i' 



f^ 



y = - 2iroabcA;V' 
2' = — 2-iraabck^ 



ds' 



i 



<■ r — , 

,, r , '^' 



It follows from equatioDB (45) that 
a" •= a= + ■,, b" = !>• + « 



I 



ivort'b method. 
, on letting « = a' + *, it follows that 



(52) 



Y' =- 2iraabckh/' f ^ , 

Z' = - 2:rffaAQf 2' ('- , ^ 

It follows from equations (40) and (41) that the compoaentA 
ol attraction for interior particles are homogeneous of degree zero 
m Q, b, and c, and that they are proportional to the respective 
coijrdinates of the attracted particle. Let X, as above, represent 
the attraction of the ellipsoid E', whose semi-axes are a', b', c', 
upon the interior particle at {x, y, z) ; let A'" represent the attrac- 
tion of E' upon an interior particle at {x", y", z"), which will be 
supposed to be related to (i, y, z) by equations of the same form 
M (47). Then it follows that 





X" i" 
X X • 


Y" y" Z" «" 
Y y' Z z- 




Let the point {i", y", z 
approach the Burface of E' 


0, always corresponding to (l 
as a limit. Then at the limit 


y,'), 




X" o' 
X a' 


Y" V Z" c' 
Y h' Z c' 




On combining these equations with (50) and (51), it is found that 


(53) 


X" r 

X' Y' 


Z" a'b'c' M' 
Z' abc M ■ 





That is, the attraction of a solid ellipsoid upon an exterior paHicU 
iilotke attraction of a confocal eUipaoid passing through the parliclet 
at the mass of the first ellipsoid is to thai of the second ellipsoid. 

Consider another ellipsoid confocal with tbe one passing through 
the particle and interior to it; by the same reasoning the ratios 
of the components of attraction of these two ellipsoids are aa 
[beir maaaee. Let X'", Y'", Z'" be the components of attraction 
if the new ellipsoid whose semi-axes are a'", b"', c"'. Then 

jr», = ym = 2'" a"'b"'c"' M'" ' 

in combining this proportion with (53), it is found that 
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X'"' 



■■ Y"' z'" " 



M 



Therefore, two confocal ellipsoids attrad particles which are r 
to both of Ihem in the same direction and with forces which at 
portionat to their masses. This theorem was found by Macl&unn 
and Lagrange for ellipsoids of revolution, and waa extended by 
Laplace to the general case where the three axes are unequal. 
It is estabUshed most easily, however, by Ivory's method as above, 
and it is frequently called Ivory's theorem. 

The right members of equations {52} can be transformed to 
forms which are more convenient for computation by putting, io 

the first, I = w; in the second, ^- .. = u: and in the 



third, 



i^n 



The results of the substitutions are 



X'= —iirirbck^x' 






tf)«»][a»-(a»-<^)u»l' 
v*du 



"=-47r<rcafcV P^' , 

Jo ■V[&'-(6»-c*)u«][6»-(i>>-a»)ii*l 



Z'= -iiroabkh' 



^[d' - (c= - a»)u»][c» - (c'-b'W] 
When the attracted particle is in the interior of the ellipsoid the 
forms of the integrals are the same except that the upper limita are 
unity. 

81. The Attraction of Spheroids. The components of attraction 
will be obtained from (54), which hold for exterior particles. 
Suppose the attracting body is an oblate spheroid in whieha = 6>e 
and let e represent the eccentricity of a meridian section. Then 

I? = o*(l - e>), 
and equations (54) become 



\X' 



- 4xfffc* ■■ 



The integrals of these equations are 




he components of attraction for interior partic 
from e<iuationa (56) by putting k = 0. 

Now suppose the attracting body is a prolate spheroid and 
that a = b < c. Then a' — b* = c'(l — t'), and equations (54) 
become 

u*du 



The integrals of these equations are 



^ 



[-ir^V'-^/h 



- 2ft , , 



(1 -e^)(a' + «)7 
1 +- " 



Vc* + n 



When the particle is interior to the spheroid the equations for 
the components of attraction are the same except that « = 0. 

82. The Attraction at the Surfaces of Spheroids. The com- 

pcmeots of attraction for an interior particle, which are obtained 
JO the case of an ohlate spheroid from (56) by putting it = 0, 
are, omitting the accents, 
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(59) ■ 



^ -4i 



-2tak'- 



- [ - « Vl - e" + Hill-' 



e* tan- 



■(vrb)]- 



The limita of these expressions as the attracted particle spproa 
the surface of the spheroid are the components of attraction f 
particle at the surface. As the attracted particle passes ouU 
through the surface, k, in equations (56), starts with the 
zero and increases continuously in such a manner that it fth 
fulfills equation (48), Therefore equations (59), havinfj 
discontinuity as the attracted particle reaches the surface, I 
when X, y, z fulfill the equation of the ellipsoid. 

When e is small, aa in the case of the planets, equations 
are convenient when expanded as power series in b. On w 
tuting the expansions 

,lirr^,i-t-t_... 



■'e-e + 



6^40^ 



-(vr^) = 



a equations (59), it is found that 
(X Y 



(60) 



Then 



whence 



^- -iT,k'(.l-W+---X 

-i„,e(i + ti^ + ■■■). 

of the spheroid is 

M = JriTflV = jTffO* Vl — c*. 
The radius of a sphere having equal mass is defined by the eqi 
M = jT(rfi» = JirffO'Vl -c*; 
R = a(l- e*)'. 

for a particle upon its flurC^ 



■J 



The attraction of this sphs 
given by the equation 

k'M 



(61) 



Rf 



- - tT,rit^(l - e^l. 



J 
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When th e attracted particle is at tlie equator of the spheroid 
Vi" + y" = a; hence the ratio of the attraction of the spheroid 
for a particle at its equator to that of an equal sphere for a particle 
upon ita surface is 



I 



F — (1 - ^y 



=. 1 - 



30^ 



llis is less than unity when e is small; therefore the attraction of 
the spheroid for a particle on its surface at its equator is less 
than that of a sphere having equal mass and volume for a particle 
OD its surface. 

When the attracted particle is at the pole of the spheroid 

■ C ■= oVl — e"; hence in this case 



r 






1 + 



15 ' 



Thia is greater than unity when e is small; therefore the attraction 
of the spheroid for a particle on its surface at its pole is greater 
than that of a sphere having equal mass and volume for a particle 
on \\& surface. 

There is some place between the equator and pole at which the 
attractions are just equal. The latitude of this place will now 
he found. The coordinates of the particle must fulfill the equa- 
tion of the spheroid; therefore 



(62) 



Si^. y, 2) 



-^ + v* , 



-1=0. 



rhe direction cosines of the normal to the surface at the point 
X, y, z) are 

dx dy 



Bb>t > 



MFiSFiM 



t is the cosine of the angle between the normal at the 
int (x, y, z) and the z-axis, and is, therefore, the KUve ot ^h« 



1 



From (62) and (63) it is found thaj 
fl' cos' lj> 



(64) 



3^ + y 



1 - e*sui'0 
_ n*(l — e*)* 8in*0 I 



- e* sin' tft 
= o'sin'<(i|l - 6^(1 I 
Let G represent the whole attractio| 
found from (60) and (64) that 

= - frfffc»V(l -i€» ■■■)'(«* + 

= - |Tff/:% { 1 - ^ (1 + C08* 

The ratio of this expression to that foi 
of equal mass and volume, given by (6 

, «■/ 

(65) J. 



S(l +COS'*) . 



(1 - e-)! 

This becomes equal to unity up to ter 

when 3 sin** = 1, from whicli it is fou 

4 = 35° 15' a 



^ _ a*(l - e-) __ 
1 — e' cos' 4> 
Vhen <t> = 35° 15' 52", 



1^1 -e^)(l+e'co8»*+ ■••). 



—0-^ 




The radius of a sphere of equal volume has been found to be 
[iven by the equation 

iP = a»(l - c»)* = «' ( 1 - f +■■■)■ 

irhich is seen to be equal to the radius of the spheroid up to terms 
>f the second order mclusive in the eccentricity. Therefore, in 
;he case of an oblate spheroid of small ecentricity, the intensity 
)f the attraction is sensibly the same for a particle on its surface 
in latitude 35° 15' 52" as that of a sphere having equal mass and 
volume for a particle on its surface; or, because of the equality 
of R and T, a spheroid of small eccentricity attracts a particle on 
ita surface in latitude 35° 15' 52" with sensibly the same force it 
would exert if its mass were all at its center. 

SUL PROBLEMS. 

1. Sbow th&t Ivory's melhod can be applied when the atUoeUon teuim 
■• any power of the distance. 

2. Sliow why Ivory's method cannot be used to find the potaalial of a 
■olid ellipsoid upon an exterior particio when it ie known for an interior particle. 

3. Find the potential of a thin ellipsoidal shell contained between two 
■mttar ellipeoids upon an interior partirle. Ilinl. It has been proved 
(Art. 79) that the resultant attraction is lero at all interior points; therefore 
tbe potential is constant and i( is sufficient t-o find it for the center. Let the 
jemj-axcs of the two surfaces be a, 6, c and (1 + u)o> (1 + m)'', (I + »')e; then 
the distance between the two surfaces measured along the radius from tho 
center will be fu>< Therefore 



L 



•r 



eididO 



41 cos's cos* » sin' 9 , ain'^ 



^(a' + *)f6>+.)(<^+«)* 
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4. Show that in the rase of two thin confocal shells eimilar e 
mass Bt poinU which correspond sPcorttiDg to the definition (47) are p^opo^ 
tional to the produeU of the three aiee of the respective ellipadd*. Tim 
hLow, using problem 3 and Ivory's method, that the potential of an elUpwidil 
shell upon an exterior particle is 

-F^ ^ - ^ ■ ■ ^ 






J. <i^T7: 



"l 



«}(6" + »){«' + •) 

5. Prove that the level surfanee of thin homogeneous ellipwnds are confMil 
ellipsoids. What are the tines of force which are orthoROOAl to these rarfacaf 

6. Discuss the form of level surfaces when they are entirely exl« 
homogeneous solid ellipeoida. 

HISTORICAL SKETCH AND BIBLIOGRAPHY. 

The attractions of bodies were first investigated by Newton. His 
are given in the Prindpia, Book i., Sees, xii. and xin.. and are derii 
synthetic processes ainiilar to those used in the first part of this ct 
The problem of the attraction of ellipsoids has been the subject of 
memoirs, and the case in which they are homogeneous was completely 
early in the nineteenth century. Among the important papers are 
by Stirling, 1735, PhU. Tram.; by Euler, 1738, Peteraturp; by 
1773 and 1775, CoU. Works, vol. ill., p. 619; by Laplace, 1782, M(c. 
voi. II.; by Ivory, 1809-1828, PhU. Trara.: by l^gendre, 1811, Mtit 
Plttit. de Franee, vol. Xi.; by Gauss, CoU. Works, vol. v.; by Rodriguei, 1 
CoTTM. sur I'Ecok Poly., vol. iii.; by Poisson, 1829, Conn. de» Temjm 
Green, 1836, Math. Papers, vol. viu.; Chasles, 1837-1846, Jour. Pi 
Poly, and Mftn. dea SavaiUa EVrangers, vol. ix.; MacCuH^[h, 1847, Ol 
Ptoc, vol. III.; Lejeune-Dirichlet, Journal de Liaimlle, vol. rv., and 

The earlier papers were devoted for the most part to the attractioi 
homogeneous ellipsoids of revolution upon particles in particular p 
as on the anp, I^igrange gave the general solution for the attractioa 
general homogeneous ellipsoids upon interior porticlen. This was K 
by Ivory and Maclaurin (with I^aplace's generalisations) to exterior p 
Ivory'B theorem has been extended in a most interesting manner by Dari 
in Note xvi. to the second volume of the M^ainique of Despeyrous. C3i 
gave a sj-nthetic proof of the theorems r^arding the attractions of h i 
geneoufl cIlipsoidB in HHmoira dee Sai-anU Strangers, vol. rx., and Lejenw- 1 
Dirichlet embraced in a most elegant manner in one discussion the case of 
both interior and exterior points by using a discontinuous factor (lAouviUi't 
Journal, vol. iv.). 

Laplace proved that the potential for an exterior particle fulfills the partiil 
differential equation 

^+3^ + ^.0 
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d V by the eondition that it must be & function satisfying thia 
This is a process ot great generality, and is relatively simple 
in the trivial caste. This has been made the starting-point o! most 
nvmtigationa of the latter part of the last century, especially where 
■acting bodies are not homogeneous. In a paper on Electricity and 
ism, in 1828, Green introduced the term poUntitd Junction for V, and 
si many of its mathematical properties. Green's memoir remained 
unknown until about 1846, and in the meantime many of his theo- 
ad been rediscovered by Chaalca, Gauss, Sturm, and Thomeon. One 
■&'a theorems has found an extremely useful application, when the 
ident variable are two in number, in the Theory of Functions. 
■on showed that the potential function for an interior particle fulfilla 
ta^ difffflential equation 



[ 



^a^ 



% the books treating the subject of attractions and potential may be 
led Thomson and Tait'e Natural PkUosophy, part ii., Neumann's 
(J, Poincar^'a Polential, Routh's Analylical StaticB, vol. u., and Tisser- 
\iiearaque CiUtte, vol. n. The last-mentioned develops most fully 
"onomlcal apphcations and should be used in further reading. 

attractions of spheroids and ellipsoids bus been fundamental in the 
ons of possible Bguree of equilibrium of rotating fluids. The reason 
lurse, that the conditions for equilibrium involve the components of at- 
I. Maclaurin proved in 1742 that for slow rotation an oblate spheroid, 
«centridty is a function of the rat« of rotation and the density of the 

a figure of equilibrium. There are, indeed, two such figures; for slow 
I one is nearly spherical and the other is very much flattened. For 
station the figures are more nearly of the same shape; for a certain 

rate of rotation they are identical; and for stiU faster rotation no 
d is a figure of equiUbrium. In 1S34 Jacobi proved that when the rate 
.ion is not too great there is an ellipsoid of three unequal axes which is a 
if equilibrium, which for a certain rate of rotation coincides with the 
early spherical of the Maclaurin spheroids. For this work Tisaerand's 
que Cfksie, vol. ii., should be consulted. In a very important memoir 
fiatheiitatica, vol. vii.) Poincarfi proved that there are infinitely many 
guree of equilibrium which, for certain values of the rate of rotation, 
e with the corresponding Jacoblan ellipsoid, as it, for a certain rate 
tlon, coincides with the Maclaurin spheroid. The least elongated of 
jures is larger at one end than it is at the other, and was called the 

that is, the pear-shaped figure. Later computations by Sir George 
It^hthaophtcal TraTuactioTu, vol. 198) have shown it is so elongated 
lUit well be called a cucumber-shaped figure. 



I 



83. Equations of Motion. It ^ll 

til lit the two bodies are spheres an I 
layers. Then, in accordance with tlf 
they will attract each other with a f 
the product of their masses and ' 
square of the distance between their J 
Let mj and m, represent the ma( 
mi + mj = M. Choose an arbitrary] 
in spaco and let the coordinates of ?. 
respectively (d, ij,, fO and (£i, iii, f,).l 
mi and mj be denoted by r; then it folia 
and the law of gravitation that the diffq 
coordinates of the bodies satisfy are 



ftViimj- 




Ml 
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84. The Motion of the Center of Mass. On adding the first 
and fourth, the second and 6fth, and the third and sixth equations 
of tbe system (1), it is found that 



m. —^ -4- m, ^" 



= 0, 



^df» 



+ mj- 



These equations are immediately integrable, and ^ve 



(2) 



111 , ti' 
On integrating again tliey become 



, * 



r+ ma 



di. 






dijt _ 






(3) 



rniifi + msja = a,l + at, 
■j mitji + m^i = (3if + ft, 



Thus, MX of the twelve integrals are found, the arbitrary constants 
oS integration bwng ui, a,, ffi, 0t, 71, 72. 

Let f, ^, and f be the coordinates of the center of mass of the 
system; then it follows from Art. 19 and equations (3) that 

rJI/f = m,£, + m,E, = a,f + a„ 

(4) j -W^ = mm + tthitt = H + 3i, 

VmI = mifi + mifi = 7i( + 7i. 

From these equations it follows that the cofirdinates increase 
directly as the time, and, therefore, that the center of mass moves 
with uniform velocity. Or, taking their derivatives, squaring, 
and adding, it Is found that 



Hm-mHi)'] 



The coordinates of the center • 
are the symmetrical equations ( 
the center of nuus moves in a stri 

85. The Equations for Relat 

of axes parallel to the old, but ^ 
of the two bodies. Let the co^ 
this new system be Xi, yi, Zi i 
are related to the old codrdinate 

xi = fi - i, 

(5) Vi = i?i - 5, 

.zi = fi - f; 

On substituting in (1), the diffen 
new variables are found to be 



de 



(6) 



mi 



mi 



mt 



tPyi^ 



dJP 

(Pti 
dfi 

ePxt 
dp 



k? 



= -*> 



= -jy 




THE EQUATIONS FOR HBLATIVB UOTION. 

f Pij /9ii 7if ^nd 7i were known, the absolute positions id 
could be found. But, since there is no way of determining 
constants, tbe problem of relative motion, as expressed 

, is all that can be solved. 

ce tbe new ongin is at the center of mass, the coordinates 

lated by the equations 



^ 



Will + wi«it = 0, 
"iiVi + muft = 0, 
miz, + m^i = 0. 



!fore, when the coordinates of one body with respect to the 
r of mass of the two are known the coordinates of the second 
are given by equations (7), 

uations (7) can be used to eliminate Xi, yi, and Zj from tlie 
,hree equations of (6), and x,, j/,, and Zi from the last three. 
^ults of the elimination are 



= -k'M^, 




- -tW?!: 



^. -u^a 



the first three equations the r which appears in the right 
ber must be expressed in terms of Z\, y\, and Z\, and in the 
id three it must be expressed in terms of Xt, yt, and tf It 
rs from equations (7) that 



M 



■Vii' + Vi' + zi* = 



M 



M 



•quations in X\, y\, Zi are now independent of those in Xt, Vi, Zj, 
conversely. But what is really desired in practice is Wft 



(») 



dV_ 



Si 



The problem is now of the sixtn 
from the twelfth by means of the s 
six Dew constants of integration ' 
integrating equations (9) will be del 
coSrdinates, and the three projection! 
with respect to mj. 

86. The Integrals of Areas. Mult 
by — y, and the second by + x, and 

"W 
M. 



r-0, a 






-0, 



dp 
The integrals of these equations are 



861 
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Upon multiplying equations (10) by z, x, and y reepectively, and 
adding, it is found that 

(11) oif + 0ix + 04J/ = 0. 

This is the equation of a plane passing through the origin, and it 
follows from its derivation that the coordinates of mi always 
fulfill it; therefore, the motion of one body with respect to the other is 
in a plane which passes through the center of the other. 

The constants oi, as, and ai determine the position of the 
plane of the orbit with respect to the axes of reference. In polar 
' coordinates equation (U) becomes 

(12) ai ain sf> + at cos ip cos ff + a» cos ^ sin fl = 0. 

' The jnf-plane and the plane of the orbit intersect in a hne L 
CFig. 25). Suppose OL is that half line which passes through 



I 




Fig, 26. 



t point at which the body mi goes from the negative to the 
tive side of the zy-plane. Let ii represent the angle between 
positive end of the z-axis and the line OL counted in the 
tive direction from Ox. This angle may have any value from 
» 360°. Let i represent the inclination between the two 
planes counted in the direction of positive rotation around OL, 
The angle i may have any value from 0" to 180°. It is less or 
^«ster than 90° according as oi is positive or neft8.\AVfe. TVea, 
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when so = the value of ff is ft or ii + t. When 9 = fl + Jr 
the value of ip i& i or it — i according as i is less than or greater 
than 90°. In these cases equation (12) becomes respectively 

fat cos £i + a» sin Q, = 0, 

(13) \ 

[oi sin t T ai cos i em £i * aj cos i cos SI ^ 0, 

where the signs of the second equation are the upper if i is leas 
than 90°, and the lower if it is greater than 90°. 

Since the projections of the areal velocity upon the three funda- 
mental planes are constants (viz., Joi, Jai, and Jaj), the areal veloc- 
ity in the plane of the orbit is also constant. Let this constant 
be represented by Jci; then 

(14) ci = Va,» + ai' + a^, 

where the positive value of the squaxe root is taken. On solving 
(13) and (14) for ai, at, and at, it is found that 
= + Ci cos i, 



(15) 



sin SI, 
cos Si, 



■ a» = * Ci am t 
.Oa = =1= Ci b' 

where the upper or lower signs are to be taken in the last two 
equations according as i is less than or greater than 90°; that is, 
according as flj is positive or negative. With this understanding 
equations (15) uniquely determine i and £1, which uniquely 
determine the position of the plane of the orbit. 

87. Problem in the Plane. Since the orbit lies in a known 
plane, the coordinate axes may be chosen so that the x and y-axa 
lie in this plane. If the coordinatea are represented by x and j ] 
as before, the differential equations of motion are I 

ftPx „„x I 



(16) , ^ 

dp H 

The problem is now of the fourth order instead of the sixth as 
it was in (9), having been reduced by means of the integrals (10). 
It will be observed that, since the position of the plane is defined 
by the two elements Si and i, or by the ratios of □), a^, and at in 
(11), only two of the arbitrary constants were involved in the 
reduction. This problem might be solved by deriving the differ- 
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enti&l equation of the orbit as in Art. 54 and integrating as in 
Art. 62, the last integral being derived from the integral of areas; 
but, it is preferable to obtain the results directly by the method 
which is usually employed in Celestial Mechanics. 
Equations (16) give 



The integral of this equation is 



^di" 



= 0. 



dx 



which becomes in polar coordinates 
(17, r.§ = c 



Let A represent the area swept over by the radius vector r; then 



vrhence 
(18) 



2A - 



from which it follows that the areas swept over by the radius 
vector are proportional to the times in which they are described. 

On multiplying (16) by 2 jrand 2 -^ respectively, and adding, 
the result is 
„ tPx dz , -ipy dy ^ „k^M ( 



de dt^ dP dt r' 

The integral of this equation is 

/dx\' , (dy\ 



dZj 
'di-' 



«!) = 



2t'Jlf dr 
' 7' df 



(19) 



Kdi 



+ 1 



•dt 



This equation, which involves only the square of the velocity 

I and the distance, is known as the ms viva integral (Art. 52). On 

transforming the left member to polar coordinates, this equation 



m^ 



• dierefore 



' de dl' 



A 



wa^V HVfUiJj 



— ( 



(20) 



de = 






Let B* and u be defined by 



L ci r 



in which £* must be positive for a 



(W = 



The intend of this equation is 

On changing from «, B, and C4 to r a 
found that 



(21) 






which 18 the polar equation of a coi 



r 
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where p is the semi-parameter, and w is the angle between the 
polar axis and the major axis of the conic. On comparing this 
equation with (21), it is found that 



(22) 



When e* < 1, the orbit is an ellipse and p = o(l — c*), where 
a is the major semi-axis; when e' = 1, the orbit is a parabola and 
p = 2q, where g is the distance from the origin to the vertex of 
the parabola; and when e* > 1, the orbit is an hyperbola and 

p = 0(6- - 1). 

Let An represent the area described at the time the body passes 
perihelion;* then the time of perihelion passage is found from 
equation (18) t« be 

(23) T = ?4iLIli». 



e« 


= ct - t; 




Ci 


-k<Mi, 






m- 


«■) 



This completes the determination of the elements in terms of 
the constants of integration. They are defined in terms of the 
ioitial coordinates and components of velocity by the equations 
where they first occur, viz., (10), (17), (18), (19), and (21). 

89. Properties of the Motion. Suppose the orbit is an ellipse. 
Then, when the values of the constants of integration given in 
(22) are substituted in (17) and (19), these equations become 



(24) 



f*^-fc-VAfo(l -e»). 



(I)'+(I) 



. V" - tw 



04). 



I where V is the speed in the orbit at the distance r from the ori^. 
I When the orbit is a circle, r = a and 

I willbe 



* Unleaa mi is specified to be aaine body other than the eun the Dearest Bpee 
will be e&Ued the periheUon point. 



^^^1 


^^HiH^HII 


1 


PKOPBB'nEB OF THE MOTION. [N 
F.' = ^ . 

orbit 13 a parabola, a = =o and 

t a given distance from the origin the ratio of the 
rabolic orbit to that m a circular orbit ia 

Kp : F, = i/2 : 1. 

motion of comets around the sun they croas the 
s with velocitiea about 1.414 times those with wMch 
e planets move. 

that a body will acquire in falling from the distaoH 
ance r toward the center of force k^M is given bj 

lined by the condition that this shall equal the spwi 
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mnl equal to that which U would acquire in falling from the c 
trence of a circle, with center al the origin and radius equal to the 
wjor arts of the conic, to the ellipse. 

The speed at P in the ellipse is equal to that which would be 
pquired in falling from P' to P. 

Equation (26) gives an interesting conclusion about the possible 
lotion of ffii on the basis of this equation alone, and without 
iftidng any use of the detailed properties of motion in a conic 
Ection. Since the left member is necessarily positive (or zero) 
can take only such values that the right member shall be positive 
ur zero). Consequently r ^ 2a in all the motion whatever it 
nay be. This result is trivial in this simple case in which all 
he circumstances of motion are fully known, but the corresponding 
liscusaon in the Problem of Three Bodies (Chap, vm.) gives valu- 
.ble information which has not been otherwise obtained. 

Consider the second equation of (24) and suppose the body 
'i is projected from a point which is distant r from the body nti. 
t follows at once that the major axis of the conic depends upon the 
nih'ai distant from the origin and the initial speed, but not upon 



'redirection of projection. If V" < 



2k*M 



IP, which is the veloc- 



■y the body mi would acquire in falling from infinity, o is positive 
od the orbit is an ellipse; if V = [/*, a is infinite and the orbit 
aparabo!a;if y > [/', a is negative and the orbit is an hyperbola. 
Let /] and t% be two epochs, and Ai and Ai the corresponding 
Uues of the area described by the radius vector. Then equation 
8) pvea 

2(Ai- Al) = (tt-ti)ei. 

ippose tt~U = P, the period of revolution; then 2(At — Ai) 
lu&ls twice the area of the elbpse, which equals 2^06. The 
T)reesion for the period, found by substituting the value of Ci 
ven in (22) and solving, is 

(27) P = ^. 

Tom this equation it follows that the period is independent of 
try element exxxpt the major axis; or, because of (26), the period 
epends only upon the initial distance from the origin and the 
litial speed, and not upon the direction of projection. The 
lajor aemi-axis will be called the mean distance, although it must 
i understood that it is not the average distance when the tim« m 




Fig. 27. 

If the two systems mi, ms, and m 
ratio of their periods is taken, it is fG 



^ 
P*.. 






If the two systems are composed < 
respectively, then Af i, i and Aft, i ai 
the masses of the planets are exceedi 
of the sun. Therefore, this equation 

or, the souarfix nf #i»- -— '- ' ' 




SELECTION OF UNITS. 



mets 18 proportional to their respective masses, as measured 
their inertias. This result is not self-evident for the force of 
ivitation conceivably might depend upon the chemical con- 
tution or physical condition of a body, just as chemical affinity, 
ignetism and all other known forces depend upon one or both 
these things. In fact, it is remarkable that gravitation is 
>portioQal to inertia and independent of everything else. 
W. SelectioQ of Units and the Determination of the Constant k. 
lien the units of time, mass, and distance are chosen k can be 
termined from (27). It ia evident thut they can all be taken 
aitrarily, but it will be convenient to employ those units in 
lich astronomical problems are most frequently treated. The 
an solar day will be taken as the unit of time; the mass of the 
a will be taken as the unit of mass; and the major semi-axis of 
5 earth's orbit will be taken as the unit of distance. When these 
it8 are employed the k determined by them ia called the Gausdan 
nstant, having been defined in this way by Gauss in the Tkeoria 
obit, Art. 1, 

Let ?Ri represent the mass of the sun and mi that of the earth 
d moon together; then it has been found from observation that 
these units 

ms _ 1 
(28) -j " ' 354710 ~ 354710' 

, P = 365.2563835. 



e 



1 aubstitutii^ these numbers in (27), it is found that 



[29) 




I 



Since mi is very small ^ = 'p nearly, and is, therefore, nearly 
! mean daily motion of the earth in its orbit, or about bV- The 
>an daily motion of a planet whose mass is irij is p- , and ie 
tally designated by m- This is found from (27) to be 

30) n< = ^ . 

[lie period of the earth's revolution around the sun and its 
i distance were not known with perfect exaciaess a.t \,\v& 
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time of Gausa, nor are they yet, and it is clear that the 
k varies with the different determinationa of these quai 
If astronomers held strictly to the definitions of the unil 
above it would be necessary to recompute those tables 
depend upon h every time an improvement in the values 
constants is made. These inconveniences are avoided by b 
the numerical value of k that which Gauss determined 
choosing the unit of distance so that (27) will always be fu 

If the mean distance between two bodies is taken as the 
distance and the sum of their masses as the unit of mass, and 
unit of time is taken so that k equals unity, then the unit 
what is called a canonical system. Since M — I and fc* 
this system, and from (30) n = 1, the equations become 
what simplified and are advantageous in purely theo 
investigations. 



1. Find the differential equatli 
two bodies in polar coordinates. 



XIV. PROBLEMS. 

for the problem of the relative : 






-'(!)• 



*»Af 



l("l)-". 

1 and interpret the c 



2. Integrate the equations of probl< 
integration. 

3. The earth movefl in its orbit, which may be asiumed to be circul 
a speed of IS, 5 miles per eei^ond. Suppose the meteors approach tb^ 
parabolaH; between what limits will be tb^ relative speed when the; 
into the earth's atmosphere? 

Ant. 7,66 to 44,66 milea per second. {The Nov. 14 
earth and have a relative speed Dear the upper limit; the Nov. 37 
overtake the earth and have a relative speed near the lower limit.) 

4. Find the average length of the radius vector of aa ellipse in ' 
a and e, taking the time as the independent variable. 






6. Find the average length of the radius vector of t 
angle as the independent variable. 







a 
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S, Prove tbat the amount of heat received from the eun hy the plaaeta 
pa uoit area is on the averBige proportional to the reciprocals of the products 
d Ibe major and oiinor axee of their orbits. For a fixed major oxia hon doea 
Uie total amount of heat received in a revolution depend upon the eccentncity 
d tbe orbit7 

7 If partirlee are projected from a given point with a given velocity but 
in different dirertionB, find the locua of (o) perihelion points; (6) aphelion 
pobls; (c) cenlen of ellipHeB; (d) ends of minor axes. 

8. If particles are projected from a given point in a given direction but 
wlih differt:^t speeds, find the loci of the same points as in problem 7, and 
Gipresa the coordinates of these poinla in terms of the initial values of the 
ooArdinatea and the components of velorily. 

9. Suppose a comet moving in a parabolic orbit with perihelion distance q 
cdQiiles with and combines with an equal moss which is at rest before the 
MtUsion. Find the eccentricity and the perihelion distance of the orbit of 
tbt combined mass. 

10. Suppose the mass of Jupiter is 1/1047 when expressed in temts of the 
mug of the suD. and that its mean distance from the sun ia 4S3,300,000 miles 
(ibe mean distance from the earth to the sun is 92,900,000 miles). Find 
Jupiter's period of revolution around the sun, and the else of the orbit which 
U)e nin describee with respect to the center of gravity of itself and Jupi(«r. 

91. Position in Parabolic Orbits. Having found the curves in 
which the bodies move, it remains to find their poaitions in their 
wbita at any given epoch. The case of the parabolic orbit being 
the simplest will be considered first, and it will be supposed, to 
&[ the ideas, that the motion is that of a comet with respect to 
the Sim. Since the maases of the comets are negligible, M = I 
Md equation (17) becomes 

(31) T'^ = k^ = k^. 

When tbe polar angle in tbe orbit is counted from the vertex of 
be parabola it is denoted by v, and is called the h^ie anomaly. 
'hen 



= ?8ec*2- 



ence, equation (31) gives 



dt =• see* 2 rfy = I sec' ^ + sec* ^ tan' ^)tiv. 
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The integral of this expression is 
,32, ^l.i.an.l-'l^, 

where T is the time of perihelion passage. This is a cubic equation 

in tan^ . On taking the right member to the left side it is seen 

that for ( — T > 0, the function is negative when v = 0, and that 
it increases continually with v until it equals inSnity for v = 180°, 

Therefore, there is but one real solution of (32) for tan ^ , and it 

is positive. For ( — T < it is seen in a similar manner that 
there is one real negative solution. 
Equation (32) may be written 

_ 75k it - T) ^ j^ {t - T) 
■<J2 <l* 9* ' 

Tables have been constructed giving the value of the right member 
of this equation for di0erent values of v. From these tables v can 
be found by interpolation when ( — 3" is given; or, conversely, 
( — T can be found when v is given. These tables are known as 
Barlier's, and are VI. in Watson's Theoretical Astronomy, and IV. 
in Oppolzer's Baknbestimmung.* 
In order to find the direct solution of the cubic equation let 



25tan*5+75tan^ = - 



taUrt 



= 2 cot 2«! = cot ti 



- 3 tan 5- + cot* to — tan* « 



This substitution reduces (32) to 
cot* tc — tan* 10 



, 3fc(i - D 



Lsk 

whence 



u. = >/coti; 

_ U(t - T) 
2*2* 



Therefore the formulas for the computation of tan =■ are, in the 
In Oppotier's Bahnbeslimmung tbe factor 75 b not introduced. 



92) euuie's equation. 

order of their application, 

3jfc(( - T) 

cot W = ■yjcot ^ , 
tan s- = 2 cot 2m. 
After V has been found r is determined by the polar equation of 



the parabola, i 



- = 5 aec= ^ 



92. Equation involving Two Radii and their Chord. Euler's 
Equation. Consider the positions of the comet at the instants 
ti and it- Let the corresponding radii be ri and ra, and the chord 
joining their extremities s. Let the corresponding true anomalies 
be vi and ft. Then it follows that 
\k(U - T) _ 



k(h - T) 



= tan^ + ^tan'^ 



The difference of these equations is 

—^ tanj-tan^+g^ 

or, 

Zk(t, 



tan^^-tan'^ 



+ (tan'|-tan^yj. 
Tlie equation for the chord is 

^ =• Ti' + r»' — 2rir» cos (p» — »i) 

- {ri + rj)* - 4rir, cos' ( ■■ ^— ' j . 

From this equation it is found that 

(35) 2-,f;;;coB("-^^) = ± -S/Cr, + r, + «)(n + rj - s). 

Tlie + sign is to be taken before tbe radical U Vt — Vi < r, and 
the — sign if u» — U| > t. 
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It foQowB ffxxa the polar equaiion oS the paraboU that 

Ihtae expresaioDB for r, and ri, substituted in (35), give 



(36) l+um'^Un5,.jE32l±SS±HZ3. 
It aliw follows from the expreenonfl for ri and rt that 

r, + r, .,(2 + t.ii>^+tim"5) . 
The last two equations give 



(r, + r. + ») + (n + r, - «) » 2V(ri + r, + «)(ri + n - »~ 
2« 



.(tan^.tant)'; 



(37) 



Vri + r* + * =*= V ri + f 

i6i 



< 



E>]uation (34) becomes, aa a consequence of (36) and (37), 
(38) 6A:((, - (,) = (r, + r, + «)! =f (n + r. - s)l 

Ttiis equation is remarkable in that it does not involve q. It vu 
\ discovered by Euler and bears his name. It is of the first im- 
portance in some methods of determining the elements of a pftr>' 
bolic orbit from geocentric observations. . — — -. 

There is a correaponding eg^uation, due to Lamber t, for elliptic 
orbits. The right member is developed as a powerlieries in l/oT 
lEe first term constituting the right member of Eider's eqinrtioii' 

93. Position in Elliptic Orbits. The integral of areas and ti* 
vis viva integral are respectively 

The result of eliminating -^ from the second of these equationi 
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t»^' means of the first is 

, A*(l + m)o(l - 



'»> (sO'h 



")(^i)■ 



Let n represent the mean angulax motion of the body in its orbit; 

then 

_2«-_ feVl +m 



On introducing n in 
L (40) 



) and solving, it is found that 
T dr 



o VaV - (o - r)» 



In order to normalize the integral which appears in the right 
member of (40), let the auxiliary E be introduced by the equation 



(41) 



^a — T = ae cos E, whence 
1 r = a(I — ecoeE)- 
Itue angle E is called the eccentric anomaly. Then (40) becomes 

ndt = (1 -e COB E)dE, 
the integral of which is 

n{t- T) = E -eBinE. 

The quantity n(( — T) is the angle which would have been de- 
scribed by the radius vector if it had moved uniformly with the 
Average rate. It is usually denoted by M and is called the mean 
ttnomajy. Therefore 
(42) n(t- T) = M = E -eBioE. 

The M can at once be found when (i — 7^ is given, after which 
Equation (42) must be solved for E. Then r and v can be found 
from (41) and the polar equation of the ellipse. Equation (42), 
knon'n as Kepler's equation, is transcendental in E, and the solution 
for this quantity cannot be expressed in a finite number of terms. 
Since it is very desirable to have the solution as short as possible 
astronomers have devoted much attention to this equation, and 
several hundred methods of solving it have been discovered. 

94. Geometrical DerivatioQ of Kepler's Equation. Construct 
the ellipse in which the body moves, and also its auxiliary circle 
AQB. The angle AFP equals the true anomaly, v; the angle 
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ACQ will be defined as the eccentric anomaly, E, and it will be 
shown that the relation between M and E is given by I 
equation. 




From the law of areas and the properties of the auxiliary ciir«le 
it follows that 

M _ area AFP __ area AFQ 





2t area 


ellipse area circle' 






Area AFQ 
Therefore 

or, 


= area ACQ - 
M 

E - e sin E, 


areaFCQ 

o- (B - e 
2 « 


2 

sinE) 


-^aeianB. 




\FP. 


- - Vpo' 


+ FD' 


-ad- 


«cae 


SI 



which is the definition of the eccentric anomaly given in (41). 

95. Solution of Kepler's Equation. It will be shown first tbftt 
Kepler's equation always has one, and only one, real solution ft" 
every value of M and for every e such that ^ e < 1. Wri1*J 
the equation in the fonn m 

<p{E} = E - e sin £ - Af = 0. ' 

Suppose M has some given value between nw and (n + !)»» 
where n is any integer; then there is but one real value of E satis" 
fj-ing this equation, and it lies between inr and (n + 1)t. Tof 
the function <p{E) when E = tir is 



4t{nT) = r 



- Af <0. 




M >0. 



) when E = {n + 1)t is 

*l(n + Dt] = (n + l)ir 
aitly there is an odd number of real solutions for E which 
ten nir and (n -!- 1)t. But the derivative 

*'(£) = 1 - e cos S 

rays positive; therefore ^{E) increases continually with S 
&kea the value zero but once. 

convenient method of practically solving the equation is by 
is of an expansion due to Lagrange. Suppose z is defined as 
iction of w by the equation 

1) z = «i + twj){z), 

e a is a parameter. Lagrange has shown that any function 
can be expressed in a power series in a, which converges for 

rtly small values of a, of the form* 
Fit) = F(w) +" • 4>(w)F-{w) + ^ -I, 



-[|*(i^)}"+'F'M]+---. 



^ ^(n+l)!aw>"' 

expansion can be applied to the solution of Kepler's equation 

■riting it 

£ = Af + « sin E, 

b is of the same form as (43). The expansion of S as a series 
can be taken from (44) by putting F{z) — E, 0(e) = sin E, 
M, and a = e. The result ia 



E = M ^ 



sin Af + 



1 ■ 2 



ti2M + • 



he terms on the right except the first are expressed in radians 
must be reduced to degrees by multiplying each of them by 
lumber of degrees in a radian. The higher terms are con- 
ably more complicated than those written, and the work of 
)uting them increases very rapidly. In the planetary and 
lite orbits the eccentricity is very small, and the series (45) 
erges with great rapidity, the first three terms giving quits 
:curate value of E. 

' Williameon'a Diff. Calc., p. 161. 



For a particular value of M, viz. 
E, viz., Ef,, ia known. It is requ 
Bponding to M, which differs only 
is a function of E and may be wri 

M = Ah + AJW, 

On expanding the right member by 
becomes 

M = Mt, + AMo = f(Eo\ 

By the definitions of the quantiti 
equation becomes 

(46) M - Mo= /'(£<.)A£o + • ■ 

Since A^o is very small the squar 
neglected,* and then equation (46) 
applied to Ea 



(47) ABo = 



With the more nearly correct va 
Ml can be computed from Kepler's 
tion will be 
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IT] GRAPHICAL SOLUnOK 

he fonnulas will nearly always 
wcurate, and usually one correc 

97. Graphical Solution of 

eccentricity is more than 0.2 
qu&tion g^ven above ia laboriou 
will be very inexact. These hi 
star and comet orbits, and are 
In the case of binary star orbits 

» ^ *? ^ T 
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pve results which are sufficiently 
ion will suffice. 

Kepler's Equation. When the 

the method of solving Kepler's 
s because the first approximation 
gh eccentricities occur in binary 
sometimes even so great as 0.9. 
it is usually sufficient to have a 

1 T 1 Y f ^ T 
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■ N JO" ufH to" soE m 

f 

•olution to within a tenth of o 
paphical method is of great pra 
Consider Kepler's equation 
fi-eain 
"here Af is given and E is requ 
of Mes and construct the sine 
equations are 

1 1-' 

Si sbsciBsa of their point of ii 
ying the equation;' for, elimin 
[Tie first curve b the familiar ai 

■ • Due to J. J. WatwHon, Mo 


> Ao^ lir ^ *M 

.29. 

ne degree. In this work a rapid 
ctical value. 

B - Af = 0, 

jred. Take a rectangular Byatem 
urve and the straight line whose 

dE. 

(E-M). 

tersection is the value of E satia- 
ating y, Kepler's equation results, 
ae curve which can be constructed 

nlhly NotuM, 1849-50, p. Vflfl. 
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once for all; the second is a straight line making with the E^jat 
an angle whose tangent is 1/e. Instead of drawing the straight 
hne a 6traight>-edge can be laid down making the proper slope 
with the axis. To facilitate the determination of its positioD 
construct a line with the degrees marked on it at an altitude of 
100;* then place the bottom of the straightr^go at M and the 
top at M -|- lOOe, and it follows that it will have the proper slope. 
If A/ is so near 180° that the straightedge runs ofif from the 
diagram, the top can be placed at Af + 50e on the 50-line. As M 
becomes very near 180" the mean and eccentric anomalies become 
very nearly equal, exactly coinciding at Af = 180°. 

98. Recapitulation of Formulas. The equationa for the com- 
putation of the polar coordinates, when the time is gjven, will 
now be given in the order in which they are used. 




r = a(l — e COS £) 



(49) 



- cos V 
•This derice ia due to C. A. Young. 



cos 


E -e 




1 - 


ecosE' 




vr 


^sinB 




1 - 


ecoaE ' 




(1 - 


e)(l + cos 


B) 


1 


- e cos B 




(1 + 


rta - COB 


E) 



DEVELOPMENT OF B IN 8ESIBB. 



miuBie root of the quotient of the last two equations gives a 
r convenient formula for the computation of v, viz., 



last equation of (48) and equation (50) give the polar co- 
nates when E is known. 

>. The Development of £ in Series. The equations which 
e been given are sufficient to enable one to compute the polar, 

consequently the rectangular, coordinates at any epoch; 

in some kinds of investigationa, as in the theory of perturba- 
fi, it ia necessary to have the developments of not only E, but 

the polar coordinates, carried so far that the functions are 
■esented by the aeries with the desired degree of accuracy. 
"be application of Lagrange's method of Art. 95 to Kepler's 
ation gives £ as a power series in e whose coefficients are 
lotions of M. This method has been used to get the first terms 
he series and it can be continued as far as may be desired. 
s very elegant in practice and is subject only to the difficulty 
iroving its legitimacy. But a direct treatment of Kepler's 
ation based on more elementary considerations is not difficult. 
■ solution of 

M = E ~ ewa.E 

E is jV when M = jv, where j = 0, 1, 2, ■ ■ ■ , whatever value e 
' have. Moreover, it has been shown that when e is less than 
.y the solution is unique for all values of M. When 6 = the 
tion is £ = JIf for all values of M. If u is defined by the 
ation 

E- M = u 

tier's equation becomes 

>1) u = e sin (M + v), 

ch defines u in terms of M and e. For every value of M different 
1 j'r, for which the solution is already known, the right member 



sin {M + u) 

be expanded as a convei^ing power series in «. When this 
fcie inverted w will be given as a power series in. e ^\i.w» 
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coefBcienta are functiona of M. Since u yamshes with e, it wiO 
have the form 

(52) u = «i« + ttie* + Ui«* + •• •. 

Instead of forming the series in u and then inverting, it ii 
simpler to substitute (52) in (51) and to determine Ui, Ui, ■■- l)y 
the condition that the result ehall be an identity in e. The result 
of the substitution is 

Uie + uje* + Uje* + ' • ' = e sin M cosu + e cobM ainu 



bm\ 



+ ecosM\ (uie + Uie*+ •■•)- 



On equating coefficients of corresponding powers of e, it is foimd 
that 

■ Ui = sin M, 



(53) 



Ut = Ui COS Jtf = T sin 2Af , 

Uj = — 5 uj sin Af + Us cos M = ^ an 3Af - 



Some general properties of the solutions easily follow troo 
these equations. It follows from (51) that if for any M = ^0 
the solution for u, which is known to exist uniquely, is u = Mi 
then the solution for M = Mo + 2jV {j any integer) is also w = iM' 
Therefore u is a periodic function of M with the period 2»-- Since 
this is true for all values of e, each Uj is separately periodic with the 
period 2r. If any Ma and uo satisfy (51), then — Ma and — wi 
also satisfy (51); therefore u ia an odd function of M and the Wi 
are sines of multiples of M. If the sign of e is changed and r i* 
added to Af in (51), the equation is unchanged; therefore the 
u, with odd subscripts involve only sines of odd multiples of Ut 
and those with even subscripts only sines of even multiples of U- 

It will be shown that the highest multiple of M appearing in 
Uj is jM. The general term of (53) is 

Uf = sin M Pi{u\, Us, ■ - ■ , u,-_i) + coa M Q,(ui, Us, • ■ • , Uf^if, 
where P,- and Q,- are polynomials in u,, «», ■■-, uj^i, The« 
quantities must enter in such powers that they are multiplied 
by e*-"'. Suppose the general terms of the polynomials Pj and Qj 
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are, except for niunerical coefficients which do not enter into the 
present argument, respectively 

Pj = U{' ■ u{' ■ ■ • l^t"!! gj = wj" - uj* ■ ■ ■ uj^^i- 

The exponents of Ui, — , ■Uj-i are subject to the condition that 
Pi and gi shall be multiplied by e'~K The term Ub, carries with it 
the factor e", and therefore u^ carries the factor mn. Hence the 
eiponentB of Ui, ■ - -, Uj^i in pj and q^ must satisfy 

1*1 + 2*;,+ ■■■ +0'- l)fc^ 



(54) 



= J - 1. 

Now suppose that the highest multiples of M in u^ is mM for 
^=i, ' ■ ■, j —i- It follows from the properties of powers of the 
ones that the highest multiple in u^ is mnM. Since the highest 
multiple of the product of two or more sines is the sum of their 
highest multiples, the highest multiples in p/ and Qj are respec- 
tively 

Ji + 2j, + . ■ . + Cj - l)j",-i, fci + 2fcs + ■ ■ . + (J - l)fe,-_„ 

which are; — 1 by (54). But it follows from (53) that p; is multi- 
plied by sin 3/ and q^ by cos M; therefore the highest multiple 
appearing in uj is jM. That is, m; has the form 



(55) 



u**= +aS?*'8in2M+ ••■ + og?' sin 2ifcW, 
u,*^., -= a?*+« sin Af + ■ ■ ■ + ag+,» sin (2fc + 1)M, 



according as j is even or odd. 

It is eeisy to develop a check on the accuracy of the compu- 
tations. Since ^ = Af + u, it follows that 



But it follows from Kepler's equation that 

^^^* m^ I- ecoaE' 

Suppose Af = 0; therefore E = and for this value of M 

t"' 



j5f-nri-i + « + «'+- 



•+IS«'+- 



■+«' + • 



refore, since the coefficient of e' in this seriee is unity, for Af "bQ 
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r = 2a?»' + 4o!,"' H 



■ + 2fcoSi" = 1, 



dM 



J + . . . + (2fc + l)aiV 



= 1. 



These equations constitute a valuable check on all the compu- 
tationB. 

It is found from (56) that 

yg _ - e sin B 



~ {1 ~ e cos E)* dM (1 -eeoB£)»' 
- e cosE , 3e* sin' £ 



ForJW 
second one becomes 
y£ _ ~ e 
dM* (1 - ey 



(1 - ecoafi)* (1 - ecos^'" 
0, the first of these equations is identically zero, but 



\ 

ipu- 

I 



[e + 4e= + t|e'+- 



^1-2 

+ 



4-5 ■■■ (n + 2) ., 
1-2 ■■■ (n-l) 



Then the conditions eimilar to (57) are 



(58) 



I = 2>a<,»' + l-oi"" H 



_ 4-5 ■■- (2i + 2) 
1-2 ■•■ (24 -if' 



4 






l»a ","+"+ 3'(i',"+" - 
+ (2fc + iMi 



•{2k+^ 



1-2 ■ 



■ at 



These equations constitute a check whicli is independent of that 
(pven in (57). In a similar way check formulas can be found 
from a consideration of all odd derivatives of E with respect to M- 

Equations (57), (58), and similar ones for higher derivatives 
of E, are linear in the coefficients af, which it is desired to find; 
consequently, when the number of equations equals the number 
of unknowns, the latter are uniquely determined, at least if the 
determinant of the coefficients is not zero. It can be shown that 
the determinant is not zero. 

For the purposes of illustration suppose k = 0. Then the 
second equation of (57) gives a," = 1, whence U] = sinJrf 
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eing with the result in (53). Suppose k = I; then the first 
itioQ of (57) pves 2q^' = 1, whence uj = i sin 2M. As an 
tration involving both (57) and (58), suppose A; = 1 and 
ider the second equations of (57) and (58). They become 
lis case 

" + Zaf = 1, 

4-5 



- 27a5," = 



1-2' 



ace a''' = — |, Oj" = + f > agreeing with the results given 

a). 

lien the expansion is carried out by the method of Lagrange, 
y that wiiich has just been explained, the value of £ to terms 
tie rixtb order in e ia found to be 



fJsin2Af 
3M -SsinM) 

2" sin 2M) 

S'sinSJlf + 108inJW) 

+ ^fi^ (6» sin63f - 6 ■ 4'8in4Jtf + 15 ■ 2'Bin 2M) 



E = M + eeinM 

+ sides' sit 

+ -~(.ViiniM- 



612' 



(S'sinSM- 



6! 2" 



+ 



. The Development of r and v in Series. The value of r in 
13 of c and M can be obtained by the method of Lagrange by 
ng F{l) = cos E and making use of the last equation of (48), 
i method has the disadvantage of being rather laborious. 
■ follows from Kepler's equation that * 



\ 

■ *Themeth' 



r SB 


esinfi 
- eco&E' 




dM~{\ 


- e cos E)dE 






= e am EdE. 




Dployed in this Art. is due to 


MacMilUn. 

1 



, ..^'s^ laAou i^^Aixto Ch 



— eco8£= — c + e I sin Af 



r[' 



a — c — ecoBAf — ^e 
The last equation of (48) and 

(61) -= 1 - eco8J? = 1 - 
a 

It remains to determine the < 
from the focus of the ellipsei 
M « 0; whence 

1— e=l — c — e — X 

where 6/ is the coefficient of e^ in tl 
The two sides of this equation i 
of e for which (61) converges; th 

I where c«, Ca, • • • are determined 

I contain no terms in c*, 6*, • • • ; thai 

Since — e cos £, as defined by (6 
it contains no constant terme- * 
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- = 1 - c C06 M - 5- (cos 23/ - 1) 
- ^-r-^ (3 cos 3Af - 3 cosAf) 



3!2* 



(4' cos iM - i ■ 2^ cos 2M) 

(5' C08 5Af - 5 • 3» cos 3Af + 10 coa M) 



-^^{6*cob6M -G-i*coBiM+lb-2*coB2M) 



le computation of the series for v will now be considered. It 
from the first two equations of (49) that 



(1 - e COB E)* ' 
ich becomes as a consequence of Kepler's equation 

63) * = vr^(g)W 

dE 
s quantity -ttt is found at once from (59), and the result squared 

I integrated gives, after Vl — e* has been expanded ju a 

(aeries in e*, 
V = M + 2eBinM + i^ sin 2Af 

54) 



I 



+ ^(13 8in3Af -SsinAf) 



+ ^ (103 sin 4Jtf - 44 sin 2M) 
ab 

+ ^ (1097 sin 5A/ - 645 sin ZM + 50 sin M) 



Then e is small, as in the planetary orbits, these series are very 
idly convergent; if e exceeds 0.6627 — they divergp, a& 
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Laplace first Ehowcd, for some values of M. This value of c it 
exceeded in the solar syBtem only in the case of Bome of the cometf 
orbits, but developments of this sort are not employed in cmd- 
puting the perturbations of the comets. 

101. Direct Computation of the Polar Coordinates.* It bu 
been observed that there is considerable labor involved in finding 
the coordinates at any time in the caae of elliptic motion. Tlie 
question arises whether it may not be due partly to the fact that 
the final result is obtained by determining £ as an intermediary 
function from Kepler's equation. The question also ansa 
whether the coordinates cannot conveniently be found direclJy 
from the differential equations. It will be shown that the answer 
to the latter question is in the affirmative. 

Equations (16) become in polar codrdinates 



.dl\ <U) ^ 



On integrating tlie second of these equations and eliminating 
-jj from the first by means of tlie integral, tile result is found to be 
fiPr h' , kHl+m) „ 



After eliminating ft*{l + m) by the first equation of (48) and 

changing from the independent variable i to Af by means of the 

second equation of (48), these equations Ijecome 

• cfr a'(l - «■) 

dM' 



(65) 



^ + ^ = 0, 



IdM 



The iirat equation of (65) is independent of the second 
can be integrated separately. It is satisfied by r = a and e = 0, ia 1 
which case the orbit is a circle. In order to get the elhptic orbit 
let 

'Tbia method was lint published by the author in the A»lnmtmi«^ 
Journal, vol. 25 (1907). 
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(66) r = fl(l - pe). 

I where ape is the deviation from a circle. When the planet is at 
perihelion, r = a(l — e). Therefore p = 1 for ilf = 0. When the 
fitaet is at aphelion, r = a(l + «). Therefore p = — 1 for 

M ~ w, and p varies between — 1 and + I. Since -r^^ is zero 



'■ When (66) is substituted in (65), these equations become 



dM 



(1 - pe)« "■ 

Since e is lees than unity and p varies from — 1 to + 1, the 
second t«rms of these equations can be expanded as converging 
power series in e, giving 

{ (Pp 
\dM' 



[dM 



+ P = ^g;(i + i)[i-{x 



+ 2)p»]p*-'c*, 



It has been shown that r, and hence p, is expansible as a power 
aeries in e. This fact also follows from the form of the first equa^ 
tion of (67) and the general principles of Differential Equations. 

(Hence p can be written in the form 
(68) p- po + p,e + pie*+ ■■■, 

where po, pi, pi, ■ ■ ■ are functions of M which remain to be deter- 
mined. Since p is periodic with the period 2ir for all e less than 
vinity, each p,- separately ia a sum of trigonometric terras. Since 
'be motion is symmetrical with respect to the major axis of the 
■irliit, and since M = when the planet is at its perihelion, p is 
m even function of M. This is true for all values of e for which 
ihe series converges, and therefore each p,- is a sum of cosine 
terms. 

A change in the sign of e is equivalent to changing the origin to 
the other focus of the ellipse. Hence if the sign of e is changed 
and T is added to M the value of r is unchanged; from (^) \Kct\- 
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lows that the sign of p is changed. Since this is true for ail val 
of e for which the series converges " 

P,{M)e'= -pAM + tH-cV. 1 

Therefore if j is even p, is a sum of cosines of odd multiples of 
and if J is odd p, is a sum of cosines of even multiples of M. 
is seen on referring to equations (68) and (66) that this is the as 
property as that which was established Art. 100. 

It can easily be proved from the properties of the p/ and 
second equation of (67) that v is expressible as a series of the k 

(69) V = vo + Vie + V3(^ + ■■•, 

and that each Vj (j > 1) is a sum of sines of integral multiples of 
A more detailed discussion shows that if j is even vj is a sum 
sines of even multiples of -1/, and if j is odd u, is a sum of sines 
odd multiples of M. 

The solution can be directly constructed without any difBcul 
The result of substituting (68) in the first of (67) is 

d 



+ :i 



+ [po + pie + pief-\ J 

= [1 - 5pt]e + [3po - 6pw>i - epiJc" +.1 



On equating coefficients of corresponding powers of e in t 
and right members of this equation, it is found that 



(70) 



w 



- p. - 0, 



jMi+"- 1 -''A 



^+0. -3„(l-2„-2,A] 



Equations (70) can be integrated in the order in which tl 
are written. Two constants of integration arise at each s 

and they are to be determined so that p = 1 and -v^ = 
M = whatever may be the value of e. It follows from (i 
that these conditions are 

I p(0) = „(0) + p,(0)e + pm<f + 1, 



I '^P 
ldM~ 



dpo, dpi 



3,+ *!e>4- 



^ dM ^ iM 




DIRECT COMPUTATION OF POLAR COORDINATBB. 



where M ia given the value after the derivatives of the second 
equation have been formed. Since these equations hold for all 
values of e, it follows that 



(71) 



dM 



dM 



nm - 0, 



The general solution of equation (a) of (70) ia (Art. 32) 
Po = do coa Af + 6o sin M, 
nhere do and bg are the constants of integration. It follows 
from (71) that og = 1, 60 = C, and therefore that 
Po = cosAf. 

The fact that 60 is zero also follows from the general property 
that the pj involve only cosines. 

On substituting the value of po in the right member of (fe) of (70), 
this equation becomes 






- J - } cos 2M. 



This equation can be solved by the method of the variation of 
parameters (Art. 37). But since the part of the solution which 
wimes from the right member will contain terms of the same 
form as the right member, it is simpler to substitute the expression 

Pi = oi cos M + 61 sin Jlf + ci + di cos 2M 
>Q the differential equation and to determine Ci and di so that it 
will be satisfied. This leads to the solution 

Pt = O) cos Jl/ + 61 sin Af ~ J + J cos 2M, 

which is the general solution since it satisfies the differential 
equation and has the two arbitrary constants oi and ft|. On 
determining Oi and 61 by (71), the expression for pj becomes 

pi = — J + § cos 2M. 

With the values of po and pi which have been found equation 
(c) of (70) becomes 

^+P.= -3cos3M. 



of which the general solution is 



- = 1 - pe = 1 - (pa + piC 

= i — e COS M — ie'(cos 2M 

which agrees with those given 

When the values for po, pi, 

equation of (67), the result is 



and the integral of thia equatioi 

V = e + M + 2emi 

Since w = when Af = 0, the i 
the result agrees with that given 
The method which has just 1: 
problem, perhaps not superior i 
tion of Kepler's equation. But 
are modified a little, for exam 
would come from the oblateness 
in the plane of its equator [equa 
equation no longer holds and tl 
while the one under considerati 
any modification except in the n' 
which depend upon the terma ac 
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102. Position in Hyperbolic Orbits. There are close analogies 
between this problem and that of finding the position of a body 
in an elliptic orbit. But it follows from the polar equation of 

the hyperbola, 

^ ^ o(«* - 1) 
1 + < cos v' 

where a is its major semi-axis and t its eccentricity, that in this 

cssf I' can vary only from — s- -f cost' I - j to + it — co8~' ( - )■ 

The integrals of areas and vis viva are respectively in the case 
of hyperbolic orbits 

On eliminating v from the second of these equations by means 
of the first and solving, it is found that 

rdr 



avdl = 



where 



fe VI + m 
a* 



This equation can be integrated at once in terms of hyperbolic 
fuuctioDS, but it is preferable to introduce first an auxiliary 
quantity F corresponding to the eccentric anomaly in elliptic 
orbits. Let 



(73) 
then 



i + r = 



^(e' + ^') = 



t cosh F; 



ydl= \- \ +\{e' + e-')\dF = [- 1 + t cosh FJdF. 
The integral of this equation Is 



(74) M = y{l-T)' 



-F + Ut'-^')- 



f sinh F, 



which gives i when F is known. The inverse problem of finding F 
when v(t — 7^ is given is one of more difficulty. The most 
expeditious method would be, in general, to find an approximate 
value of F by some graphical process, and then a more exact 
13 



posmoN m ixLiFnc and htpeebouc IlOl 



value by differential coirectionH. The value of F satiafying (74) 
18 the abscissa of the point of intersection of the hne 



y = - (f + Af), 



and the hyperbolic sine curve 



-- anhF. 



The differential corrections could be computed in a manna 
analogous to that developed in the caae of the elliptic orbits. 

From (73) and the polar equation of the hyperbola, it follom 
that 

„^ °('' -1) 



a[-I+t 



hP] 



and from this equation, 
tan- =-^- 



l + He^ + e-') _ 



(4-1 



1 V+1- 






- i(e' + e-n 
which is a convenient formula for computing v when F has been 
found. 

103. Position in Elliptic and Hyperbolic Orbits when e is Neail; 
Equal to Unity. The analytical solutions heretofore given have 
depended upon expansions in powers of e. If e is large, as ini 
the case of some of the periodic comets' orbits, the convergenoa] 
ceases or is so slow that the methods become impracticable.' 
The graphical process, however, avoids this difficulty. 

In order to obtajn a workable analytical solution, the develop- 






mente for elliptical orbits will be made in powers of 



The 



1 + c' 

start is made from the equation of areas and the polar equati<»] 
of the orbit which will be assumed to be an ellipse. 
Let 

f 

1 +e' 
then the equation of area^ becomes 

nvm ,, (! + ■»■) .... 

When X is very small the right member of this equation can be 
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1 into a rapidly converging series in X for all values of v 
near 180". Since the periodic comets are always invisible 
, near aphelion, there will seldom be occasion to consider the 
ion in this region. On expanding the right member and 
(•ting, the result is found to be 



\ 



2(1 - e)* '' 



- 2\ 



(^?) 



+ 3X' 



(I- 



-4XM 



+ • 



1 the orbit is a parabola e = 1 and X = 0, and this equation 

. to (32), which is a cubic in w. Since the perihelion 

k 
e in an ellipse is 5 = a(l — e) and n = -■ , it follows that 



r 2(1 - e)l 

is desired to find the value of w for any value of (. If the 
tricity should become equal to unity, the left member keeping 
B value, equation (73) would have the form 



k{l + e)* 
2qt 



it-T) = W + iTT", 



} W would be the tangent of half the true anomaly in the 

:ing parabohc orbit. From this equatioo W can be deter- 

1 by means of Barker's tables, or from equations (33). 

use W has been found; then w can be ejcpressed as a series in 

which the coeiEcients are functions of W. For, assume ths 

opment 

') 10 = Oo + ai\ + fliX* + o»X* + ■ - ■ ; 

itute it in the right member of (75), which is equal to the 
member of (76). The result of the substitution is 

,3 



I 






- iao']X 

2ao*at — 2ooOi* 
- 4oo»a,» + 3ao*oi + 3a<,^i - ^0' - Joo«] X» 



0.(1 + a.') - - ^ + 20,-a, + : 



There are three solutions for 
taking the real root of the firat equ: 

" ' 1 + lP ' 1 

"~ li + wy 



When the values of these coefficient 
tangent of one-half the true anonu 
term gives that which would come 
remaining terms vanishing for e = 1 
term in the right member would be 
were a circle, the I 
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XV. PROBLEMS. 

1. Show how the cubic equation (32) can be solved approrimately for 
tao ^ with great rapidity by the aid of a graphical conatructjoo. 

2. Develop the equations for diAerentUI correctiona to the approximats 
values found by the graphical method. Apply to a particular problem and 
verify the result. 

3. If e = 0.2 and M = 214°, find E^ Mo, E,, M,, Bt, and M,. 

^ti*. ^0 = 308° 39' 16" .6, ilf, - 214''8'58".6; Bi - 208° 31' 38".4. 
Af , = 213° 59' 59".8; £, = 208° 31' 38" .6, M, = 214= 00' 00". 

4. Show from the curves employed in aolviog Kepler's equation that the 
aolutioD is unique for all values of c < I and M. 

5. Id (50) the quadrant ie not detcnnined by the equation; ahovr that 
corresponding values of \v and \E always lie in the same quadrant. 



6. Express the rectangular coordinates i 
at the eccentric anomaly, and then, by mt 
(oriDUIa. in terms of M. 



T C06 II, y = r sin i> in terms 
B of the Lagrange expandon 



- cos M + 1 (coe 2M - 3) + 



212' ^' 
^(4' cos 



3M - 3 COS 40 
- 4 ■ 2" cos 2M) + ■ 



1 



n 3M - 15 Bin 3f) 



+ ^ (4' sin 4M - 10 ■ 2* nn 2*0 + ■ ■ ■. 

7. Show that the properties of £ as a power series in t, which were 
established in Art. 99, follow from the Lagrange expansion, 

S- Derive the first ihree terms of the series for r by the Lagrange formula. 

9. Give a geometrical interpretation of F (Art. 102) corresponding to that 
of Sin an elliptic orbit. 

10. Expreea u as a power series in e by a method analogous to that used in 
,\rt, 103. 

11. Show that the branch of the hyperbola which is convex to the sun is 
dcKribed by the body in purely imaginary time. 

12. Addtotheright members of equations (16) the terms — tj; (1 +"1)6*81' j 

•ud — — (1 + mWci' ^ , which come from the oblateness of the central body 

[equaijons (30), Chap, iv.], where e, is the eccentricity of a meridian section, 
u>d integrate by the method of Art. 101. 



Positions of bodies ia the solar' 
one of two systems of coordiiial 
equatorial system. The fundamenl 
is the plane of the earth's orbit; inl 
plane of the earth's equator. Thel 
circles in both systems is the iiema/| 
the ecliptic cuts the equator from 
jjy °C. The polar coordinates in 
longitude and UUitvde; and in the e 
dedination. When the origin is a 
used to represent the coordinates, a 
Thus 

Origin al sun. Origin a 
lon^tude I \ 

latitude b fi 

right ascension a a 

declination d i 

distance r p 

In practice a and d are very setdon 
fundamental stars are given in the 
observed positions of comets are del 
them. In some theories relating to 1 
in considering the mutual perturbat 
turbations of comets, it is more ci 
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e indination is the angle between the plane of the orbit and 
)lane of the ecliptic, and is denoted by i. It has been the 
<m of some writers to take the Inclination always less than 
and to define the direction of motion as direct or retrograde, 
■ding as it is the same as that of the earth or the opposite, 
her method that has been used ia to consider all motion direct 
,he inclination as varying from 0° to 180°. The latter method 
Is the use of double signs in the formulas and is adopted here. 
Art. 86-1 ThD node and inclination define the position of 
)lane of the orbit in space. 

le distance from the ascending node to the perihelion point 
ted in the direction of the motion of the body in its orbit is tu, 
iefines the orientation of the orbit in its plane. The lonffUvde 
^ perihelion is denoted by jr, and is given by the equation 



t 



i +«. 



element is not a longitude in the ordinary sense because it 
inted in two different planes. 

le problem of relative motion of two bodies was of the sixth 
r (Art. 85), and in the integration six arbitrary constants were 
duced. There are six elements, therefore, which are inde- 
ent functions of these constants. They are 

= major semi-axia, which defines the size of the orbit and 
the period of revolution, 

= the eccentricity, which defines the shape of the orbit. 

— longitude of ascending node, and 

= inclination to plane of the ecliptic, which together define 

the position of the plane of the orbit. 
im longitude of the perihelion point measured from the node, 
■ or «■ = longitude of the perihelion, either defining the 
W orientation of the orbit in its plane. 

= time of perihelion passage, defining, with the other ele- 
ments, the position of the body in its orbit at any time, 
le polar coordinates have been computed; hence the rect- 
Jar coordinates with the positive end of the x-axia directed to 
[)erihelion point and the y-axia in the plane of the orbit are 
1 by the equations 




(lo = r cos p, 
I/O = r sin IT, 
zo =0. 



^v. vi-ic uryument of the Ic 

It is given by the equation 

hence u is known when v has been fou 




fig. 30. 

Let S represent the sun and Sxy the p 
the plane of the orbit; R, the ascendir 
point; A, the projection of the positio 
IliSA = V. Then ftA = ^ 4- •. - - 



t OP ORIGIN TO THE EARTH. 



it, Id terms of the heliocentric latitude and longitude, 

(x' = r coab cos (i —Si), 
y' = rcos6 8in(/-il), 
z' = r sm b. 
berefore, comparing (80) and (81), it is found that 

[-COB 6 C08{i —£i) = COS u, 

(82) -^ COS 6 sin (i — ii) = sin u coa i, 

. sin fc = sin « sin t; 



hence 
(83) 



{tan [l ~ Si) = tan u cos i, 
tan 6 = tan i sin (I —Si). 

ince cos b is always positive, equations (82) and (S3) determine 
IE heliocentric longitude and latitude, I and b, uniquely when 
i, i, and u are known, 

105. Transfer of the Origin to the Eardi. Let H, H, Z be the 
■ocentric coordinates of the center of the sun referred to a system 

axes with the i-axis directed to the vernal equinox, and the 
axis in the plane of the ecliptic. Let P, A, and B* represent the 
acentric distance, longitude, and latitude of the aun respectively, 
leee quantities are given in the Nautical Almanac for every day 
the year. The rectangular coordinates are expressed in terms 
them by 

j- S = P cos B cos A, 

;84) J H = P cos B ain A, 

L Z = P sin B. 

e angle B is generally less than a second of arc, and unless great 
r is required these equations may be replaced by 
r H = P cos A, 



OUttCf u 



I" 

L z = 



Let £", n", and f" be the geocentric, and x", y", and 2" the 
iocentric, coordinates of the body with the ar-axis directed 
card the vernal equinox and the y-axis in the plane of the eclip- 

Therefore 
H * P, A, B = capital p, \ fi, 
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r r - i" + E, 

j v" =■ y" + H, 

L f " = 2" + z. 

Iq polar coCrdinates these equations are 

(p coa coe X = r coe 6 coa i + P cob B ooe A, 
p COB ff einX = r cos 6 sin I + P cos B sin A, 
p sin (3 = r an 6 + P fan B. 

From these equations X and can be found; but this system mi 
be transformed into one which is more convenient by multiplyi) 
the first equation by cos A, the second by sin A, and adding tl 
products; and then multiplying the first by - ain A and tJ 
second by cos A, and adding the products. The results are J 

(p cos ^ cos (X — A) = r cos 6 cos (Z — A) + P COB B, ■ 
p cos sin (X - A) = r COS 6 sin (I - A), ^ 

p sin (3 = r sin b + P ain B. 

These equations give the geocentric distance, longitude, ai 
latitude, p, X, and 0. 

106. Transfonnation to Geocentric Equatorial Cofirdinate 
Let e represent the inclination of the plane of the ecliptic to tl 
plane of the equator. Let f", ^", and f" be the geocentric c 
ordinates of the body referred to the ecliptic system with tl 
X-axis directed toward the vernal equinox. Then, the equatori 
system can be obtained by rotating the ecliptic system around tl 
X-axis in the negative direction through the angle *, the relation 
between the cofirdinates in the two systems being 

-j i; = ij COB « — f 81° <i 

I {■'" = ij" sin f + f" coe t; 
or, in polar coSrdinates, 

{cos 6 cos a = cos COS X, 
COB fi an a = cos 5 sin X cos t - sin 3 sin e 
ain I = cos sin X sin c + sin cos «. 

In order to solve these equations conveniently for S and a tQi 
auxiliaries n and N will be introduced by the equations 



n around U 
the relatioi: 



OQS I 
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(87) r«.»w-™ft I 

[ n cos N = cos ^ sin X, H 

in which n is a positive quantity. Then equations (86) become ■ 

r coe J cos a = cos |3 cos X, J 

' cos £ sin a = n cos (iV + <) > ^| 

[sin S = n sin (iV + () ; .^^^^^| 

whence ^^^^^| 

r n sin N = sin 0, ^^^^^^M 

n cos N = cos ^ sin X, ^^^^^| 

(88) cos (AT + c) tan X ^^^| 
tan a = j7 , ^^^^^H 

COS N -^^^^M 

I tan « = tan (Af + *) sin a. 



, which is used in 
t and S without 



cos ^ sin X, 

cos {N + t) tan X 

cos N 
t&aiN + f) 
Tbeee equations, together with the first of 
determining the quadrant in which a lies, give 
ambiguity when X and are known. 
If a and 6 are given and X and are required, the equations from 

i which they can be computed are found by interchanging a and ( 
Irith X and 0, and changing e to — c in (88). They are* 
L f m sin W = sin S, 

1 m cos M = cos S un a, 

1^) ] f„„ ^ ^ cos (M - «) tan 



tan X = 



tan)3 



cos M 
tan (M - t) 8 



107. Direct Computation of the Geocentric Equatorial Co- 
<>tdinate8. The geocentric equatorial coordinates, a and S, can 
»>e found directly from the elements, i and il, and the argument 
of the latitude u, without first finding the ecliptic coordinates, 
X and^. 

In a system of axes with the i-axis directed to the node and the 
l^axis in the plane of the ecliptic, the equations for the heliocentric 
6o6rdinat€s are 



le = r sm u sin t. 

*m aad Af are new auxiliariea, not being rel»t«d to any of the qoontitiM 

*hii-h these letters previoualy have represented. 
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If the system is rotated around the 2-axis until the x-axis is diredol 
toward the vernal equinox, the coordinates are 

= x' cm £1 — y' BID Si, 

= x' tan £i + y' coe Si, 



= r (cos u cos fl — sin u COB t sin Q,), 
= T {cos w sin fi + ain u cos i co8 il), 
= r sin M sin i. 

If the system is rotated now around the x-axis through the au^e 

— t, the coordinates become 



= y" ain t + «" cos < 



1 poli 



ar 


coordinates. 








I 


' = r!c03UC08 


a - 


Bin u cos t sin £ij, 


y 


' = r){cosuBin 


iJ + 


sin u COS! 


cos £i) cos c 
— sin u sin i UD 


'' 


' =ri (cos wain 


Q, + 


sin u cos 1 


cos Si) sine 
+ sin u sin i coa 



I 



In order to facilitate the computation Gauss introduced the ne* 
auxiliaries A, a, B, b, C, and c by the equations 

sin a sin A = cos Q,, 

sin a COB A = — sin £1 cos i, sin a > 0, 

sin b sin £ = sin £i coe e, sin 6 > 0. 

sin 6 cos B = cos ft cob t cos e - sin i sin «, 

Bin c sin C = Bin ^ sin i, sin c > 0, 

sin c COB C = cos ft cos i sin ( + sin i cos f. 

These constants depend upon the elements alone, so they need be 
computed but once for a given orbit. They are of particular 
advantage when the coordinates are to be computed for a large 
number of epochs, as in constructing an ephemeris. When thaw 



I are eubstituted in (91), these equations for the helio- 
iSrdrDates take the simple form 

= r sin a sin (A+ u), 
= r sin 6 sin {B -\- u), 
= r sin c sin(C + u), 

', y'", and a'" can be found, 

, the geocentric equatorial coordinates are defined 

r f) cos $ cos a = x'" + X', 
■j p cos 6 sin a = y'" + 1", 

[psinS =z"' +Z', 

, Y', and Z' are the rectangular geocentric coordinates of 
I referred to the equatorial system. They are given in the 
li AlTTiaTiac for every day in the year, and, therefore, these 
ins define p, a, and S. 

completes the theory of the determination of the helio- 
and geocentric coordinates of a body, moving in any orbit, 
ither the ecliptic or the equatorial system is used. 



I ZVL PROBLEMS. 

lerpret the angle N, equation (87), geometrically and show that n is 
I factor ot proportionality. 

ippoee the aarending node ia taken always aa that one which is leas 
y, and that the inclination varies from — 90° to + 90°; diacusB the 
which will be made in the equations (78), ■ ■ -, (93), and in particular 

e definitions of the Gausuan constants a, A, , C for tbia method 

ng the elements. 



the Gaussian conatanta, defined by (92), geometrically. 
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HIBTORICAL SKETCH AND BIBUOGRAPHY. 

The Problem of Two Bodies tor apherea of finite aise wae Brat Bolved bj 
NewtOD about 1685, aod is ^ven in the Principia, Book I., Section U. Hit 
demonstration is geometrical. The methods of the Calculus were cultivil«d 
with ardor in coDlinental Europe at the beginning of the IStb eentury, but 
Newton's Bystem of Mechanics did not find immediate acceptance; indeed, 
the French clung to the vortex theory of Descartes (159*1-1650) until Vol- 
taire, after his vieil to Ixmdon 1727, vigorously supported the Newtonian 
theory, 1728-1738. This, with the tact that the English continued M 
employ the geometrical methods of the Principia, dela>'ed the analylJinl 
Bolution of the problem. It was probably accomplished by Daniel BemouiUi 
in the memoir for which he received the prize from the French Academy to ! 
1734, and it was certainly solved in detail by Euter in 1744 in his Thant 
motwitn planeUinim ei comelaTum, Since that time the modifications h«w 
been chiefly in tbe choice of variables in which the problem has been expreaMi. 

The solution of Kepler's equation naturally was first made by Kepler 
hiniBelt. The next was by Newton in the Prinei-pia. From a graphicil 
construction involving the cycloid he was able to find very eaaily the approri- 
mate solution for the eccentric anomaly. A very large number of analytic*! 
and graphical solutions have been discovered, nearly every prominent m&tbe- 
matician from Newton until the middle ot the last century having given ibe 
subject more or less attention. A bibliography containing references to 123 
papers on Kepler's equation is given in iheBvUetin ABlronomique,iwi.\^, 
and even this extended list is incomplete. 

The transformations of coSrdinates involve merely the solutions of sphericJ 
triangles, the treatment of which in a perfectly general form the mathemalJMl 
world owes to Gauss (1777-1855), and which wae introduced into AmeriMO 
Trigonometries by Chauvenet. 

The Problem ot Two Bodies is treated in every work on Analytical Ms* 
•hanics. The reader will do well to consult further Tiaserand's iHe. CA, 
vol. I., chapters vi. and vii. 



CHAPTER VI. 

THE DETERMINATION OF ORBITS. 

108. General Consideration. In diacueaing the problem of 
two bodies [Arts. 86-88] it was shown how the constants of inte- 
gration which arise when the differential equations are solved can 
be determined in terms of the original values of the coordinates! 
ind of the components of velocity; and then it was shown how 
the elements of the conic section orbit can be determined in terms 
of these constants. Consequently, it is natural to seek to deter- 
tune the position and components of the observed body at some 
epoch. The difficulty arises from the fact that the observations, 
which are made from the moving earth, give only the direction of 
the object as seen by the observer, and furnish no direct informar 
tion respecting its distance. An observation of apparent poeitioa 
aimply determines the fact that the body is somewhere on one 
half of a defined line passing through the observer. The position 
of the body in space is therefore not given, and, of course, ita 
fomponenta of velocity are not determined. It becomes necessary 
oa this account to secure additional observations at other times. 
In the interval of time before the second observation is made the 
Mrth will have moved and the observed body will have gone to 
another place in its orbit. The second observation simply deter- 
lunes another line on which the body is located at another date. 
« is clear that the problem of finding the position of the body and 
'oe elements of its orbit from such data presents some difficulties. 
The first question to settle is naturally the number of obser- 
'ations which are necessary in order that it shall be possible to 
'etermine the elements of the orbit. Since an orbit is defined by 
*x elements, it follows that six independent quantities must be 
Sven by the observations in order that the elements may be de- 
ermined. A single complete observation gives two quantities, the 
'^igular coordinates of the Ijody. Therefore three complete obser- 
'fttions are just sufficient, so far as these considerations are con- 
*rned, to define its orbit. It is at least certain that no smaller 

Kber will suffice. If the observed body is a comet whose 
191 
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orbit is a parabola, the eccentricity is unity and only five elemeott 
are to be found. In this case two complete observatione and one 

observation giving one of the two angular coordinates are enough. 

109. Intermediate Elements. The apparent portions of the 
observed body are usually obtained by measuring ita angular 
distances and directions from neighboring fixed stars. Since tbe 
stars are catalogued in right ascension and declination the results 
come out in these coordinates, but they can, of couree, be changed 
to the ecliptic system, or any other, if it is desired. 

Suppose the observations arc made at the times d, U, and ti, 
and let the corresponding coordinates be denoted by their usui! 
symbols having the subscripts 1, 2, and 3 respectively. The right 
ascensions and declinations are functions of the elements of the 
orbit and the dates of observation. These relationa may be 
represented by 

= vi£l, h <^, a, e, T; (,). 



«i = fiSi, 



, T; U), 
, T; ti), 
• T; U), 



5i = i-iO., i, oi, a, e, T; (,). 

The problem consists in solving these six equatioiifl for tbe ri* 

unknown elements. The functions p and ^ are highly transcen- 
dental and involve the elements in a very complicated tashioo. 
In the case of an ellipse the position in the orbit is found by passing 
through Kepler's equation, in the hyperbola the process is similUi 
and in the parabola a cubic equation must be solved; and in »U 
three cases the coordinates with respect to the earth are obtMiw 
by a number of trigonometrical transformations. Hence it is 
clear that there is no direct solution of equations (1) by ordinarj' 



Although the ultimate object is to determine the elements of 
the orbit, the problem of finding other quantities which define the 
elements may be treated first. These quantities may be con- 
sidered as being intermediate elements. It has been remarked 
that if the coordinates and the components of velocity are knoim 
at any epoch, the elements caji be found. Suppose it is desired 
to find the polar coordinates and their derivatives, which dettr- 
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mine uniquely the rectangular coordinates and their derivatives, 
St the time of the second observation tf The equations corr&- 
sponding to (1) become for this problem 



I 



= /{«», &t, Pi, as'i St, Pi'; (ii tt), 



= fiat, St, Pi, cet, is', Pi'; It, U), 



S) 


= ff(ai, 


!., 


P». 


as' 


«.', P. 


; '1 


« 


h 


= »., 














a. 


= ff(«». 


<!, 


P». 


at' 


«.', P. 


;!• 


l>) 




s,'- 






Pt 


ip 


at 


( = 



"' dl 

Since o, and it are observed quantities only the first, third, fourth, 
md sixth equations are to be solved for the four unknowns pt, at, 
h', and pt'. The problem is therefore reduced to the solution of 
four simultaneous equations, and they are moreover much simpler 
than (1). These equations can be put in a manageable form, and 
this is, in fact, one of the methods of treating the problem. It was 
first developed and applied to the actual determination of orbitfl 
by Laplace in 1780, and it has been somewhat extended and 
modified as to details by many later writers. 

As another set of intermediate elements the three coordinates at 
two epochs may be taken. Suppose the times d and U are chosen 
Cor this purpose. Then the fundamental equations corresponding 
to (1) can be written in the form 



I 



= F{at, Si, Pi, ai, S», pt; ti, h, t$), 

= at. 



= G(ai, Si, Pi, at, St, pt; ti, U, tt), 



In this case the equations are reduced to two in the two unknowns 
Pi and Pa, and they also can be solved. This is the line of attack 
on the problem laid out by Lagrange in 1778, taken up inde- 
pendently and carried out differently by Gauss in 1801, and fol- 
lowed more or less closely by many later writers. In spite of the 
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hundredfi of papers which have been written on the theory of the 
determination of orbits, very little that is really new or theoretj- 
caily important has been added to the work of Laplace and Gaua 
unless more than three observations are used. 

110. Preparation of the ObservatioiiB. Whatever method it 
may be proposed to follow, the observations as obtained by the 
practical astronomer require certain slight corrections which ahould 
be made before the computation of the orbit is undertaken. 

The attractions of the moon and the sun upon the equatorial 
bulge of the earth cause a small periodic oscillation and a slow 
secular change in the position of the plane of its equator. Smce 
the equinoxes are the places where the equator and ecliptic mia- 
sect, the vernal equinox undergoes small periodic oscillatiau 
(the nutation) and slowly changes its position along the ecliptic 
(the precession). It is obviously necessary to have all the ob3e> 
vations referred to the same coordinate system, and it is customary 
to use the mean equinox and position of the equator at the b^ifl- 
ning of the year in which the observations are made. 

The observed places are also affected by the aberration of li^t 
due to the revolution of the earth around the aun and to its rotfr 
tion on its axis. Since the rotation is very slow compared to the 
revolution, the aberration due to the former is relatively Bin*ll 
and generally may be neglected, especially if the observationi 
are not very precise. 

Suppose an and So are the observed right aseenaon and declina- 
tion of the body at any time. Then the right ascension and 
declination referred to the mean equinox of the bediming of the 
year, and corrected for the annual aberration, are 

J a = do — 15/ — jr sin (G+ao) tan io—h sin (ff+ao) sec** 
Ms = io-icosSo-ff co8{G + ao)-AcoB(/r+«o)fflni* 

where /, g, h, G, and H are auxiliary quantities, called the /mfc- 
pendent Star-Numbers, which are given in the American Ephein* 
eris and Nautical Almanac for every day of the year. In 
practice these numbers are to be taken from the Ephemeris. 
They depend upon the motions of the earth, but their derivatior 
belongs to the domain of Spherical and Practical Astronomy, 
and cannot be taken up here.' The corrections to ao and ii 
furnished by equations (4) are expressed in seconds of arc. 

• Chftuvenet, Spkeriad and ProcHtal Aittonmny, vol. i., ch&p. w. 
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(5) 



The corrections for the diumal aberration are 

a = — 0".322 cos ¥> <'os (fl — oo) sec 60, 
S = — 0".322 cos ^ sin (8 — ao) sin Jo, 
rhere ^ is the latitude of the observer, and ff — ao is the houi" 
mgle of the object at the time of the observation. The second 
»f these corrections cannot exceed the amall quantity 0".322, 
ind the first is also small unless 60 is near ^t 90°. 

111. Outline of the Laplacian Method of Determining an Orbit. 
Jefore entering on the details which are necessary for the deter- 
ain&tion of the elements of an orbit by either of the two methods 
rhich are in common use, a brief exposition of the general lines of 
irgument used in them will be given. From these outlines the 
>lan of attack can be understood, and then the bearings of the 
letuled investigations will be fully appreciated. 

In order to keep to the central thought suppose only three com- 
plete observations are available for the determination of the orbit. 
Let the dates of the observations be t,, h, and (3, and hence at 
these times the right ascensions and declinations of the observed 
body as seen from the earth are known. For the sake of definite- 
oesB in the terminology let C represent the observed body revolv- 
ing around the sun, S, and observed from the earth E; J, t}, f the 
rectangular coordinates of C with respect to E; x, y, z the rectan- 
gular coordinates of C with respect to S; X, Y. Z the rectangular 
«)6rdinate8 of S with respect to E; p the distance from E to C; 
' the distance from StoC-.R the distance from £ to S. Then 
f ( = p cos 5 cos a = p\, 

(6) T 1 = P COB fi sin or = pit, 

[f = peinj = pv. 

The quantities X, ft, and », which are the direction cosines of the 
ine from E to C, are known at U, la, and U. The distance p ia 
aitirely unknown. 

FirH Step. The first step is to determine the values of the 
irst and second derivatives of X, p, v, X, Y, and Z at some time 
lear the dates of observation, say at tt. It will be sufficient at 
iresent to show that it can be done with considerable approxi- 
lation without discussing the best method of doing it. The 
alue of the first derivative of X during the interval ti to fi averages 



Xh = 



It -It 
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and this is very nearly the value of X' at the middle of the intervil 
unless X' happens to be changing very rapidly. The approamfr 
tion is better the shorter the interval. In a similar manner V^ 
is formed. When the interval I3 — d equals the interval ii - li 
the value of X' at (» is very nearly 

If the intervals are not equal, adjustment for the disparity can of 
course be made. 

In a similar manner it follows from the definition of a derivatjve 
that the second derivative of X at d, in case the two intervals are 
equal, is approximately 

»" - x;. - x ;, 

^' ~ hit. ~ (,) • 

The first and second derivatives of m and v are given approximately 
by similar formulas, and it is to be understood that when the 
intervals are as short as they generally are in practice the approii- 
mations, especially as obtained by the more refined methods 
which will be considered in the detailed discussion, are very close. 
The American Ephemeris gives the values of X, Y, and Z for every 
day in the year, and from these data the values of their first and 
second derivatives can be found. As a matter of fact only the 
first derivatives of these coordinates will be required. 

Second Step. The second step is to impose the condition that C 
moves around S in accordance with the law of gravitation. It 
will be assumed that C is not sensibly disturbed by the attraclionB 
of other bodies. Hence its cofirdinates satisfy the differentiil 
equations 



(7) 



df 



^= _^ 



But it also follows from the relations of C, E, and S that 



(8) 



X = pK — X, 
y = p,i- Y, 
z = pv — Z. 



that I 
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Bubstitutiag these expressions for x, y, and z in equations (7), 

rme 



U)" - X" = 

■ (w)" - Y" - 

W" - Z" - 



- f(w - n 

- f (p. - 2) 



tut eioce E also revolves around 5 in accordance with the law 
^vitatioD, it follows that 



Brefore equations (9) become 






10) 






-t'X 
- k'Y 






e unkaowD quantities in these equations are p", p', p, and r, 
first three of which enter linearly. 

^hird Step. The third step is to determine the distance of C 
n E and S by means of equations (10) and a geometrical 
dition which the three bodies must satisfy- In order to solve 
Ationa (10) for p, let 



11) 



t 



x...^ 




X, X', X" 


."+*> 


= 


K, c'. «" 


v.^- 




•■, »'. •■" 



nd form of the determinant D is obtuned by multiplying 
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the firat column by 3 and subtracting the product from the tluid 

column. The determinant which is obtuned by replacing &t 
elements of the third colunm of D by the right member of (10) 

will also be needed, 
this determinant is 



U 



If the common factor 

X', X 
m', r 

-', z 

The detenninants D and Di involve only known quantities. 

The solution of equations (10) for p is 

DIR> r* J ■ 

To this equation in the two unknown quantities p and r must be 
added the equation 

(14) r^ = p» + B' - 2pfi COB ifr, 

which expresses the fact that the three bodies C, S, and E fonn I 
triangle. The angle ^ is the angle at E between R and p, and 
this equation also has only the unknowns p and r. The problem 
of solving (13) and (14) for p and r is that which constitutes the 
third atep. The solution of this problem gives the coordinaW 
of C by means of equations (8) which involve only fj as an unknoim 

Fourth Stfp. The fourth atep is the determination of tkt 
components of velocity of C. It follows from (8) that 
'x' = p'\ + p\' - X', 

(Ifi) ■ y' = pV + Pii' - Y', 

z' = p'v + pv' — Z'. 
The only unknown in the right members of these equations Wl 
which can be determined from (10). The expression for it is 



m 






2D 



Therefore x', y', and s' become known. 
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Fifth Step. The fifth and last step is to determine the elements 
of the orbit from the position and components of velocity of the 
body. Thia is the problem which waa solved in chap, v, 

112. Outline of the Gaussian Method of Determining an Orbit. 
First Step. The first step in the Gaussian method is to impose 
the condition that C moves in a plane passing through .S. Since 
S ia the origin for the coordinates i, y, and z, this condition is 

Axi + Byi + Czi = 0, 
Axt + By% + Czi = 0, 
Axi + By> + Czi = 0, 

where A, B, C are constants which depend upon the position of 
the plane of motion. The result of eliminating the unknown 
confitants A, B, and C is the equation 



(17) 



Xx, yi, zt 
X,, yt, 3« 



The determinant (17) can be expanded with respect to the 
elements of the three columns giving the three equations 

' (v»«i - z»!/»)xi - (i/iZi - Ziyi)Xt + (ViZi - Ziyt^Xt = 0, 

(18) ■ (x»2, - zsx,)yi - (iiz, - zixi)y% + {xiZt - 2iit)»» = 0, 

. (iil/i - yiXt)zi — {xii/i - y\Xi)zt + (ii!/j - y\Xt)zi = 0. 

Evidently these three equations are but different forms of the same 
one; but when the nine parentheses are determined from additional 
principles and ii, i», ■ ■ ■ are expressed in terms of the geocentric 
coordinates by (8), they become independent in the unknowns 
Pi, pj, and Pi. The parentheses are the projections of twice 
the triangles formed by 5 and the positions of C taken in twos 
upon the three fundamental planes. Since in each equation the 
three areas are projected upon the same plane the triangles 
themselves can be used instead of their projections. If [I, 2], 
ll, 3], and (2, 3| represent the triangles formed by S and C at the 
times titt, titt, and tttt respectively, equations (18) become 

'12, 3]ari-[l,3]x= + Il, 2]x, = 0, 

aS) ■ [2, 3Iy, - [I, 3|y, + [l, 2]y, = 0, 

I [2, 3U, - [1,3)7, + 11, 2]z, =0. 



""""■ '"" »" P'olong the 3K 
8« Art. 127) the r«,ulte will b 
of aimpUfying the writing, let 

(30) I *('. - 

I Ht, - 
l». - « 

In this notalioD the ratio, of the 
«re found to be 



(21) 



aii_».r. 



b_2J_».r 

, 3] - «; [ 

n 

>ti 

i{ 

r».[i+ 



f„,?K /^- ■'"'"'■Wstepc 
for the determination of ,.,,„1„ 

equations (8, and (21) in (19) are 



+ '•[' + 1^ 



s.fi J. !».'-« 
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These equations involve the unknownfi pi, ps, pa, and j-j, the first 
three of which enter linearly. Since ri enters only as it is multi- 
[)lied by the small quantities B,*, 9-^, or flj', it might be supposed 
that in a first approximation these terms could be neglected, after 
irhich pi, Pi, and pt would be determined by linear equations. 
K detfuled discussion of the determinants which are involved 
iihowB, however, that it is necessary to retain the terms in Tt even 
in the first approximation. 
The solution of equations (22) for pj has the form 



(23) 



ip. 



where A is the determinant of the coefficients of pi, pj, and p», 
ind P and Q are functions of the known quantities Xi, Xg, • • ■, 
h.Yi, •■-. 

Since S, E, and C form a triangle at d the quantities pi and ri 
Mtiafy the equation 



(24) 



-- P'} + R-? - 2ptRt cos ip^. 



The solution of any two equations of (22) for p 
if Pi and ri has the form 



\Mpt- 



= P>P, 1 



6 ' 

1 e,' 



- + ■ 



»here M, Pi, Pi are functions of known quantities, and Qi and Q» 
nvolve only rj as an unknown. 

Fourth Step. The fourth step consists in determining pi and p». 
ITiR quantities pi and ra are foimd first by solving (23) and (24), 
'hich is exactly the same as the third step of the Laplacian 
ncthod, and then pi and pi are given by (25). 

hftk Stej). The fifth step consists in determining the elements 
rom the known positions of C at the times (i and (j. These two 
usitioDs and that of C define the plane of the orbit without 
iirther work. Gauss solved the problem of determining the 
emaining elements by developing two equations involving only 
iro unknowns. One equation was derived from the ratio of 
lie triangle formed by .S and C at I, and d to the area of the 
'(■tor contained between r,, n, and the arc of the orbit described 

the interval /i(,. The other equation was derived from Kepler's 
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equation at the epochs fi and ty The fonnuLas are complex, 
but the method of flolving the two equations is a rapid procM 
of successive approximations. After the equations are solved tbe 
elements are uniquely determined without any trouble. LaUr 
methods have been devised which avoid many of the com^Jexitiei 
of that due to Gauss. 

I. The Laplacun Mbthod of Detebhikinq Obshb. 
113. Determination of the First and Second DerivatiTes of ttie 
Angular Coordinates from Three Observations. It was found m 
the outline jArt. 111| of this method of determining orbits tbit 
the first and second derivatives of the angular coordinates, or 
of the direction cosines \, ^, and v will be required. 
lict k(t — (g) = T and then equations (7) become 
(Px _ X 



S- 


r" 






<i>2 








= zb, 


dx 


Xa 


dy 

dr 



Suppose X = Xn, y = j/n, z 

r = 0. The solution of equations (26) can be expanded ae powtf 
series in t which will converge if the value of t is not too great* 
They will have the form 



'-• + -''+5(S)/+- 


-^(^).— •• 


yy^y'^^li^V^- 


-^m— ■ 


«-+-''+Kr;)/ + - 


■^hmr^- 



where the subscript on the parentheses indicates that the deriv*- 
lives are taken for r = 0. The second derivatives can be replswd 
by the right members of (26) for t = 0; the third derivatives i:an 
be replaced by the first derivatives of the right members of (26), 
and 80 on. All the derivatives in this way will be expressed in 
terms of Xn, yo, Zo, xo', ya', and Za'. 

• For the determination of the exact realm of convergence see a pBpn by 
¥. R. Moulton in The Aslronomical Jtruriial, vol. 23 (1903). 
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It is important to know for how great intervals the series (27) 
are of practical value. The limits are smaller the smaller the peri- 
heUoD distance and the greater the eccentricity, and moreover 
they depend upon the position of the body in its orbit at r = 0. 
For a small planet whose mean distance is 2.65, which is about 
the average for these bodies, and the eccentricity of whose orbit 
dots not exceed 0.4, which is much greater than that of most of 
them, the series (27) always converge for an interval of less than 
160 days. If the orbit is a parabola whose perihelion distance b 
unity the series (27) converge if the interval of time does not 
exceed 54 days. Of course, the series are not of practical value 
in their whole range of convergence. In practice in the case of 
small planets an interval of 90 days is nearly always small enough 
to secure rapid convergence of (27), and in the case of the orbits 
of comets 20 days is rarely too great an interval. 

The coordinates of the earth also are expansible as series of the 
fonn of (27), and the rapid convergence holds for very long 
intervals because of the small eccentricity of the earth's orbit. 
Bence it follows from equations (8) that p, X, n, and v can be 
expanded as power series of the type of (27). The range of 
wefulness of these expansions is the same as that of the series 
for X, y, and z. 

It will be sufficient to consider the series for X because those 
■a fi and v are symmetrically similar. The series for X for a 
general value of r and for ri, t,, and t», which correspond to 
I], it, and fi respectively, are 

rx = Cfl + cir + CiT» + ■■-, 

J Xi = Co + cm + c»Ti* + • ■ •, 

X, = Ca + CiTi + C»r»* + - ■ -, 

[Xj = Co + ClTl + CiTl' + - ■ -, 

vhere Co, ci, C), ■ - - are constanta. If these equations are tenni- 
nated after the terms of the second degree the coefEcients Co, Ci, 
and Ci are determined in terms of the observed quantities Xi, \t, 
and Xi, and the time-intervals n, n, and n. If more observations 
are available more coefficients can be determined; the number 
which can be determined equals the number of observations. 

The simplest way of expressing X in terms of t with known 
x>efficients is to set equal to zero the eUminant of 1, Cn, Ci, and ct 
n (28), which is 



DEBIVATTVBS FROU POUB OBSERVATIONS. 



206 



e Ct- These two curves intersect at ri, tj, and rj, but in 
:ral do not intersect elsewhere. For small values of r the 
curves nearly coincide, and the approximate value of X can 
3und from the polynomial near the origin. 
be first and second derivatives of X are found from (31) to be 
n approximately by 

,. ^ - (r, + r,) , , 2r - (t, + tQ 

3) 

\" = 



(t» — Tj)(t, — Tl) 

re are similar expressions in li and v. 

A. Determinatioa of the DerivatiTes from more than Three 

ervations. If the observations were perfectly exact and 

■ together, the more there were available the more exactly 

d X be determined for small values of r, and the more of its 

i-atives could be determined. Suppose there are four obser- 

ans. Then X is defined by a third degree polynomial analogous 

11) which reduces to Xi, Xj, Xj, and X* for t = n, r», tj, and r* 

Bctively. The explicit expression for X is 

L r > . J. (r - 7 , )(, - ,.)(r - ,.) , 



(.-. - 


- ri)(ri — T»)"' ' (ri — Tt)(Tt — ri) 




+ {r. - r,)(r. - r,) "■■• 


(^ 


-rOC,-,,)"' ' („-,.)(„-„) 




2 



5) 



' (t. 



- tj)(t| — T,)(T| — Tt) 

I {r - r,)(r - r,)(r - r.) ^ 

{n — ri)(Tl — Tt)(Tt — Tl) 

(r - r.)(r - r.)(r - rQ 



(r 



n)(r 



-.)(^ 



r.) 



" I ~^ (t< — ti)(ti - r,){r, - T,) " 

which the first, second, and third, but not higher, derivatives 
>e found, 

is obvious from this how to proceed for any number of obser- 
ins. The process is unique and does not become excessively 
■ious unless the number of observations is considerable. The 
t>er of derivatives which can be determined, at least approxi- 
Jy, is one less than the number of observatiorvB, Vt\A ma 
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derivative higher than the third nill in any case be used. If the 
obaervatioQE extend over a long period so that the convergence 
of (28) ftuls or becomes slow for the largest values of r, it is news- 
sary to omit some of them in the discussion. Usually, owing \a 
the errors in the observations, four or five will give X and ill 
first two derivatives as accurately as any greaf«r number. 

115. The Approximations in the Determination of the Valoei 
of X, tt, V and their Derivatives. In the applications it is im- 
portant to know the character of the approximations which art 
made, and whether all the quantities employed are determined 
with the same degree of accuracy. It is obvious no exact numerical 
answers can be given to these questions because the orbits undpr 
consideration are undetermined. But it has been insisted that 
the values of r must not be too great in order that the series (28) 
shall converge rapidly. Consequently, the values of t at the 
times of the observations can be considered as small quantitjee, 
and the degree of the approximation can be described in tenns 
of the lowest powers of the t, which occur in the neglected terms. 
This gives a definite meaning to the order of approximation, and 
experience shows that it is a satisfactory measure of the accuracy 
of the results when the time-intervals are limited as described 
in Art. 113. 

Suppose first that only three observations have been made. 
The approximations in the determination of X and its derivative* 
arise from the fact that the higher terms of (28) are neglected. 
The coefficients Co, C\, and Ci are determined by 

(Co + ClTl + CjTl' = Xl — ClTl^ — C*T|* — ■ ■ •, 
Co + ClT-l + CjTj' = Xl — ClTl* — CiTl* — • • ■ , 
Cfl + ClTl + CiTl' = Xb — CiTi* — C|T»* — ■ - •. 

The errors of lowest degree in the rj come from n^ectang the 
terms in the right members which are multipUed by the unknomi 
constant c%. Let the errors be denoted by Ace, Aci, and ifi- 
Then 

C»ri» + Ctri* + 
CiT^ + C«ri* 4- 

C»T»* + C.T1* + 

ri', Ti, Ti' 
ri', T», Ti* 
r^, Ti, Ti? 



• •, 


'i. 


n' 


■•. rt. 


rf 


••. rt. 


V 




Tl* 


Tl 


-c* 


T.* 


*■» 




T»* 


'» 
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and similar expressions for Ac\ and Acj. These determinants are 
easily reduced by the elementary rules for simplifying deter- 
minants, and it is found that 

ico = — CiTiTjTt — C»rir»r»(ri + tj + ti) + ■ ■ ■, 
AC| = + Ci(TiTj + nn + TjTi) 
(35) - +C*(t, + i-,)(r, + T,)(r, + Ti)+ ■■-, 

ici = - ci(r, + n + T») 

— CtCri^ + Tl' + T,' + TlTl + TlT) + TaTl) + ■ " -. 

It follows from these equations that Co, Cj, and Ci are determined 
up to the third, second, and first orders respectively. 

Now consider the first equation cf (28). Since d is multiplied 
by r and c» by H, each of the first three terms in the series for X is 
determined up to the third order in the r/. On taking the first and 
second derivatives, it is seen that X' and X" are determined up to 
the second and first orders respectively. Consequently, X in 
general ia determined by the first terms of (28) more accurately 
than its first derivative, and its first derivative in general is 
determined more accurately than its second derivative. These 
facts must be remembered in the applications. 

116. Choice of the Origin of Time. The origin of time has 
not been specified as yet except that it has been supposed that it is 
near the dates of the observations so that n, d, and tj will be 
Small. Any epoch h which satisfies this condition can be used 
OS an origin, and the problem at once arises of determining what 
One is most advantageous. 

The choice of the origin of time which has been universally made 
is the date of the second observation. That is, to = It and there- 
fore r, = 0. The value of X is exactly known at t = r» = 0, and 
the derivative of X at t = ti is 

Xt' = Ci + 2c»Tj -)-.•■ = Ci, 

*hich is subject to the error Aci, which, by (35), is in this case 
CgTiTj. And similarly, the error in X," is Aci = — Ciln + tiJ. 
The error in X»' is of the second order while that in Xi" is of the 
first order. In general, an error of the first order is more serious 
than one of the second order. But it should be noticed that 
*hen 'd = it the quantities n and n are opposite in sign; and if 
the intervals between the successive observations are equal, 
T, -|- n = and the error in X*" is also of the second order. Coor 
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sequently, when It = d it is advantageous to have the suoA 
observations separated by as nearly equal time-intern 
possible. But unfavorable weather and other circunMd 
generally cause the observations to be unequally spaced. 

Suppose the epoch of the first observation is taken as the* 
of time. The quantity X| is exactly known. The error ini 
Aci = cjTiTj, which is of the second order as before, but is a|f 
mately twice as great numerically as that in Xi' because 4 
represents k times the whole interval between the first and 
observations. The error in X/' is ict = — Ci(ij + t») | 
is much larger than before because tj now depends on thm 
interval covered by the observations, and because n ana, 
this case arc both positive. It follows from this that it I 
advantageous to use the time of the first observation aa thei 
of time; and for similar reasons the epoch of the third obsen 
is to be rejected. 

The question now arises what should be taken for thai 
of time when the epoch of the second observation is not si 
between those of the other two. Since in general the errorf 
only of the third order and that in X' is only of the secondf 
X" is subject to an error of the first order, it is clear that th» 
of time should be so chosen, if possible, as to make the first 
error in X" vanish. It follows from the second equation s 
that this result will be secured if ' 



(36) 



Jr, + T, + 7, = k(U - to) + kitt - (o)W- fcCd 
I whence („ = i ((, + (, + (,). 



The best choice of the origin of time is therefore ^ven t 
second of (36), and this value of ta becomes the date of the B 
observation when the successive observations are equally i 
from one another. With this choice of to the errors in X' • 
are of the second order, while X is known up to the third ad 

117. The Approximations when there are Four Obsenri 
When there arc four observations the equations which corn 
to the last three of (28) are ' 

Co + Ciri + Cjri* + Ciri' = Xi — CtTi* H , 

Co + CiT, -f- ciTt' + Cm* = Xi — art* + • • • 
Co + CiTt -\- Car*' + Ciu' = Xi — CiTi* + • - . 
Co + Cir, + Csr,* + en' = Xi - Cr*' -I- ■ ■ • 
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e detenainant of the coefficienta of co, Ci, ct, and ci is 



U, Tt% 



= (ti — Ti)(ri - Ti){t« — Ti)(t| — Ti) 

X{u - rt)(u- 7,), 



11. U, r.', 

picb b not zero since the dates of the observations are difitinct. 

■e of lowest order in Co, Ci, Ci, and cj are determined 

1 (37); when only the first terms in the right members are 

1 they contain a as a factor. Let these errors be represented 

EACo, Aci, Aci, and Acg; their orders in the r,- are required. The 

ision for Acd is 

Tl*, Tl, Tl', 



n the factors n, n, n, and u are removed from this deter- 
jit it is identical with 5 except the columns are permuted. 
s permutations of columns bring it to the form of S; hence 

ACn = + CiTlTlTiTt. 

r The ezpreflsion for AC) i 



1, T,', 
1, 



T^, 



t is put equal to n in this determinant it vamshes because then 
a lines become the same. Therefore it is divisible by t» — n. 
Sitoilarly, it is invisible by ra — ri, T( — n, rj — tj, r, — ri, 
and T( — n; that is, it is divisible by 5. All the elements of each 
column are of the same degree; and since every term of the ex- 
pansion of a determinant has a factor from each column, the terms 
<if the expansion are all of the same degree. The degree of this 
iJplerminant is nine, because this is the sum of the degrees of its 
"ilumna. Hence Aci is of the third degree because h is of the 
vth degree. Moreover, it is symmetrical in ti, ■■■, r, because 
I'uth i and the numerator determinant are symmetrical in these 
quantities. Each term of the expansion contuns Tf only to th€ 
15 
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first degree becKUse r,- occurs in the cumerator detennmant Ui 
the fourth degree as the highest, and in 2 to the third d^ree. Tia 
muQericaJ coefficient of each tenn in the expansion is the same, 
because of the symmetry, and it can be determined by the con- 
sideration of a single term. It is found by considering the product 
of the main diagonal elements that it is + 1- Analogous dia- 
cussions can be made for Act and Ac*, and it is found in this ms 
that 

I'ic, = - C,[t,tit, + r,rir4 + r»r4'l + ^tiTj], 

Act = 4- Ctfnn + Tin + nr« + rir» + Tfr« + titJ, 

Ac, - - C4[ri + T, + Tt + T.]. 

It follows from (3S) and (39) that wlien there are four obse^ 
vations \, X', X", and X'" are determined up to small quantities 
of the fourth, third, second, and first order respectively. Ordi- 
narily X'" is not needed, though it becomes useful when the solution 
is double, as it may be, in determining which of them belongs to 
the physical problem. In this latter case it is advantageous to 
make Aca vanish by determining fg so that 

{Ti + Tj + rj + 74 = 0, whence 
(a = i((. + k + U + U)- 
If the solution of the problem is made to depend only on X, X', 
and X", it is most advantageous to choose to so that Aci shall 
vaiush, for then all the quantities are determined up to the third 
order. This condition becomes 

riTj + TlTj + TlU + TtTj + TtT, + TtT, = 0, WhcnCC 

(41) ■ 6tfl* - Z{1, + tt + U + Wi» + (,(, 

+ (.(, + tiU + W, + (A + (A = 0. 
The values of (« determined by this quadratic equation are of 
no practical value unless they are real. The discrimizumt of the 
quadratic is 

9((, + (, + (a + (0* - 24((i(j + (,r, + uu + uu + t^ + (A) 
= H - 3(i, - is)* + 3((i - (,)» + 3((i - U)* 

+ 3((, - (,)' + 3((i - (.)* + 3((, -(.)»> a 
Therefore the solutions are always real, and are explicitly 

_ 3(ft + <, + f. + M * Vfl 



tt=- 
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In order to get a, concrete idea of the nature of the results 
nppose the intervals between the successive observations are 
jqual to T. Then (42) gives 

(43) i« = Wi + (, + (i + '.) ± i Visr. 

Tie first term on the right is the mean epoch of the observations, 
PlHid the two values of ta are at the distance | -VlS T either side of 
this Ume. Since the interval between the mean epoch and 
tt OT t, is jr, it follows that to is between (j and d and distant 
{J Vl5 — 1)7" = iT approximately from (a, or symmetrically situ- 
ated between (j and U. In practice it will be most convenient 
to choose lit = (3 or (0 = ti, for then X is given exactly, the coef- 
ficients of (33) are as simple as possible, and (41) is nearly satisfied. 
The discussion when there are five or more observations can be 
carried out in a similar manner. For each additional observation 
one additional coefficient in the series (28) can be determined, 
and those which were determined previously become known to 
one order higher in the tj. In each case one additional order of 
accuracy in the determination of X" can be secured by properly 
selecting la, but it is simplest to let (o equal the date of the obser- 
vation which is nearest the mean epoch of all of the observations. 

118. The Fundamental Equations. The fundamental equations 
of the method of Laplace are (10), where X, n, ir, \', n', v% X", /i", v" 
are given by (31) and (32) and corresponding equations in n and c 
The solution of equations (10) for p, p', and p" is 



(44) 
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These determinants are subject to small errors because of the 
fact that the higher terms of equations (28) have been neglectd. 
After p and p' have been approximately determined correcdona 
can be made for these omissions. The determinants are also sub- 
ject to small errors because they have been developed under the 
tacit assumption that the observations were made from the 
position of the center of the earth instead of from one or more 
points on its surface. After the approximate distances have 
been determined the observations can be corrected for the effects 
of the observer's position on the surface of the earth. 

119. The Equations for the Determination of r and p. Con- 
sider the triangle formed by S, E, and C. Let ^ represent thr 
angle at E and v that at C. Then it follows that 




(46) 



Rg.32. 
r fi COS if = X\ +Yfi + Zy, 
_ „ ain (if + y) 



When equations (46) i 
the result i 



SV'+ [ff c 



e substituted in the first equation of (w 

, on . -D, . , 



Ofl»sinV 



In order to simplify this expression let 
A^ sin m = fi sin ^, 



(47) 



iV COS m = K coa ^ 
M 



DBf 



NDS? sin' ^ 



i 
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where the sign of A' will be so cnosen that M shall be positive. 
With this determiDation of the sign of N the first two equations 
of (47) uniquely determine N and m, and the equation in v> becomea 

simply 
(48) sin* ifi = M am {<p -\- m). 

The quantities M and m are known and M is positive. 

Now consider the solution of (48) for ip. Since p = 0, r = B 
is a solution of the problem, it follows from (48) that ^ = x — ^ 
is i. solution of (48). This solution belongs to the position of the 
observer and is to be rejected. It follows from Fig. 32 that the ^ 
belonging to the phyaioal problem, which must exist if the compu- 
tation is made from good observations, satisfies the inequality 



(49) 






-<!'■ 



The solutions of (48) are the intersections of the curves defined by 
•he equations 
(50) jVi=smV, 

lyi = JWsin(¥' 4- m). 
For m negative and near zero and M somewhat less than unity 
these curves have the relation shown in Fig. 33. 



f 




Consider first the case where -=^ is positive. Since both p and r 

lUst be positive, it follows from the first of (44) that in this case 
> R. Since ^ is less than 180°, it follows from (47) that N ia 

sgative, and that m is in the third or fourth quadrant. 
In case m is in the fourth quadrant the ascending branch of 

>« curve j/i crosses the ^axis in the first quadrant, and, if Af < 1, 

^e relations of the curves are as indicated in Fig. 33. If tn is 
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near 180° there are three solutions, <pi, <pt, oDd va, one of which 
IB ir — ^ and belongs to the position of the observer. If (j,=t-^i i 
both <pi and <pi fuJ£ll all the conditions of the problem and it cm | 
not be determined which belongs to the orbit of the observed body I 
without additional information. However, it might happen that 
ipi would give so great values of t and p that it would be known 
from practical observational cpnside rat ions that the body would 
be invisible; it would be known in this case that ipi, which would 
give a smaller r, belongs to the physical problem. If ^i = t — ^, 
it follows from (49) that pi belongs to the problem. The case 
«?] = T — ^ cannot occur for then the physical problem could 
have no solution. If, for a fixed M, the ascending branch of the 
curve yt moves to the right the roots ipi and <(:% approach coinci- 
dence; and as it moves farther to the right ^j alone remains real. 
This case, which corresponds to m far from 180° in the fourth 
quadrant or in the third quadrant, cannot arise, for then the 

problem would have no solution. Therefore, if — is positive, thtn 

T > R,m is in the fourth quadrant, and there are one or two possibli 
solutions of the physical problem according at vtor ipt equals r — f ' 

Now suppose ~ is negative. In this case r < R and m is in 

the first or second quadrant. If m is in the first quadrant the 
descending branch of the curve yi crosses the y^-axis in the second 




Fig. 34. 

'quadrant, and for a small m and M < I the relations are asshovn 
in Fig 34. In this case the solution of the problem is unique or 
double according as vs or ^j equals ir — if'. If m is in the secono 
quadrant the descending branch of the curve yt crosses the ip-ex^ 
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1 the first quadrant, <^t and ipi are not real, and the problem has 
solution. Therefore, if j^ is negfUive, then r < R, m is in the 
Td quadrant, and there are one or two possible solutions of the 
iftjstcai prdblem according as iptor ^13 equals t — ^. 
120. The Condition for a Unique Solution. The solution of 



is poaitive or n^ative 
P = T — rf- + «, 



he physical problem is unique whcthe 
I Ipi = X — if/, and otherwise it is double, 
rhere * is a small positive number. When ~ is positive, it is 
«n from Fig. 33 that if *>i = t — if the difference y, — yt h 
lOffltive for v = <(>i + e; and, when -j^ is negative, it is seen from 
i^g. 34 that t/i — pt is negative for <f! = ^i + « = jr — if + «. 
It follows from (50) that j/i and j/i can be expanded as power 
eriea in « when p = ?r - ^t + t. The first two terms of the 
lifference are 

yi-~yi= [sin* (t - if) - Jtf sin {t - ^ + m)] 
(51) + [4 sin' {ir - if) cos (» - ,f) 

— Jl/ COS (t — if + m)]f + ■ - ■. 
rhe term independent of t is zero because ip = r — (t is a solution 
'f (48). A reduction of the coefficient of t by equations (47) 
md (48) gives 

J/.~i" = -l^[l+5flieos^J.+ ..-. 

"herefore the condition that the solution of the ph^ical problem 
^atl be unique is 



M'^ 



3 (!• < if 



<o. 



lis function is completely determined by the observations, and 
insequently it is known without solving (48) whether the solution 
f the problem is unique or double. 
The limit of the inequalities (52) is 

,3D, 



^ 



1+7 
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On eliminating cos ^ &aA -jj by the first equatiooa of 
(46), it is found that ^~ 



m 



p' = ^+i 



equfttiol 



The minimum value of the right member of this e 
sidered as a function of r, is zero; therefore for each val« 
there is a umque positive value of p. All points defined M 
of values of r and p which satisfy {54} are on the boundar^ 
regions where the incqualiUet (52) are satisfied. These bo4 
surfaces are evidently surfaces of revolution around ^^ 
joining the earth and the sun. Thp section of these 
plane through the line SE is shown in Fig. 35. 




)und tB 
' surface 



Fig. 35. 

The Burfacee defined by (.54) divide space into four pal 
of which in the diagram are shaded, and two of which an 
The function (52) has the same sign throughout each a 
re^ons and changes sign when the boundary surface is 

* ThiH figure was tint given by Charlier, Meddtlandt fr&n Lvnd^ 
loriunt. No. 4S. 
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at any ordinarj' point. This is a special case of a general propo- 
aition which will be proved. 

Suppose Xa, yu, Zo is an ordinary point on the surface defined by 
''U, y, z) = 0. Consider the value of f at Xb -}- Ar, yo + Ay, 
»(i + Az, where Ax, Ay, and Aa are small. The value of the function 
at tbis point is 

?(lo + Ax,yo + Ay, Zo + At) 

dF . ,dF^ ,dF^ , 
-r-Ax + --Ay + — Az + •■-. 
dx dy •' dz 



-' F(zo, yo, Zd) 



The first term in the right member of this equation is zero because 
Z), Vo, za is on the surface. Now suppose the point xo + Ax, • • ■ 
ie on the perpendicular to the surface at Xo, j/o, Zo- Then 



/ 



SF 

"si 

dF 



I 



j^fcere p is the distance from xe, yo, Zo to Xo + Ax, j/o + Ay, zo + Az, 
^^cause the factors by which p is multipUed are the direction 
pOsines of the normal to the surface. On one fade of the surface p 
'^ positive, and on the other side it is negative. The expression 
'^r the value of the function F at the point Xo + Ax, ■ ■ ■ becomes 
'^Oo + Ai, yo + Ay, Zo + Az) 



'[(g)'-(f)'-(S)T-''"- 



. ^or p very small the sign of the function is determined by the 
» aign of the first term on the right whose coefficient is not zero. 
^ oince xo, yo, zo is by hypothesis an ordinary point of the surface, 
^1 ^t all of the first partial derivatives of F are zero, and conse- 
^V quently the sign of the function changes with the change of sign 
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ITS. ~ 



of p. That is, the functioc changes sign when the surface foi 
which it is zero is crossed; and it does not change sign at uiy 
other finite point because the function is continuous. 

In order to find in which of the four regions of Fig. 35 the solu- 
tion is unique, and in which it is double, consider a point on the 
line SE to the left of E. At such a point r = p + fl, i^ = i, and 
it follows that 



1 + 



3D, 



COB ^ - 



3D. 



■■ 1 - 



3(p + RY 



R[p» + 3pfl + 3B«I' 

Since in this c 
> 0, iV < and the first inequality 



j 

B cue 



which is clearly negative for p very large. 

r > ff it follows that -=: 

of (52) is the one under consideration. Since the inequality ia 
satisfied the solution of the problem is unique if the observed 
body is in the unshaded area to the left of E. If the surface is 
crossed into the larger shaded area at a pwint for which r > fl 
the function changes sign while the sign of N is unchanged. Thpn 
the first inequaUty of (52) is not satisfied and the solution of thi 
physical problem is double. In this region the function (53) E 
positive and N is negative. If the surface is crossed into thf 
smaller unshaded area the function (53) becomes negative, A 
becomes positive, and the second inequality of (52), which is not 
in question, is satisfied. Therefore the solution ia unique in tbii 
unshaded area. It is shown similarly that it is double in thi 
smaller shaded area. 

121. Use of a Fourth Observation in Case of a Double Solutioa 
Suppose ^3 = IT — ^ so that there are two solutions of (48) whicl 
correspoml to the conditions of the physical problem. Oni 
method of determining which solution actually belongs to th' 
physical problem, in case there are four observations, is obvious!) 
to develop (48), using the fourth observation instead of one o: 
the original three. In general, this will make the result uniquf 

A better method of resolving the ambiguous case can be devel 
oped from equations (44). Eliminate r from the second anc 
third equations of (44) by means of the first. The results are 



r 



'2Di 



Ai"-^^"']- 



A 




9 LIMITS ON m AMD ii. 



Svative of the first of these equations is 

p" = P'p + Pp' = (P' + /«)?, 
guated to the right member of the second equation gives 



'; + Dp = DriP' + P*). 



equation is linear p is uniquely determined unless D is 
'The determinant D will be examined in Art. 124. Equa- 
i5) must be based upon not leas than four observations, for 
olves \"', ii'", and v'" which cannot be determined, even 
Bmately, from three observations. 

[Tlie Limits on m and M. In an actual problem of the 
imation of an orbit the constants m and M are subject to 
idition that equation (48) shall have three real roots between 
IT. The limits imposed by this condition can be determined 
.he conditions that it shall have double roots; for, suppose 
ized and that vi varies. In the first case, represented in 
J, there are three real solutions of (48) until, the curve j/j 
g to the right, ipi and v>i become equal; and in the second 
epresented in Fig. 34, there are three real solutions of (48) 
the curve yi moving to the left, vt and v>i become equal. 
vo cases are not essentially different for ip, in the first case 
x>nds exactly to ips in the second. Sunilarly, if m remains 
nd M, starting from a small value, increases there are three 
ilutions of (56) until either ipt and ipi or <pi and -pi, in the 
nd second cases respectively, become equal. When the 
are passed for which two values of p which satisfy (48) 
Lial, there is only one real solution between and t. 

onditious that (48) shall have a double root are 
ein* if> = M Bm(v + ^), 
4 sin' Ip cos f> = M cos (^ + m). 

ition of the quotient of these equations for tan v is 
3 d 



tan #> = - 



2 tan n 



' tan* V 



at once that m is subject to the condition 
9 - 16 tan* m a 
[tiiat the double root shall be real. Hence 
323" 8' ? m ^ 360", ^ ^ m g 36° 52', 
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the first range for m belonging to the first case, represented in 
Fig. 33, and the second to the second case, represented in Fig. 34. 

For each m there are two values of ^ defined by (57) between 
and T. In the first case, in which tan m is negative, tan f is 
positive whether the upper or the lower sign is used before thi' 
radical, and it is smallest when the upper sign is used. Therefore 
the value of ^ defined by (57) when the upper sign is used is that 
one for which v*! = ^i in Fig. 33, and the one determined wheo 
the lower sign is used is that one for which ipt = v>a. When m hss 
i,he limiting value for which the radical vanishes ^i = ^g = ft- 
The discussion is analogous in the second case in which tanrn 
is positive. 

The limiting values of •?, defined by (57), which correspond to 
the limiting values of m as given in (58), are respectively 

(59) p = 116" 34', v> = 63° 26', 

and for both of these values of ip the value of M defined by (56) 
is Af = 1.431. This is the maximum M for which (48) can have 
three real roots between and t. In order that the three roota 
shall be real for this M the value of m must be 36° 52' or 323° 8', 
and the three roots are then equal. 

Consider the first case and suppose m starts from 323° 8' and 
increases to 360°. The two values of v defined by (57) start 
from 63° 26'. One goes to and the other to 90°. The two 
corresponding values of M start from 1.431, and one goes to O 
and the other to unity. For each value of m between the liroiti' 
(58) there are two limits between which M must lie in order that 
(48) shall have three real solutions. In constructing a table of 
the solutions of (48) depending on the two independent paramet^rSi 
M and m, these limits should be observed in order to reduce the 
work as much as pos.9ible. 

123. Differential Correctioas. Suppose the approximate solu' 
tion of (48) has been found from the graphs of yi and y», or by 
numerical trials, or from the tables of the roots of this equation- 
Let ipt, represent the approximate solution and ¥>« + Ap the exact 
solution. The problem is to find A(p. 

Let 

(60) sin* <pn — M sin {ipo + m) = tj, 

where ij will be a small quantity if ^o is an approximate solution 
of (48), If ipt, + ,!</> is substituted in (48) in place of <p, the result 
expanded as a power series in Aip becomes 



itiofl I 
suit I 



( 



i23j DIFFEKENTIAL CORHECTIONB. i'll 

- II = [4 ain' ipo COS v)o — Af cos {<pi + m)]l\ip + [ 1 (A^)' + ■ ■ ■■ 
This power series can be inverted, givti^ Ap as a power series in ij. 
The result is 

"" '^''~ a.in-w,os,.rIf,„(w + ^) +"'^+--- 
The only exception is when the coefEfient of A^ in the power 
series in A^c is zero. This is the second of equations (66), the 
conditions for a double root. In this case the expression for Ap 
proceeds in powers of =* V^. In practice difficulty arises if the 
coefficient of A^j is small without being zero, for then po must be 
very close to the true value of <e before the method of differential 
corrections can be applied. 

The higher terms of (61) can be computed without any diflaculty, 
imt they rapidly become more complex. It is simpler in practice 
lo uegiect them and to repeat the process with successive improved 
values of po. 

It is possible to develop a more convenient method for com- 
puting the differential corrections by making use of the fact that 
the work is done with logarithms. After m and M have been 
computed from the observational data the approximate solution 
of (48) can be determined from the diagram. The curve yi can 
be drawn accurately once for all. The better known sine curve, 
in this case flattened or stretched vertically by the factor M, can 
M drawn free hand with sufficient accuracy to enable one to get a 
Very approximate estimate of the value of f. Let it be ipn- The 
logarithms of the right and left members of (48) will be computed 
Mid they will of course be found to be unequal. Let 

4 log sin ipn — log M — log sin (^'o + i") = «. 
In the successive approximations only the first and third of these 
logarithms will be changed. The tables give the logarithms of 
Uie trigonometric functions. Let the tabular difference for the 
logarithm of sin ipi, and sin (^o + i^) be «i, where &tp is some 
Convenient increment to v'oi ^>id let <i be the corresponding tab- 
ular difference for sin (^o + m). These quantities are taken down 
b%m the margins of the tables when the logarithms of sin <pc and 
On {ipa + "») are taken out. Then the correction Ap is given by 
the equation 

where the result is expressed in the units used for hif. This 
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method is so convenient in practice that a very few minul 
fices in any case to find the solution of (48) with all the aof 
which may t>e desirpd. In the first approximation, wbi 
error is in general large, one degree could be taken for &ip. , 
later approximations 10" is a convenient increment becaill 
tabular difTerences of the logarithms for differences of l| 
given on the margins of the tables." i 

124. DiscuBsioQ of the Detenninant D. The determine 
equation (45), enters into the determination of the constid 
and m, and the solution becomes indeterminate in form if it j 
Consequently it is important to Bad under what circuntf 
it vanishes. 

Suppose the determination of the orbit is being based oi 
three observations. Then the values of X, X', and X", which 
in D, are gtvea by (31) and (32). There are correspf 
expressions for ft, n', fx"; v, v', v". After they are substitq 
(45) the determinant D can be factored into the product i 
determinants. In order to simplify the notation let I 

p. _ (r-T,)(r-r,) „ _ (r-n)(r-«i 



(63) 



(ri- 



.)(r 



- T.) ' 



(ri - Ti) (r» - i 



■r,) 



(r.-rO(r.-r.)' ! 

and denote the derivatives of these functions with respeel 
by accents. Then 

' D = iiifc 

Pi, P'l, pT 
P*, P'i, Pi 

Pt, K, p; 

Xi, Xi, Xi 



Consequently D can vanish only if ii or is ia zero. 

• The solution of (48) depends on the Iiro parameterB M and m; if 
but one the relations between it Eind *■ oould easily be tabulated. In) 
the two parameter Leusclmer has extended a table originally due toC^ 
/rom which the solution can be read direetly with considerable approxU 
It is table XVI. in the third (BuchboU) edition of Klinkerfutt' Ttall 
, ^^trmwmit. " 



J 




It will be Bbowu first that Ai is a cooataot which is distiiict from 

lero. Since it is formally of the third degree in r, neeesaary and 
sufGcient conditions that it shall be independent of r are that 
ill' = for all values of t. The derivative of a determinant is 
the sum of the determinants which are obtained by replacing suc- 
cessively the columns of the original determinant by their deriva- 
tives. Hence A/ is a sum of three determinants. Since the 
derivative of the first column is identical with the second column, 
the first of these determinants is zero for all values of r. Since 
the derivative of the second column is identical with the third, 
the second determinant is zero. The derivative of the third 
tolumn is zero, and therefore the third determinant is zero. 
Hence A)' is identically zero and A| is a constant. Its value, 
which is easily found for t = 0, is 

I, Tj -|- T,, 
I, Tt + Tl, 

I, n + Ti, 1 



(96) 



Ai = 



(ti - t,)'(t» - Ti)'(rt - 



(ri — ri)(Ti — Ti){T» — Tl) ' 
"Hiig determinant is distinct from zero and independent of the 
choice of the epoch (o- 

In order to interpret Ai multiply the first, second, and third 
wlwnna by pi, pi, and pt respectively. Then, in the notation of 
cqnatiooB (6), the determinant A] becomes 



PtPiPt&t 



ii. h, £) 



fsl 



"Oie right member of this equation ia numerically the expres- 
*oii for six times the volume of the tetrahedron formed by the 
6wth and the three positions of C with respect to E. The volume 
•rf this tetrahedron is zero only if the three positions of C lie in a 
plane passing through the fourth point E. This, of course, is 
'eferring the position of C to E as an origin. A simpler way of 
pressing the same result is, Ihc determinant A] (and therefore D) 
W uro only if the three apparent positions of C as observed from E 
lie on an arc of a great circle. 
It follows from (44) that if D is zero, Di and Di are also zero 
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unless fl = r. In general, the expressions for p and p' become 
indeterminate when D is zero, and they are poorly determined 
when D ia small. One case in which ij and D are always rero is 
that in which C moves in the plane of the earth's orbit. But in 
this caae there are only four elements to be determined, and since 
each observation gives a single coordinat* (the longitude) four 
observations are required. 

An expression for a, can be obtained by means of equationt (6). 
After some simple reductions it is found that 

IS ii cos it cos ijlsin (ai — a\) tan 5j 

+ sin (a, — as) tan 3, + sin (oi — ai) tanlj- 

125. Reduction of the Detenninants Di and Dt. The expro- 
Bions for Di and />j, equations (45), become as a consequence of 
equations (31) and (32) and corresponding expressions for n, f!, >, 
and v' 

Di= - Puii + Pyi, + Pm, 

Pxvi + P,Vi + P,>'„ 

P\Si + PsX» + P^t, 

Dt= + Pu*i + P^t + P^,, 

Pm + Pica + Pm, 



(66) 



Pi'X, + Ps'Xt + PAi, X 

p,Vi + p,'m, + Pi'w, y 

PiV, + Pt'vt + Pt'»i, Z 

Pi"Xi + Pi"X* + P."X», J 

Pi";*i + Pi'v. + Pi'Vi, y 

Pi'^i + Pi'vx + P*"c,, Z 



where 



If the first column of Di is multiplied by -—- and subtracted 
from the second column, the result is 

\P„ iP,'P, ~ PiP,')X, + (Ps'P, - P,Pa')X», X 
- p-^ P-, (Pi'P, - PiP,')ai + (P.'P. - PiPs')^., Y 
(P,'Pi - P,Pt')p, + (P,'Pi - PjP.')*-*, Z 
fP. = PiXi + PjX, + P,X,, 

j P^ = Pj*i + P^ + Pmt, 
yp, = Pifi +Pi»'j + P,*i. 
This determinant is the sum of the two determinants 

PiXi + P,X„ (Pi'P» - P,Pj')Xi + (Pi'P, - PjP.OX,. X 

pi^,+Pm, (Pi'p, - p,p»>. + (Pt'pa - PtP.v. y 

■i + P,^,, (Pi'P, - PiPiO^i + (Ps'P, - P,P,>,, Z 



J- 
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X», (Pi'P, - PiP,')Xi + (P,'P, - P^,')X,, X 

w, (Pi'P, - PiP,')mi + (P»'P. - P^.')m«, Y 

y*, (Pi'P, - PiP,')"! + iPt'Pi - PtP*')vi, Z 

terms in Xt, m, and », can be eliminated in a similar manner 
the second column of the first of these determinants. Then 
of the determinants is the sum of two others, and the reduced 
>ssion for Di becomes 



Z>i = - (PiP»' - Pi'P,) 



- (P^,' - Pt'Pt) 



Xi, 


x„ 


Z 


Ml, 


M«, 


F 


"ll 


"». 


Z 


X*, 


x», 


X 


/*«. 


/*», 


Y 


"»! 


"8, 


Z 


x„ 


Xi, 


X 


/«», 


Ml, 


Y 


"», 


"1, 


Z 



- (PtPi' - Pt'Py) 



coefficients of these determinants are needed for t ^ 0. It 
ind from (63) that 



PiPj' - Pi'P, = 



PJ>,' - P^'Pt = 



(t» — ti)(t» — tj)(ti — Tl) ' 
+r^ 

(tj — Ti)(t| — T»)(t$ — Tl) ' 



) 





* »* 1 * 8 >« 


(.T2 — Tl 


)(r,- 


r2)(T8 — Tl) ' 


the expression for D\ reduces to 






i>i- p 


Xi, X2, X 

Ml, M2, y' 


P 


X2, 

M2, 


Xs, X 
M., Y 






I'l, I's, z 




''a, 


V,, Z 


- 


P 


Xs, Xi, X 

M8, Ml, y' 


, 






I P = (r, - 


Ti)(r, - 


- tOCt 


.-Tl) 


• 
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In a similar manner the expression for Dt reduces to 



|13E 





K X, 


X 




X., 


X., 


Jf 


-¥ 


»., «. Y 


+ 1^ 


MI, 


Mil 


y 




,„ y„ Z 




"». 


fl. 


z 




X., X„ X 








+^f 


w, m, y 












"h 


-1, Z 









Each of the determinants in the expressions for Di and Di can 
be developed in a form similar to (66). 

126. Correction for the Time Aberration. Since the velocity 
of light is finite, the body C at any instant is apparently where it 
was at some preceding instant. This introduces a alight error in 
tho data which must be corrected, if accurate results are desired, 
after the approximate distances have been determined. Since the 
velocity of light is very great and the apparent motions of the 
heavenly bodies are in general slow, it will not be necessary to 
know the distance of C with a high degree of accuracy in order to 
correct for the finite velocity of light. 

Let El, El, and E) be the positions of the observer at (i, i,, 
and (a respectively. Let the observed directions of C at these 




epochs be EiCi, EtCt, and EiCf In the time required for the 
light to go from C to £ the former will have moved forward in its 
orbit to the positions pi, pj, and p», which are its true places sX 
the epochs d, tt, and ti. If the distances are known the observed 
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dinates can eaeily be corrected for these slight mutionsi but 
changes all the observed data of the problem and makes it 
ss&ry to recompute all the determinants, 
second method, which is more convenient in practice, is to 
xt the times of the observations. The body C passed through 
points Ci, Ci, and d, not at i,, 1%, and (j, but at these epochs 
aiahed by the time required for light to move from Ci, Ci, 
Ci to fii, El, and Ei respectively. In order to make these 
^ions to the epochs it is necessary to know EtCi = pi, 
I = pt, EiCt = Pi. It will be supposed that (48), (46), and 
have been solved and that p and p' are known. Then the 
es of Pi, Pt, and pi are given with sufficient approximationa for 
snt purpoees by 

Pi = p + pVi, 

9) ■ P, = P + p'r„ 

_ps = p + p'ti. 



t V represent the velocity of light, 
b C was at Ci, C,, and C» are 



Then the epochs at 



_ (p + p'n) 

V ' 

(.p + p'rt) 
V 



- At, = 



)W consider the correction to D, Di, and Di. In D only the 
r ^1 is altered. But in the applications only the ratios of 

Di and Dt are used, and the latter contiun Ai as a factor, 
efore the only change required is to replace ti, rj, and tj 

- Ati, Ti — At), and t, — At, respectively in the numerators 
e coefficients of the determinants in (67) and (68). 

7. Development of x, y, and z in Series. In order to deter- 
the corrections which should be added to X' and X", so as 
termine the elements of the orbit with greater accuracy, it is 
isary to have x, y, and 2 developed as power series in t. These 
titles satisfy the differential equations 
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<Px X 



i-hy 



It is shown in the theory of differential equations that the solu- 
tions of differential equations of this type are expansible as poww 
series of the form 

(X = Xa + XaT + W7^+ 5lo"V + Alu''''^ + jhl Xo't* + ■ ■ ■ , 
y =yo + yo'r + fyo'V* + i!/o"'T' + ^^j yo'V + jhs Vo'^* + •■■■ 
Zo = Zo + Zo't + ^Za'-r* + izo"'r' + A^o'"'"* + t4tf Zn'r* H 

It is found from (71) and its successive derivatives that 

= — Uo'Xg ~ U^Xo, 

(72) "I lo'" = (— ua" + Uo')a;o — 2uo'io', 

-- {— W" + 4M(|WD')Zg — (3uo" — Wo')llj'. 

The coefficients of the series for y and z differ only in that yi, lli' 
and 2o, 2o' appear in place of Xo, lo' respectively. Therefore 

= /^o + gxo, 
= fyo + gy<i, 
= /eo +ffZo', 
/ = 1 ^ iUoT^ - }«oV - A(uo" - «o*)t* 

- TiTr("''"' - 4uoUo')t' + ■■■' 

ff = T - Juor" - iV«oV - -iiB(3ui," — wi,")i^ + ■ ■ ■. 

In order to have/ and ff in a form for practical use the derivatiwi 

of u must be expressed in terms of Jo, ya, zd, xa, j/o', and zo'- 1* 

grange has done this very elegantly by introducing p and 9 by the 

equations 

f. 1 dr» , , , , , 

"^ = 257="=+^+"'' 
. i'^ ...... ^ 



(73) 



Then it is found that 



iSE HIQBEB DERITATIVES OF X, ft, r. 



3 dr^ 



3 J_^ 

' T*2rdr ' 






^-:;i^r = ^-^p'' 



r'dr dr 



- wp — 2p5. 



r* rfr» dr ^ 2r= dr* " 
of these equations and their successive derivatives the 
Ecienta in the aeries for/ and g can be expressed as polynomials 
1, p, and q. The expressions for/ and j become 

/ = 1 — JuoT* + aUoPo''^ + ^(Suogo — 15uopo' + ui?)t* 

+ i(7wopo' - SwoPiyZo - Uo^Po)t^ + ■ ■ -, 
g = T - Jwor* + iuopBT* + TiTr(9"i>9o — 45«oPi>' 

+ Uo'}r*+ •■■. 

'he derivatives of x, y, and z can be determined from equations 
' and (75), For example 

= f"'xa + g"'xa, 



rs) 



!8. Computation of the Higher Derivatives of X, fi, v. The 

lea of X, X', and X" determined by equations (31) and (32) are 
' approximate because Cj, c*, ■ ■ ■ were unknown. But after 
higher derivatives become known these coefficients are obtain- 
!, and the approximate values can be corrected, 
he third derivatives of equations (8) are 

(p"'X + 3p"X' + 3p'X" + p\"' = x'" + X'", 
p"'n + 3p'V' + 3pV' + p/i'" = y'" + Y'", 
p"'v + 3p'V + 3pV' + p /" = z'" + Z'". 
left members of these equations involve the four unknowns 
X'", It", and v'", the first and second derivatives having 
1 determined approximately by equations (31), (32), and (44); 
the untmowns are not independent because X, ju, v, and their 
vatives satisfy the relations 
■X' + ^* + ^= 1, 

I XX' + n;i' + yv' = 0, 
' XX" + s,n" + vv" + X" + n'* + c'' = 0, 
.XX'" + n^'" + vv'" + 3(X'X" + y.'y." + y'v") = 0. 
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Consequently if equations (77) are multiplied by X, ii, and t 
respectively and added, the result is 



(78) 



. 3i>'(>''' + /■'■ + »'■) + 3p(X'X" + „V" + »'■■") 
+ d"' + 2"')X + W" + l"")» + (»"' + 
which uniquely defines p'". Then X'", n'", and f"' ape d( 
mined by (77) because x'", y"', z'" are given by (76) and X' 
V", and Z'" can be found from the Ephemeris. 

The quantities X'", /i", and c'' can be computed in a si 
way by taking the derivatives of (77) and reducing by means 
the relations among X, fi, and v. 

129. Improvement of the Values of x, y, z, z', y', ^. Aft 
D, Di, and Dj have been found from (65), (66), (67), and 
equation (48) can be solved, and then x, y, z and their first deriv- 
atives can be determined from (8) and their first derivativa.. 
These results are only approximate because of the errors 
which X, li, », X', fi', and v' are subject, and the problei 
correct them after X'", n'", ■ ■ ■ have been determined. 
It follows from the first equation of (28) that 

c» = iX'", c* = j'jX'', 

Then equations (35) give 

= — iX"'rir)r» — ^X'*riTjr»(Ti + Ti -f Tl) + ' • *, 
ACl = + iX"'(rirj + TiTj + nn) 

+ 1^X"(t, + r,)(T, + t-,)(t, + T,) + 
= - iX"'(ri + r, + r.) 

~ Vt^''('"i' + Ti' + T»' + TiTt + Tjn + rri) + 
and the expression for X becomes 

= Co + Ac» + (c, + Ac,)t + (ci + AcOt* 

+ i^"'T* + AX'V + 
where Co, Cj, and Cj are the approximate values of the coeificients 
of the series which are obtained from (31) and (32) by putting 
T equal to zero. There are corresponding equations for fi and 
With these more nearly correct values of X, X', X", — , the de- 
terminants D, Di, and Dj are computed from (45), ip is determined 
from (48), p and p' from (44), and x, y, z, x', y', z' from (8) ud 
their first derivatives. Then still higher derivatives of X, m r can 



(79) 
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23X 



X computed and atill more nearly exact valuea of X, X', and \" 
letermined, or the elements can be determined from x, y, z, x', 
(, i' by the methods of chap. v. 

There are two principal objections to the method of Laplace. 
)iie is that it is necessar>' to recompute all determinants and 
uudliaries at each stage of the approximation, each of which 
neta a very considerable amount of labor. The other is that 
Jie method depends upon the motion of the observer through the 
iquations by means of which X", Y", and Z" were eliminated 
nm (9). Obviously all that is really fundamental in the problem 
B that C shall have been observed from definite known places 
md that it shall move about the sun in accordance with the law 
>f gravitation. 

130. The Modificatioiis of Harzer and Leuschner. The 

nethod of Laplace for determining orbits has not been found 
fery satisfactory in practice. The reason seems to be that the 
Rmditions that the first and third observations shall be exactly 
satisfied are not directly imposed as they are, for example, in the 
Method of Gauss. To remedy this defect Harzer proposed* the 
plan of so determining x, y, z, x', y', z' by differential corrections, 
ifter their approximate valuea have been found, that the three 
ibservations shall be exactly fulfilled. If more than three obser- 
'ations are under consideration, they cannot in general be exactly 
atisfied, and the adjustments are then made by the method of 
last squares. 

It will be sufficient here to sketch the method of making the dif- 
irential corrections. The right ascensions and declinations are 
xpreased in terms of the coordinates and components of velocity 
Kb by 

pK = Sxa-\-gxa' + X, 

= Syo + gy<>'+Y, 

= /«o + tf«o' + Z, 

hich are obtained by substituting equations (73) in equations (8). 
'he right ascension and declination enter through X, ^, and » of 
juatious (6). The result can be indicated 

LI a = F{xt, yt, Zo, xt, yd, Zit), 
I S = G{xo, I/O, So, Za, i/q', ««'). 
• Attrmumitche Nachrichtm, Noe. 3371-2 {1806). 



_J 







dxa 
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From these equations the variations in a and b, which are the 
known differences between the observations and the approximatA 
theory, are expressed in terms of the variations in a:oj * ■ * ■ zo', wluch 
are required. The relations are 

dF ^ , ,dF . , 

dG ^ , , ac , , 

ay,""" ' azr" ' az,'-" •-d^'^^'' +d^-^'- 

In forming the partial derivatives it must be remembered that 
Xo, ■ • ■, zo' enter through /and g as well as explicitly. When these 
equations are written for three dates they become equal to the 
number ot arbitraries, viz., Axo, • ■ ■, Azo', and consequently dete^ 
mine them uniquely provided the determinant of their coefficienlfl 
is distinct from zero. The circumstances under which it vanishes 
have not been investigated. If there are more than three obae^ 
vations the number of equations exceeds the number of arbitraries 
and the method of least squares is employed. 

When the date of the second observation is taken as the oi^ 
of time and the number of observations is only three, the number 
of equations of condition reduces to four which in general can be 
satisfied by suitably determining Apo, Axo', iyo'. and A«o'- "^ 
is the procedure adopted by Leuschner' to abbreviate the method 
of Harzer. In its sirapli6ed form the method has been found vetj 
convenient in practice and has led to highly satisfactory results. 

II. The Gaussian Method of Dbtbbmimno Orbits. 
131. The Equation for pb. Equations (19) are fundamental in 
the method of Gauss. If the geocentric coordinates are int 
duced by equations (8), equations (19) become 
[2, 3]p,X, - [l,3]p.X2 + Il, 2]pjX, 

= [2, Z]X, - [1, 3]Xj + [1, 2]^. 
[2, 3]pi(ii - 11, 3Wi -f [1, 2Ws 

= [2, SJKi- [l,3]y, + [l,2]y 
[2, 3W, - [1, 3K^! + [1,2W, 

= [2, 3]Z, - [1, 3]Z, + [1, 2]Z 
The left members of these equations are linear in the three ui 
knowns pi, pi, and p». Their solution for pj ia 

• Publicalions of the Lick Observalory. vol. vn., Part 1 (1902). 



(80) 



Itl^ 
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4 = -[2,31[l,3J[l,21 



;"!, w, w --[2,31[l,3I[1.2]i„ 



■ 12, 3|H, 2| 



X„ [2, 31X,-[1, 3]X,+ [1,2)X,, H, 
,„ [2,311'i-|l,3]y,+ |l,2Il',, w 
»„ [2, 31Z, - |1,3|Z, + [1,2]Z., », 
of three determiuatits 
-12, 31[1, 31[1, 21D»+[2, 3I(1,2]'0<», 
Xi, X, 
D'" - m, I'l, w 
Zi, »• 



tterminant Z> is the sl 
D-[2,31'|l,21Di 
Xt, ) 
I'l, 1 
Zi, ' 
X,, 1 

y<. t 

Zi, > 

sequeatly the first equation of (81) becomes 

uppose ti is taken as the origin of time. Then it follows from 
ations (73) that 

Ii = /»a:, + QiXi, yi = /aVi + giyi, Zi = Ss^i + (?»Zi'. 
! expressions for the ratios of triangles then become 

f [2, 3] __ layi - Xiyi ^ + gi 

jl, 3] xiy» - xiyi Jm - f»9i ' 

[1, 2] ^ xiys - xisi ^ - gi 

[1,3] iil/s - isj/i /iffj-/i0i' 

merators and denominators of the expressions for the right 
ibers of these equations are found from (75) to be expansible 
ower series in ti and tj. But in order to simplify (83) it 
yement to let 



ayftnii 
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fjr(l, - I,) = T, - r, - 2t, 



tlS 



where c is in general small compared to r, and will be supposed t 
be of the order of t*. Then the expressions for the ratios ol |j 
triangles become 



[2,3] 




+ F + J"^^ + Tci«<?. 



huQ. 



P= 1 -J-2p« + ~(7w- 15p» + 39)T^+ • 

Q= 1 -^ + |p7-3p. + ^(37w-765p'+lS3?)r' 

where all terms up to the sixth order have been written. The 
quantity u is defined by u = — and p and q are defined in (74). 
On making use of equations (86), equation (83) becomes 



(87) 
where 




X,, Xt. X, 


C 


+ 


X,, X,, X. 


^««:. 


X„ X., 


X. 




K- - 


I 
2 




+ 


**1. I'll c* 
ri, Zi n 


1 

2 


-., z» 


Ml 
'1 


'1 




Xi, X,, X. 




Xi, Xi, Xa 






K,- - 


vt, Zi, c» 
Xi, X„ X. 




<«, n, w 
«„ z., .. 

X„ X., X, 






K,- - 


*Ji. Yu m 


+ 


**iT y», *»i 








• 


, Z,, n 






> 


< Zi, c, 













The right members of the expressions for K, K\, and Kt add 
^ving the simpler expressions 



THE EQUATION FOB Pi 



Ci, 2i — Zi, Ka — Ci I 

Qsider equation (87). The determinant At by which the left 
3er is multipUed is given in terms of the Ui and Si by (66), 
1 appeared in the method of Laplace. It can also be written, 
'operly combining columns, in the form 



K 


X,, 


Xj 




Xi, 


x, + x. 


- 2X 


**ij 


**». 


lil 




/"i- 


til + lit 


-2p 


"i, 


"«, 


c» 




"1. 


"I + »"» 


- 2,'t 



, in, Vi are replaced by the seriea (28), taking t* = 0, the 
d column is of the second order and the third column is of 
rst order in the time-intervals. Therefore Ai is of the third 



ice the left member of (87) is of the third order the right 
ber also must be of the third order. The second column of 
xpression for K, the first equation of (88), is of the second 
, and the third colunm is of the first order. Therefore K is 
e third order. The determinant K^ is of the first order and 
of the second order. The fonner is multiplied by r", which 
the second order, and the latter by «, which is of the third 
In a preliminary determination of an orbit the terms of 
LOrder may be omitted, after which (87) becomes 



i!»°" 

► 



Aipi = X + 



T»ir. 



equation is of the same form as the first of (44), and involvea 
wo unknowns pt and rj. They are expressible in terms of 
gle unknown -p by means of equations (46) affected with the 



H 
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mibecript 2, The resulting equation has exactly the same fonn 
ae (48), and its aolution gives approximat* values of pi and r,. 

132. The Equations for pi and pj. Equations (80) are linear 
in Pi and pj, and these quantities can be determined from anj 
two of the three equations. The two to be used in practice aie 
those for which the determinant of the coefficients of pi and p% ia 
the greatest, for they will best determine these quantities. 

The solution of the first two equations of (80) for pi and pi if 
they are written first in determinant form, and if they are then 
expanded as a sum of determinants, is 



X,, Xa 

I ;*i. w 1 



Xs 



"[2,3] y>, ^,1 + ' 



|1. 31 1 ^'' 
[2.3]L„ 



, mJ"' tl,2]|^., rj [1.2] I;,,, y.l 

^|X.> XA [1,3] 1^1. ^A 

Ui> is I l^' ^H*»i. Wl 

The solution of the first and third equations of (80) differs from this 
only in that the p^ are replaced by the [■>, and the I'i by the Z.\ 
and tiie solution of the second and third equations of (80) can be 
obtained from (89) by changing the X„ tn, Xt, and K* to /i„ »., 
Yi, and Z; respectively. 

After pi, pj, and pi have been computed the correction of the 
time for the time-aberration can be computed. The method was 
explained in Art. 126. 

133. Improvement of ttie Solution. The results so far obtuned 
are only approximate because only the first term of P was retained 
while the term in Q was entirely neglected. Having found an 
approximate solution it is easy to correct it. The values of pi, ps. 
and pi are known, and the corresponding values of r can be found 
at each of the three epochs from 

H = p» + JJ* - 2pfi coa ^, 

which expresses the fact that S, E, and C form triangles at tiit 
dates of the three observations. After ri, r^, and rj have been 
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found the first and second derivatives of r at ( = fj can be found 
by the method of Art. 113. Then equations (74) define p and q 
after which more approximate values of P and Q can be determined. 
134. The Method of Gauss for Computing the Ratios of the 
Tliaogles. Equation (83), which is fundamental in determining 
Pj and fj, involves two ratios of triangles. It follows from (86) 
that they can be written in the form 



(90) 



-i-&. 



Consequently, if the ratios of the triangles can be determined 
Pi and Ps can be found from these equations. One of the im- 
portant features of the method of Gauss is a convenient means of 
determining the ratios of the triangles. In order to apply this 
method it is necessary to find the inclination and node of the orbit 
and the argument of the latitude at the dates of the observations. 
Since the geocentric coordinates are all known after pj, pi, pj 
have been determined, the heliocentric coordinates can be com- 
puted. Suppose ecliptic coordinates are used and that the 




Fig. 37. 

km^tudes and latitudes, as well as the distances, are known 
at d, d, and (j. The inclination is less or greater than 90° according 
it ia greater or less than U. Then it follows from the spherical 
Cifili and CtQ,U that 

rtan i sin ((, — iS) = tan h,, 
Uan i sin (ia — il) = tan fcj. 

But h — Q, = (J.t~ 'i) + C'l — fi); therefore these equations 
become 
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tan {sm(2i — iJ) = 



tan i cos (I, - 



^) 



tan &j, 
tan b) ' 



tan bi COS (h— li) 



1 (/. - U) 
; the quadrant of i b al- 



which determine t and il uniquely sii 
ready known from the sign of I, — h. 

The longitude of C from the node is called the argument of the 
latitude. It foUowa from li^g. 37 that 



COS (li — ft) cos bj = COB u„ (j = ] 

ain (Ij — £i) cos b, = sin u/ cos t, 
sin b, = sin Uj ain t, 



2, 3), 



which uniquely define Ui, uj, and u,. 

Let j4 equal the area of the sector cont^ed between the 
radii rj and rj and the orbit. Then the ratio of the area of the 
sector to the area of the triangle contwned between ri and r» is 



(93) 



[n, r,] 



-1 Tt sin (mj - Ui) ' 



where p now represents the parameter of the conic, Suppoeo the 
corresponding ratios for d — U and (j - (» have been found; then 
the ratios of the triangles ore known. The method of Gaua 
depends upon the determination of these ratios. Bach of these 
quantities is defined by two simultaneous equations in two un- 
known quantities. 

135. The First Equation of Gauss. The polar equation of the 
conic gives 

— = 1 + e cos «!, 



whence 
(94) 



rirt 



— = 1 + c cos Vt; 
= 2 + c(co8 fi + cos Hi) 



= 2 + 2eco,(^)c»(!l^). 



Since Vt — Vi — Ut — Ui is known, the only unknown in the right 
member of this equation is e cos I -^—^ — - I , which will now be 
eliminated. Prom the equations of Art. 98 it follows that 



^»l 
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f IT "i rri ^ ^1 

Vricoa 2" = VflCl - e) coa ^-t 

■tf^ ain ^ = Va(l + e) ain ~ , 

Vi"( COS ^ = Va(l - e) cos y , 

-^ ran ^ = Va(l + e) sin ~ . 



Prom these equations it is found that 

^r,r. cos [^^) = acos [-~o~ ) " ««cos (^^g" j ' 
Vrir,C08^^^j=flcO3^— 2— j-aecos(^— 2 j. 

On elimiDating e cob ( — ^-^ — ■' J and solving for c cos I -^-^ — ' 1 , 






it is found that 

/ti + g.' 



I a consequence of this equation (94) reduces to 



P=- 



n + r, - 2 Vr, rj cos I — ^ — ) cos ( ^ ) 

On eliuunaUog p from this equation and (93) the equation 

*■((,-(,)■ sec" (!i^) 

^°°' '■"2,.„{„+„-2V?:^co,(!i^')co.(^l^ 

obtained. In order to simplify it let 

" fi — fi = u> — Ui = 2/, 

Et-Et - 2j, 

fed. - li) 



am 



(2-*r?.K«/)i' 

ri + r, 1 

"4V?:7,cos/ 2' 
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Then the expressioD for ij' reduces to 

in which jj and g are the unknoHiis. This is the first equation in 
the method of Gauss. 

136. The Second Equation of Gauss. An independent equation 
involving i; and g will now be derived. It will be made to 
depend upon Kepler's equation, thus insuring its independence 
of (98) which was derived without reference to Kepler's equation. 
The first equations are 



Ml 
Ml 


«1, - Tj 


i(f. - T) 



= E, - 



e eric Ei, 



' = Et~ esia Bt; 
■ ^, = 2ff - 2e sm fl cos ( ^ j . 

The quantities a and e cos f — ^-^ — ' 1 must be eliminated in order 

to reduce this equation to the required type. On making use of 
the first equation following (95), it is found that 



-1^,, 



sin g cos /. 



^~2g-Bm2g + 2 
It remuns to eliminate a. By Art. 98 
■ 1 - e COS ff 1, 



= 2 — 2eco8ffcos( —^-5 — - 1 . 

On eliminating e cos ( -^-5 — ^ 1 by the first equation following 
(95) this equation becomee 

1 2 an* g 

** Ti + n — 2Vriri cosg cos/ 



I37i 



SOLUTION OF EQUATIONS (M) AND (101), 



which becomes as a consequence of the expression for i]' 
nnm 1 _ / 2i sin > cos A ■ 

*"*" Z-\ kit, -I,) ) ""■ 

On eliminating a between (99) and (100), it ia found that 
jL - :L - 2g - sin 2g 



(101) 



sin' g 



There are similar 



which is the second equation in it and g. 
equations for the time-intervals t^ — fi and (3 — fg. 

J37. Solution of (98) and (101). It follows from the definition 
of 1 that it is positive if the heliocentric motion in the orbit is 
less than 180° in the interval t% — d. It will be supposed in what 
follows that the observations are so close together that this con- 
dition is fulfilled. 

Let 

■ iC — 



(102) 



2g - Bin2g 



= X. 



sm'jj 
8) and (101) and making use of (102), 



On eliminating ij from ( 
it is found that 

(103) m={l + x)i + X(l + x)*. 

The quantity X must now be expressed in terms of x, after which 
(103) will involve this quantity alone as an unknown. This will 
be done by first expressing X in terms of g, and then g in terms of x. 
The following are well-known expansions of the trigonometrical 
functions: 

I8in2ff = 2g-fe' + ^*- ^^9' + tAsA' - - ■ •, 

I an* 9 = ff» - is» + T^Afl' - T^iTff' + ■ • • ; 
whence 



(104) X = 



♦ - -Aff' + thg* - tAb9* + • 



= tCi + Aff' + ,VBff* + THirff' + ■•■). 

From the first of (102) it follows that 

■ff = 2 8in-'(x') = 2x* + ixt + ^xt + -^ + 

^= 6ij^ + Qix* + ■•■. 
17 
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Tbeo (104) becomes 



"![■ 



.6 .6-S_,.6-»-10.^ 



Let 

If \g is a small quantity of the Brat order, x b of the second i 
und £ is of the fourth order. 
Frona (98) it is found that 

(106) * = 5-'- 

Lot 
(107) 



"j + i + f 



then (101) may be written 



yt 



from which it is found that 
(108) ^_^_A,-^ = 0. f 

If £ were known h would be determined by (107) and ij by (108). j 
which has but one real poative root. In the first approximator 
compute k assuming that the small quantity f is zero; then find t- 
real positive root of (108). Or, instead of computing the rot' 
use may be made of tlie tables which have been constructed b; 
Gauss, giving the real positive values of tj for values of h ranging 
from to O.6.' The value of x is then computed by (106) and the 
value of I by (105). t With this value of f, A, and ij are recomputed, 
and the process is repeated until the desired degree of precision 
is attained. Experience has shown that this method of computing 

'This tobk 19 Xlll. in Watson's TttKmliaii Aitnmimt, and VOL in 
Oppoliar'a Ba\nbtst\mmung. 

t Tlw Talue ol { with argumeiit z is given in Watson's Theortlieal A 
IWe XTV., and in OppoUer's BahjibetHmmung, Table IX. 




138] DETERUINATION OF THE ELBHENT8 fl, e, AND U. 243 

the ratio of the sector to the triangle converges very rapidly, even 
when the time-interval is considerable. 

The species of conic section is decided at this point, the orbit 
being an ellipse, parabola, or hyperbola according as x b positive, 

zero, or negative; for, z = sin* ^ = sin' j {Et — Et), and Et and 

Ei are real in ellipses, zero in parabolas, and imaginary in hyper- 
bolas. 

Gauss hae introduced a transformation which facilitates the 
computation of I which was defined in the last equation of (97).} 
Let 



^ = 



tan (45" + u'), 0" ^ w' 5 45"; 

whence 

vSr ■ >^+>^ - '"' <*'° + "'' + "'■ <*'° + ' 

or 

*"' Jl?"* = 2 -1- 4 tan* 2u'. 
■vriri 

Then the last equation of (97) becomes 

ain*^+ tan* 2m' 



I 



cos/ 



136. Detennination of the Elements a, e, and u. After g has 
been found by the method of Art. 137 it is easy to obtain the ele- 
ments a, e, and to. The major semi-axia a is defined by the last 
equation on page 240, or by the preceding equation for the longer 
time-interval ti — d, 

ri + ri — 2 Vrirj cos g cos / 

o = „ ■ . 

2 sm* j; 



(109) 

The parameter of the orbit p is determined by equation (93). 



(110) p =• a(l - O or p = a(^ - 1) 

according as the orbit is an ellipse or hyperbola, e is determined 
when a and p are known. 

If the angle v is computed from the perihelion point it is related 
to the heliocentric distances and e and p by the polar equation of 
the conic, 

t Theoria Motxa, Art. 86. 



J 




BBCOND KBTHOD OF DETBBIONIKQ a, 



(Ul) 



(i = 1, 2, 3). 



1 + e C08 Vi 

Either of these equations determines a value of v since r is known 
at d, ti, and tt, and then u is determined by 

(112) <^ = Ui-Vi. 

139. Second Method of Determining a, e, and u. The method 
of Gauss depends upon the compHcateti formulas of Arts. 135 and 
136. If the higher terms of P and Q, equations (86), give suf- 
ficiently accurate values of the ratios of the triangles, there is 
another method ' which is simpler and especially advantageotu 
when the intervals between the observations are not very great. 
The data which will be used in the solution are r,, m; r,, Uj; rj, Ut, 
the heliocentric coordinates at (j, (., and ta. 

The elements i and iJ can be computed by equations (91), 
which are valid for any orbit. The difficulties all arise in Ending 
a, e, u. Let the parameter p be adopted as an element in place 
of the major semi-axis a. It is more convenient in that it does nol 
become infinite when e equals unity, and it is involved alone in 
the equation of areas, 

k ^dl = Hdu = rtiu. 

The integral of this equation is 

(113) jfc^^(i. -d) = Pr'du. 

If f* were expressed in terms of u the integral in the right member 
could be found, when the value of p would be given. It will he 
shown from the knowledge of the value of t" when u = ui, Ui, ui^ 
viz., H = ri', fi*, rj*, that r* can be expressed in terms of u with 
sufficient accuracy to give a very close approximation to tbi 
value of p. 

For values of u not too remote from ui the function r* can be 
expanded in a converging series of the form 

(114) r' = r,' -i- ci(u - Ut) + Cs{u ~ u,)' + Cj{u - Uj)* + • ■ ■- 
In an unknown orbit the coeflScients of the aeries (IH) ue 

unknown, but it will now be shown how a sufficient number io 
define p with the desired degree of accuracy can be easily foumi. 
By hypothesis, the radii and arguments of latitude are known it 
the epochs d, (,, and d. Hence (114) becomes at d and 1% 

R. MoulUm: The AttronomiciU Journal, vol. XXii., No. 510 (1901). 
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(115) ■ 



= rj* + cifu, - u») + ca{ui — «»)' 

+ Cj(mi - Wi)* + CiiUi - 
= ri» + ciiuz - «,) + CjCus - ui)' 

+ Ci(Ui - U2)' + C4(uj - 

For abbreviation let 



Us)*+ • 



,(116) 



= "i - "1, 



K> «1 = CiCWi - Ui)* + c*Cui 

^^ I <l = Cj(u» — Uj)* + £*{«, 

Then equations (115) can be written 

{— ciffi + ciffi* = Ti* — ; 
+ CUT, + Cjffi' = T)' — i 

On solving for Ci and Ct, it is found that 

_ - (ri* - ei)iTi' + (ra' - «3)ga= 



. Cri' ■ 



*,)'ri 






(117) 



cur JO'S 
and, on substituting the values of <i and ci, 

— Ciffiffi — CjffiffiCffi — ff|) — • • ', 

— Ci((7i — ffj) + Ci(3(r]{>i — Oj*) — - ■ ■. 

Having obtained these expressions for the coefficients of the 

second and third terms of (114), let this series be substituted for 

r" in (1 13) and the result integrated. On making use of (116), it is 

easily found that 



U^^((i-(i) = r,VH 







SECOND METHOD OF DBTERUININO O, C, AND a 

On subsUtuting the values of Ci and Ci^ven in (117), thiscquslioa 
becomes 

- '"'''"* . fiVi , 

- |4{<r» - ffO* + "iffit- ■'■ 

If the second observation divides the whole interval into Wo 
nearly equal parts, as generally will be the case in practice, d 
and 7t will be nearly equal. Let 

(Ti — ffi = t, and ffi ■+■ ff» = ot't 
whence 



where c b in general a very small quantity. On substituting 
these expressions in the last terms of (118) this equation becomw 



k-<SpiU 



- h) - B — - + ^ — K^"* - 



12 



120'"'^''**" 



15^) - 



It is found in a similar way on integrating between the liiniK 
corresponding to tt and U that 

. rt'ff»(3ffi + ff.) ^ r.ViQffi + 2ff.) 



(120) 



k ^it, -(,) = ' 



fiffjin 



+ '^{2<r. + ,..) 



12 



- Sffiff* — 4ffi*) + • 



For the intervals of time which are used in determining ao 

orbit these series converge very rapidly, and an approximate value 

bicb is generally as accurate as is desired, can be obtuned 



SECOND METHOD OF DETSRMININO A, 



ZO 



ly taking only the first three terms' in the right member of (119). 
Jy considering equations (119) and (120) simultaneously and 
leglecting terms in c» and of higher order, it is possible to deter- 
nine both p and c». But not much increase in accuracy is ob- 
ained because the term in cj in (119) is multiplied by the small 
(uaattty «, while that in c* does not carry this factor. Suppose 
he value of p has been computed; it will be shown how « and s 
an be found. 
The polar equation of the conic gives 



(12!) 



e cos (ui — u) ' 



Jow U| — ii) = (u» — U|) + (ui — ti)). On substituting this ex- 
►resaion for ui — « in the second equation of (121), expanding, 
■nd reducing by the first, it is found that 



(122) 



e ein (ui — u) 
e cos (uj — ill) 



^ rt(p - ri) cos (it, - ui) - ri(p - n) 
riri3in(us - Ui) ' 



Since e is positive these equations define e and ti> uniquely. When 
» and e are known, a is defined by p = a(l — e*) or p = a{^ — 1) 
iccording as the orbit is an ellipse or an hyperbola. 

If the elements a, e, and oj have not been found with sufficient 
ipproximation it is now possible to correct them. It foilowe from 
;n4) that 

' 6 aw," ' "^^ 24 3ut* ' 
ind since 



" [1 + C COS (u 



<-)!" 



t is found that 

' For conditions and rapidity of convergence see the original paper in the 
IWrotunnica? Journal, No. 510. It is shown there thai, the elements of asteroid 
'ifaita will be given by the first three terms of (119) correct to the sixth decimal 
Jiw if the whole bterval covered by the observations is not more than 
Odays, and in the case of comete' orbita, if the interval is not more than 10 
»yt. When the two corrective terms defined by (123) are added the corre- 
HDdiDg intervals are 100 days and 20 days. 



COUPUTATION OF THE TIHB OF PERIHELION PASSAGE. [IW 

— e ain (u — tij) 3c* ein {u — w) coe (u - u) 



(123) 



p* 311 + e C08 (« - «)!' 



' 12[1 + e cos (w - w)i* 

, 36^ C08^ (u — u) 

■^4[l + eco8Cu-w)]*' 



[1 + e COB (u - »)!' 
4^ sin' (u — «) 
"'"(1 + c cos (u - u)!' 
c* ain' (u — a) 
■ [I + e cos (u - ^)Y 
Oe'sin' (u — ta) cos (h -« 



[1 + e cos (u — «)i' 
5e* sin* (« - m) 
[1 + C cos (u - a]]*' 

With the values of Cj and c* computed from these equations the 
higher terms of (119) can be added, thus determining a mors 
accurate value of p, after which e and m can be recomputed i? 
(122). Besides being very brief this method has the advantage of 
being the same for all conies. 

140. Computation of the Time of Perihelion Passage. The 
methods of computing the time of perihelion passage depend upon 
whether the body moves in a parabola, eUipse, or hyperbola, and 
are based on the formulas of chap, v. 

Parabolic Case. Equation (32), of chap, v., is 



(124) 



k(l-T)- 



V2g![ 



"'2 + 3"^"2j' 

and Ml, Ml, and u, are known, 



where 2? = p. Si 
this equation determines T. 
Elliptic Case. The first two equations of (49), chap. 



(126) 



cosE ■■ 



1 + e cos V 
e + cos V 



1 + e cos V ' 

which uniquely define E. Then Kepler's equation 

(126) M '^nit-T) = E-esinE 

determines T by using v and the corresponding E at U, t^, or l| 
Hyperbolic Case. The quantity F is defined by 



(127) 



tanh7 



= >t 



« + i 



«) 



DIRECT DERIVATION OF EQUATIONB. 

rhich T ia given by 

i + m , , 



a* 



••(t-T)- 



■ F + e Binh F. 



L. Direct Derivation of Equations Defining Orbits. The 

)n of an observed body must satisfy botti geometrical and 
uucal conditions. Altogether the simplest mode of pro- 
■e is to write out at once these conditions. They will involve 
tly or indirectly many of the equations of the methods of 
ice and Gauss, for these methods both rest in the end on the 
tials of the problem. 

t the notation of Art. Ill be adopted. Think of the sun as 
rigin. Then obviously the a:-co6rdinate of C equals the 
rdinate of the observer plus the i-coordiuate of C with respect 
e observer. Similar equations are of course true in the two 
coordinates. These relations are explicitly 

- \ip, + Xi= - Xi, (t = 1, 2, 3), 
19) ■ - i^iPi + yi= ~ Yi, 

.- "ifii + Z( = - Zi. 

i equations are subject to no errors of parallax because the 
inates of the observer have been used. Moreover, they 
in all the geometrical relations which exist among the bodies 
and C at U, {,, and U. 

e next condition to be applied is that C shall move about S 
ding to the law of gravitation. This is equivalent to stating 
ts coordinates can be developed in series of the form of (73). 
aking use of this notation, equations (129) become 



L 



- \ipi + f\Xo + ffilo 


= -Xu 


- XiPi + Ma + ffiTo 


= -x., 


— Xip» + fixt + gtxii 


= -X.; 


~ MiPi + /iVo + ffiVo 


= -i'i, 


— t^tfit + fiVo + g-tVa 


= -K„ 


- ttm + fiVa + gtya 


= - y>; 


— I'lPl + /l2o + fflZo 


= -Zi, 


- ytPt + M + g^o 


= -Zi, 


- VtPt + /»So + fl^o 


= -z,. 
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If the date of the aecond observation is taken as the origin of 
time, as is convenient in practice, /i = 1 and gi = 0. 

E^juationa (130) contain fully the geometrical and dynamic^ 
conditions of the problem and are valid for all classes of cooics 
Since they are only the necessary conditions no artificial diffi- 
culties or exceptional cases have been introduced; and if Id a 
special case they should fail no other mode of approach could 
succeed. 

The right members of equations (130) are entirely known; the 
unknowns in the left members are pi, pr, pt, xo, x<,', yo, yn', eo, «"! 
fo'. That is, the number of unknowns exactly equals the nuaber 
of equations. The quantities pi, p%, and p% enter linearly, but 
Xo, ■ • -, in' occur not only expUcitly but also in the higher tenas 
of the/( and the gt. The solution of (130) for pi, pj, and pj ia 





iWi 


= +^.-<^ 


S. 9. 


(131) 


Atpt 


- fl« 


B, + B,+^ 


Si 


/iSs - /»?i 


fi9i-/iSi 




A„..-»'c, + '''»'--f*'c. + c., 


lere 




X:i Xii Xi 




X., X„ 




A, = 


PI. M»» W 


, ^- 


n », 


(132) 




Xi, X,, X. 




Xi, X,, 




B.- 


-i, z., •■. 


, c, - 


Pl> /ill 

Vl, CI, 



y, 

In order to complete the discussion the coefficients of the dettf- 
minants in the right members of these equations must be developed, 
as they were in (86) ; and since Ai is of the third order, terms of 
the right member of the third order must be retained even in the 
first approximation. When applied to the second of (131), this 
leads to an equation of the form of the first of (44). The detub 
of this and the completion of the solution of equations (130) will 
be called out in the questions which follow Art. 142. 

142. Formulas for Computing an Approziinate Orbit. Forcon' 
venience in use the formulas for the computation of an approii- 
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mate orbit are collected here in the order in which they are used. 
The numbers attached are those occurring in the text. 

Preparathn of the data. The observed right ascensions and 
declinations, ao and in, are corrected for precession, aberration, 
etc., by 

■ 15/- ffsin (G + ao) tan So — ft sin (H + ao) sec So, 
- i cos io — ff cos (G + ao) — ft cos (// + ao) sin S> 
The direction cosines are given by 

I = cos SjCOBa,, (j = 1, 2, 3), 
i = cos tj sin a„ 
J = sin Sf. 

The Method of Laplace. Take to = ft unless the intervals 
between the successive obaervatiouB are very unequal, when 
'« = K'l -i-'i+'i). It will be supposed that io = (i- Suppose X, 
^, and Z are tabulated in the Ephemeris for t„, tt, tr viheie tt is 
near to. Then compute X, Y, and Z at to from formulas of the 
type* 

. (to - toXt. - t.) , , (io - l.)(<o - O y. 



(4) 



(8) 



X- 



(31) 



(26) 
(67) 



(64,66) 



(I.- 



t.)(i.-W 

(lo-t.)(to 



^(l.-f.)(l. 

J;(t, - t.) - , 
P riri(T. - 



D. 



(t, -(.)(!. -O' 



C; - 1, 2, 3; r, - 0). 



(67) 

I 



Xi, 


X., 


X 




X., 


X., X 


/^I, 


Ml, 


Y 




I^i> 


M, 1- 


n, 


I't, 


Z 




"*> 


'., z 


K 


il, 


X 


X>, 


X,, X 


Kl. 


/i». 


Y 


, 2r, 
+ -p- Ml, 


«, >- 


'I, 


"t. 


Z 




u„ 


.., z 



SB) D. .+^ 



•ThcBe equations are very simple because f., It. and 1. differ by interrale of 
« dav. but t.here are other melbods of interpolation which elk even ivm^u. 
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(M) 


B COB ^ - XX + Kji + Z>, (0 < ^ S ») 






iV 8ia m = ft ain ^, 


(47) 




JV cos m = ff coe ^ — jr^ , 

M ™«"™.*>0. 


(48) 


Bin* V = 3/ sin (v> + wi). 


(46) 


r 


-)I^"*, , b"^» + ''. 

Bin*)' 8inp 



(44) 



2DLB" t»J 



(8) I - pX - JT, J - w - K, z- pr-Z 
Compute X', /I'r i*' from equatioos of the type 
- (r. + r,)\, (r. + rJX, 



X'- 



(32) 



(rt -~ Ti)(ri - T)) (r» - T,)(r» — ti) 
(ri + r.)X, 



(rt - ri) (t, - Tt) 

Compute y, K', and Z' from equations of the type 



(l.-l.){l.-«''- 
a;' = p'\ + pX' — X', 



a' = pV + p/ - Z'. 



At this point the corractioa for the time aberration may !*■ 
made by equations (70), and the approximate values of x, ! 
x', y', and z' may be improved by the methods of Arts. 128 ai 
129; or, the elements may be computed at once from the formull 
given in chap. v. The formulas for the determination ot the 
elements will be given and the numbers of the equations refer tn 
chap. V 

The integrals of areas in the equator system are 
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;io) 



( xy' — yx' ^ 61, 
yz' — zy' = bty 
zz' ^ xz' — 63. 



€ represents the obliquity of the ecliptic, the corresponding 
istants in the ecliptic system are 

Qi = 61 cos € — 6$ sin €| 

as = bi sin € + bs COB ^ 
I i and A are defined by (chap, v.) 

Oi = Voi* + a«* + a»* cos i, 
15 ) - at = ^ Vai* + a«* + a»* sin i sin ii, 

. oa = =F Vai* + a^ + a»* sin t cos £i. 
e major axis and parameter are defined by 



24) 



x'' + y'* + 2' 



-0-9- 



22) t*p = Jfc«a(l - e*) = ai» + a«* + af. 

Follows from Fig. 37, p. 237, that 



sin i sin u = sin b = -, 

r 

COS! sin u = cosbsin (Z — ii) =-cos A sin £i, 

r T 

cosu = cosbcoB(Z— ii) = -sin £i + -cos £2| 

r r 



ich define u. The angle v is given by 



r = 



1 + e cosr' 



« = u — r. 



f the orbit is a parabola, T is defined by 



32) 



k{t 



.T) = ipi[tan| + |tan»5]. 
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If the orbit is ao ellipse, E, n, and T are defined by 
(50) tanf - 



(30) 

(42) n(l - T) =- E - 

The correepondjng equations for hyperbolic orbits ara 

(73) a + r = (W cosh F, 

(74) nil- T) = - F + e sinh F. 

The Method of Gauss. The observed data are corrected by (^ 
and the direction cosines are given by (6). The coordinates of tl 
sun at tl, tt, and ti can tie computed from equations of the type 



(I. - UW, - 



- W((. - u 
, (i. -t.)(t, 



O, . (i. - i.)(ii - o ^ 
• "^ "■ - i.)(i. - o ' 



(4- 

■w. 



where X., Xi, Xc are taken from the Ephemeris and it, is the t 
nearest to ti for wiiich X is given. Then 



X, + X,-2Z,, X, 

y, + K, - zr,, „ 

Zi + 7,,- 2Z„ ., 

X, + x„ 
^l + I'll 
z. + z., 

On neglecting the last term of (87), which is very small, i 
comparing the result with the first of (44), it is seen that 1 
expUcit formulas for determining ri and pg are 



(46) 



K, cos *, - jr,X, + Ym + Z.v,, (0 < *, S t). 
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[ N fonm = Rt sin ^t, 



(47) 



J N cos m = fli COS ^j — -r- 
4Aifl' sin' ^ 



M = 



>0. 






an* p = M Sin iv -^ ">)• 
Vi» sin ^t 
sin V ' 
^ ^ Bin (<{'i + p) 
* sin p 
Then pi and pi are given by 

I 111, *. I _ I -Vi, X, I _ [1,31 I X,, X, I 
Ui, wl" I Ki, P.I |2,3l| Y,, h\ 

\lj_2]\X,, X,| UjJlIX,, X,| 

■^12, 3] I Y,, m\ " [2, 31 1 p., P,|' 
|X„ X, I [2, 3| I Xi, J, I |l,3] |Xi, X,| 

I P., P.r' ll,2l|p„ Y,\ (1, 2l|p„ y,| 

|X„ A-,| [1^|X„ X,| 

"^Ui. !'.r''M2,3l|p„ p,r 
(or by fonnulas obtained from these by cyclical permutation of 
the letters X, p, v and X, Y, Z), where 



(85) 
and 



(88) 



26 - T, + T„ 



M 


1 


l + T, + ¥? 


[1,21 
12,3] 


-;+^ 


-^^' 


[2,3] 
[1,2] 


^-i-6 


-7-^2^: 


[1,31 
[1,2] 


1 


1 . , ,» 
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r Zy = PjX, - Xi, 



0' = 1, 2, 3), 



At this point the correction for the time aberration may be 
made; the first two derivatives of fj* may be computed from the 
values T^, T^, and r»* by applying the formuJas (32) to this case; 
p and q may be computed from (74) and more approximate 
values of P and Q may be determined from (86); and then the 
computation may be repeated beginning with equations (46); 
or, the method of Gauss of Art. 134 may be used to improve Ihe 
accuracy of the expressions for the ratios of the triangles; or, the 
elements may be computed without further approximation of Ibe 
intermediate quantities. The formulae for the computation of 
the elements will be given. Let the rectangidar coordinates in 
the ecliptic system be *i, y,, f„ and the obliquity of the ecliptic t, 
which will not be confused with the t defined in (85). Theo 









i, = Xi, U = 1- 2, 3), 






■ 


Si = + I/f COS « -(- z,- sm e, 








Sj = — y,- sin « + z/ cos «. 






■Ai, + Bj/, + Cz, =0, 


(17) 




Af, + Si/, + Cf, = 0, 


from which 




.Ax, + Bp. + C5, = 0, 


A 


:B 


c -\y^' ^' 1 ■ 1 ^^ ^' 1 ■ 1 *" 5' 1 


Then, from 
chap. T., 


equ£ 


ti 


na corresponding to (11), (14), and (IS) d 
cnni ^ 




°" ^A' + P+C- 


(15) 




Bl 


n «1 ain i ^ ^ 


V^'+B' + C' 








»fiBi„,- '<^ i 




"«»■"• VX- + B- + C-' 1 



which define £i and i. 

It follows from Fig. 37 that the arguments of the latitude 
defined by 



atitude ad 




defines p. 



define e and u. Hence a can be determined from p and e. 
Since u, = u,- — w (j = li 2, 3), the time of perihelion i 
is determined precisely as in the method of Laplace by equations 
(of chap. V.) (32), [(50), (30), (42)], [(73), (74)] in the parabolic, 
elliptic, and hyperbolic cases respectively, 



XVn. PROBLEMS. 

1. Take three obaervatione of an aiiileroi<l not separated from one another 
by more than 15 days, or three of a comet not separated from one another by 
Qiore than 6 days, and compute the elements of the orbit by both the method 
o( Laplace and also that of Gauss. 

2. Prove that the apparent motion of C cannot be pennanently along a 
great circle UDleea it moves in the plane of the ecliptic. 

3. Apply formulas (31) and (32) on a definite cloaed function, as for ex- 
ample X ^ mnt. 

i. By means of the equation 

r* = fl» + ^-2flrco6if 
eliiiuiiat« p from the first equation of (44) and diacius the result by the methods 
of the Theory of Algebraic Equations, and show that the solutions agree 
qualitatively with those obtained m Art. 119. 

5. Discuss the determinants D, Di, and D, when there are four obBervationa. 

6. Express Ai when there are three observations in terms of the at and the it 
io sucb a manner that the fact it is of the third order will be explicitly exhibited. 
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7, Develop the explicit formulas, UHJng the X,, u,, and n and tbe dete 
nant notation, for the differential corrections of the method of Honer ud 
LeuBchner. 

S. Give a geometrical interpretation of the vanishing of the coeffidcnii 
of Pi and pi in equatiooB (89). 

8. Suppose three pomtiona of C are known aa in Art. 139. 9iow (■} d 
the three equations 

(i = l,2,3), 



1 -i 



8(Ui- 



0,). 



define p, t, and u without uong the intervals of time in which the ara 
deacribed; (b) write out the explicit formulas for romputing p, «, m 
(c) compare their length with that of (118) and (122); ajid (d) show thatpir 
not well determined aa it depends upon ratios of small quoatities of the tl 

10. Suppose /i = l,gt = and regard (130) as linear equations in pi, MM 
In, Xi'i vt, y,', z„, zt'. Show that the determinant of the coeffidenU H 

i = - SiB'UiO' - fm) Ml. Mil M. . 



1 1 , Show that on using the expannons of equations (86) the second equt" 
tion of (131) becomes (87). 

12. Having found pt from the equation corresponding to (87), and pi and « 
from (131), show that Xt, Xa, yo, y^', tt. it can be determined from equalioM 
(130). (Then the elements con be determined aa in the Laplocian Methol.) 



mSTORICAL SKETCH AND BIBUOGRAPHY. 

The first method of finding the orbit of a body (comet moving in a pa(^ 
ola) from three observations was devised by Newton, and is given in 
Principia, Book in.. Prop. xli. The solution depends upon a graphiotl coo- 
struction, which, by successive appraximations, leads to the elements. Om 
of the earliest applications of the method was by Halley to the comet wtlial 
has since borne his name. Newton seems to have hod trouble witli (Iv 
problem of determining orbits, for he said, " This being a problem of toT 
great difficulty, I tried many methods of resolving it." Newton's sucoi 
basing his discussion on (he fundamental elements of the problem wM htlj 
expl^ned by I.aplace in his memoir on the subject 

The first complete solution which did not depend upon a graphical COB* 
struclion mas given by Euler in 1744 in his Thforia Moluum PlaneUtnm^ 
Comclaruni. .Some important advances were made by Lambert in 1781. 
Up to this time the melhods were for the most part based upon one o 
other of two Bsaumptiona, which arc only approximately true, vis., tbsl i" 
the interval t, — U the observed body describes a straight line with uni 
speed, or that the radius nt the time of the second observation dividea 1^ 
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rhord joiiung the end poHit.ions inln segraenls which are proporlinnftl to Ihp 
intCTvab between the nhservations. In attempting to improve on the Hcnond 
of tirae assumptions Lambert mtule the iliBcovery of ihe relation among the 
ndii, chord, time-iDt«rva], and major axie mentioned in Ait. 62. He later 
Duuie the det«rminatton depend upon the curvature of liie apparent orbit, 
wbich IB cloeely related to the determinant Aj, and in this direction approached 
the beat modem methods. He had an unusual grasp of the phyaica and 
gmtietry of the problem, and really anticipated many of the ideas which 
were carried out by his auccesaors in better and more convenient ways. 

Lagrange wrote three memoirs on the theory of orbits, two in 1778 and 
twein 1783. They are printed togetherin his collected works, vol. iv., pp. 439- 
632. As one would expect, with Lagrange came generality, precision, and 
tnaihematical elegance. He determined the geocentric distance of C at the 
time of the second obeervat.ion by an equation of the ei^tb degree, which 
ia nothing else than (87) with r, eliminated by means of the equation which 
vxpreasee the fact that S, B, and C form a triangle at tt. He developed the 
expressions for the heliocentric coordinates as power aeries in the time-intervals 
[eqa, (73)], and laid the foundation for the development of expresttions for 
iniermecUate elements in power series. These developments have been com- 
Cileted and put in form For numerical applications by Charlier, Meddelande 
fran Lunda Ailrtmomiaka Obstrroforium, No. 48. The original work of 
Lipiuige was not put in a form adapted to the needs of the computer, and 
lias not been used in practice. 

In 1780 Laplace published an entirely new method in Mfmoiree de I'Acad- 
*mU Boyale dea Science* de Paris (Collected Works, vol. x., pp. 93-146). This 
BKthod, the fundamental ideas of which have been given in this chapter, has 
Iwn the basis for a great deal of lat^r work. Among tie developmenia in 
Uua line may be mentioned a memoir by Villarceau {AmiaUa de VObserva- 
<Krs de Faria, vol, in.), the work of Harzer (Aslronomische Nackricklm, vol. 
141), and its amplification by Leuachner (Publitatums of the Lick Obaerva- 
■b^, vol. VII,, Part i,). The approximations beyond the first are not eon- 
^pnientty carried out in the original method of Laplace, but the method of 
cfifferential corrections devised by Haraer and simplified by Leuschner has 
iwoved very satisfactory in practice. 

Olbers published his classical AbhandlKris il6er die leiehUgte und bapietntlt 
Xtthode, die Bahn einet Kometen zu berechnen, in 1797. This method has not 
lieea surpassed for computing parabolic orbits and is in very general use even 
ml the present time. It is given in nearly every treatise on the theory of 
determining orbits. 

The discovery of Ceres in 1801 and its loss after having been observed only 
a iliort time drew the attention of a brilhant young German mathematician, 
Causa, to the problem of determining the elements of the orbit of a heavenly 
body from obaervationa made from the earth. The problem was quiekly 
•olved, and an application of the method led to the recovery of Cere^. Gauss 
elaborated and perfected his work, and in 1S09 brought it out in his Thcoria 
Jtolut CorpoTwn Coelealiuin. This work, written by a man at once a master 
nf mathematics and highly skilled as a computer, is so filled with valuable 
SdcBS and is so exhaustive that it remains a classic treatise on the subject to 
this day. The later treatises all are under the greatest obligations to the woric 



CHAPTER VII. 

IB GBHERAL INTEGRALS OF THB PBOBLEH OF n BODIES. 

43. The Differential Equations of Motion. Suppose the 
lies are homogeneous in spherical layers; then they will attract 
h other as though their masses were at their centers. Let mi, 

- - ■ , Mb represent their masses. Let the coordinates of ntj 
■rred to a fixed system of axes be Xi, j/i, Zi{i = 1, ■■ •, n). Let 

represent the distance between the centers of m, and m^. 

k' represent a constant depending upon the units employed. 
3n the components of force on wi; parallel to the i-axis are 

J^miVit (xi — Xi) A*mimB {xi — i,) 



t the total force is their sum. 



Therefore 



there are corresponding equations in y and 2. 
"here are similar equations for each body, and the whole system 
quBtions is 






"1? 






("- 


1) 




1 


^ 








mi- 



{i = i, 



, n; j + i). 



ih of these equations involves all of the 3n variables x^, j/i, 
, Zi, and the system must, therefore, be solved simultaneously. 
;re are Sn equations each of the second order, so that the 
bletn is of order 6n. 

i)quatioiiB (1) can be put in a simple and elegant form by the 
^>duction of the potential function, which in this problem will 
denoted by U instead of V. The constant A" will be included 
the potential. In chap, iv the potential, V, was defined by 
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the integral F = I — . In this case the system is compoeed 
J p 

discrete masses, and the potential is 



(2) t^ = i^gg7^. (t+i)- 

The partial derivative of 17 with respect to Zj is 






\ 



and there are similar equations in ^i and Zt . Therefore equations 
(1) can be written in the form 



■de 



" dy, ' 

dU 
' 8Zi ' 



• 1, 



. n). 



1 



144. The Six Integrals of the Motion of the Center of Mass. 

The function (7 is independent of the choice of the coordinate 
axes since it depends upon the mutual distances of the bodies 
alone. Therefore, if the origin is displaced parallel to the j-a: 
in the negative direction through a distance a, the i-coordinate I 
of every body will be increased by the quantity a, but the potenti*) I 
function will not be changed. Let the fact that [/ is a fundioa | 
of all the 3;-coordinatea be indicated by writing 

U = Uix„x„ ■■■, X,). 

After the origin is displaced the x-codrdioates become 

z/ = Xi + a, (i = 1, ■■■, n). 

The partial derivative of U with respect to a is 



da dxi da dxt da 



dXn da ' 



,^. 



, dU 



But -T^ = 1, (i = 1, ■■■, n), and -^ = 0, because U does v.r 
da da 

involve a explicitly. Therefore, on dropping the accents and 
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writing the corresponding equations in yt and zt for displacements 
and y, it is found that 



da 

dU_ 
dfi 

dU_ 
Idy 

Therefore equations (3) ^ve 



hdyi 

• dU 
dZi 



0, 



-0, 



0. 



de 



tni 



0, 



0, 



I 

I. 

r 



mt-^ = 0. 



These equations are at once int^rable, and the result of into- 

grstionis 

'A dxi 



(«) 



fl^t~3T ^ Pit 



dt 



^ dZi 



Where ai, $i, 71 are the constants of integration. On integrating 
again, it follows that 



(6) 



Vm<x< —ait+at, 
T-miVi = Pit + Pt, 
y'm<z< = yit + yt. 



Jjet y\mi ^ Mf and £, j^, and 2 represent the codrdinates of 
the center of mass of the n bodies; then, by Art. 19, 




that is, the codrdinates of the center of niEiBs vary directly as the 
time. From this it can be inferred that the center of mass movei 
with uniform speed in a straight line. Or otherwise, the velocity 
of the center of mass is 



(8) 



^-m 



+f§y 



\^F+W+yl\ 



which is a constant; and on eliminating ( from equations (7), it 
is found that 

Mx - ai _ Mg - gi _ Mz - 73 



7i 



(9) 



which are the symmetrical equations of a strMght line in spsee of 
three dimensions. Equations (8) and (9) give the theorem: 

If n bodies are subject to no forces except their mutual attratiwi- ■ 
their center of mass moves in a straight line with uniform spet^' 
The sjweial case V = will arise if ai = Pi = ti = 0. Since il 
is impossible to know any fixed point in space it is impoaaUe 
to detennine the six constants. 

The origin might now be transferred to the center of mass o 
the system, as it was in the Problem of Two Bodies, or, to the 
center of one of the bodies, as it will be in Art. 148, and the ordu 
of the problem reduced six units. 

145. The Three Integrals of Areas. The potential function it 
not changed by a rotation of the axes. Suppose the system of 
codrdinates is rotated around the 2-axis through the angle — #. 
and call the new coordinates Xt, yt, and Zi'. They are related tn 
the old by the equations 



1«1 
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' ar/ = Xi COB <p — Hi sin 0, 
(10) ■ y,' = Xi sin ^ + ^i cos i^, 

2,-' = Z(, {* = 1, •■ ■, «)■ 

Since the function U is not changed by the rotation it does not 

contain i^ explicitly; therefore 



, dU dxi' , 






3s/ 



(i = 1, . 



But from (10) it follows that 

to/ _ _ , ay/ 

therefore (11) becomes 

^r ,3(7 ,3(7 "I _ 

On dropping the accents, which are of no further use, it is 
as a consequence of (3) that 






^ [ (PXi (PZi 1 



- 0, and similarly, 



• de • df- 
Each tenn of these auma can be integrated separately, giving 



(12) 






..^' 



■ dt J 



The parentheses are the projections of the areal velocities of the 
Various bodies upon the three fundamental planes (Art. 16). 
As it is impossible to determine any fixed point in space, so also 
It is impossible to determine any fixed direction in space; conee- 
:)uently it is impossible to determine practically the constants 
^1, c*, Cs- Yet, in this case it is customary to assume that the 
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fixed stare, on the average, do not revolve in space, so that, by 
observing them, these constants can be determined. It is evident, 
however, that there is no more reason for mwnming that the sUn 
do not revolve than there is for assuming that they are not drifting 
through space, each being a pure assumption without any poen- 
bility of proof or disproof. But it is to be noted that, if that 
assumptions are granted, the constants ci, Ct, and c» can be dete^ 
mined easily with a high degree of precision, while in the presoit 
state of observational Astronomy the constants of equations (*) 
cannot be found with any considerable accuracy. 

Let Ai, Bi, and Ci represent the projections of the areas de- 
scribed by the line from the origin to the body mi upon the ly, jfr 
and zjvplanes respectively; then (12) can be written 







S».^-c. 


^^ 


5-t=- 






the integrals of which are 




^mi^,-e,l + c,'. 


(18) 


gm,fl,-ftl +<;,', 






^m,C,-<;,l +c,'. 



L^ 



Hence the theorem : 

The sums o/ the prod^ids of the masses and the projections of 1** 
areas described by the corresponding radii are proportional to tt* 
time; or, from (12), the sums of the products of the maeaes and 
the rates of the projections of the area^ are constants. 

It is possible, as was first shown by Laplace, to direct the axt* 
80 that two of the constants in equations (12) shall be zero, wh:lf 
the third becomes Vci' + cj^ + cj'. This is the plane of maxi- 
mum sum of the products of the masses and the rates of the pro- 
jections of areas. Its relations to the original fixed axes att 
defined by the constants C\, Ci, c„ and its position is, theretwti 
always the same. On this account it was called the inoariaHl 
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lane by Laplace. At present the invariable plane of the solar 
yBtem is inclined to the ecliptic by about 2°, and the longitude 
{ its ascending node is about 286°. These figures are aubject to 
ome uncertainty because of our imperfect knowledge regarding 
be masses of some of the planets. If the position of the plane 
rere known with exactness it would possess some practical ad- 
antages over the ecliptic, which undergoes considerable vari- 
tions, as a fundamental plane of reference. It has been of great 
alue in certain theoretical investigations.* 
146. The Energy Integral-t On multiplying equations (3) by 
IT ' Ht ' ~M '■^P®c''^^'y> adding, and summing with respect to i, 
: is found that 

(14) 

^ 1 dXi dt '^ dyt di '^ dzi dt i ' 
Tie potential E/ is a function of the 3n variables Xi, j/i, Zi, alone; 
berefore the right member of (14) is the total derivative of U 
ith respect to (. Upon integrating both members of this equa- 
ion, it is found that 

lie left member of this equation is the kinetic energy of the whole 
jf^tem, and the right member is the potential function plus a 
anstant. 
Let the potential energy of one configuration of a system with 
aspect to another configuration be defined as the amount of work 
squired to change it from the one to the other. If two bodies 
ttract each other according to the law of the inverse squares, the 

irce existing between them is ' - . The amount of work done 

I chan^ng their distance apart from r^?^ to r^, j is 

(16) Wi., = fcVn, mj r'"fy = khmnii \ 4^ ^1 . 

* See roemcHra by Jocobt, Journal de Malh., vol. ix.; Tiaeerond, Mte. CA, 
d. I., cbsp. XXV.; Poincui, Les MOkodei NoueeUea de la Mte. CO.. vol. 1., 
39. 
t This is very fr«quuitly c&Ued the Vii Viva integral. 



406 THE QUESTION OF NEW tNTEaBAIf. \l*i 

If the bodies are at an in&nite distauce from one anotber at tha 
start, then H^l', = co, and (16) becomes 



U 



4§S'^'- 



Therefore, U is the negative of the potential energy of the whole 

aystem with respect to the infinite separation of the bodies a^ the 
original configuration. Hence (15) gives the theorem: 

In a system of n bodies subject to no forces except their mul.!' 
attractions the sum of the kinetic and potential energies is a consla: ■ 

147. The Question of New Integrals. Ten of the whole li 
integrals which are required in order to solve the problem imh. 
pletely have been found. These ten integrals are the only oin; 
known, and the question arises whether any more of certain types 
exist. 

In a profound memoir in the Acta Mathematica, vol. xi., Bnins 
has demonstrated that, when the rectangular coordinates aw 
chosen as dependent variables, there are no new algebrsuc int^rala 
This does not, of course, e.xclude the possibihty of algebraic int*- 
grals when other variables are used. Poincar^ has demonstrated 
in bis prize memoir in the Acta Mathematica, vol. xni., and again 
with some additions in Les Mithodes I^ouvelles de la Micani^ 
Ckleste, chap, v., that the Problem of Three Bodies admits no nw 
uniform transcendental integrals, even when the masses of two 
of the bodies are very small compared to that of the third. In thij 
theorem the dependent variables are the elements of the orbit? 
of the bodies, which continually change under their mutual 
attractions. It does not follow that integrals of the class con- 
sidered by Poincar^ do not exist when other dependent variables 
are employed. In fact, Levi-Civita has shown the existence of 
this class of integrals in a special problem, which comes ondff 
Poincar^'s theorem, when suitable variables are used {dift 
Mathematica, vol. xxx.}. The practical importance of tlK 
theorems of Bruns and Poincari^ have often been overrated by i 
those who have forgotten the conditions under which they hav 
been proved to hold true. 
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XVm. PROBLEMS. 

Write equations (1) when Ihe force varies inversely as the nth power 

e dialonce. For what values of n do the equations all become inde- 
ent? Tiie Problem of n Bodies can be Hompletely solved for this law 
■ce; show that the orbits with respect to the center of mass of the system 
,11 ellipses with this point as center. Show that the orbit of any body 
respect to any other is also a eentral ellipse, and that the same is true 
lie motion of any body with respect Co the center of mass of any sub- 
) of the whole system. Show that the periods are all equal. 
What will be the definition of the potential function when the force 
B inversely as the nth power of the distance? 



Prove that the theorem regarding the motion of the center of inaBB holds 
the force varies as any power of the distance. 

Derive the equations immediately preceding (12) directly from equa- 
(1), and show that they hold when the force varies as any power of the 

Any plane through the origin can be changed into any other plane 

igh the origin by a rotation around ea^h of two of the ooSrdinate axes. 
}form equations (12) by successive rotations around two of the axes, and 

that the angles of rotation can be ao chosen that two of the connlants, 
jich the functions of the new coo rdinates similar to (12) are equal, are 

and that the third is V e,' + e,' + e,'. {This is the method used by 
ice to prove the existence of the invariable plane.) 

Why are equations (13) not to be regarded as intejtrals of the differ- 
I equations (1), thus making the whole number of integrals thirteen? 

8. Transfer of the Origin to the Sun. Nothing is known of 

absolute motions of the planets because the observations 
ish information regarding only their relative portions, or 
■ positions with respect to the sun. It is true that it is known 
the solar system is moving toward the constellation Hercules, 
it must be remembered that this motion is only with respect 
;rtain of the stars. The problem for the student of Celestial 
hanics is to determine the relative positions of the membere 
le solar system; or, in particular, to determine the positions 
le planets with respect to the sim. To do this it is advanta- 
9 to transfer the origin to the sun, and to employ the resulting 
■ential equations. 
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1 

{Its 



Suppose m. ie the sun and take it« center ae the ori^, and let 
the coordinates of the body m, referred to the new system be 
Xi, Vi, 2('. Then the old coordinates are expressed in terms of 
the new by the equations 

Xi = Xi +X., yt = Vi +yn, U = «*' + *., (i=l, •■•, n-I)- 

Since the differences of the old variables are equal to Uie corre- 
sponding differences of the new, it follows that 



dU_ 

' dXi ' 



As a consequence of these transformations equations (3) become 



iPXi' ^Xn ^ J_ dU_ 
dP dP niidxi" 



m.i 3yi' 

1 au 

mi dzi * 



Ct = 1, ..-, n-1). 
0, the first equation of 



Since the origin is at i„' = y»' 
(1) gives, on putting i = ti. 

(18) .J, , 

This equation, with the corresponding ones in y and z, substitutfd 
in (17) completes the transformation to the new variables; hut 
it will be advantageous to combine the terms in another manner 
so that those which come from the attraction of the sun shall be 
separate from the others. The differential equations will he 
written for the body mi, from which the others can be formed hy 
permuting the subscripts. 
The potential function can be broken up into the sum 



t/ = fc' 



(19) 
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On substituting equations (18) and (19) in equations (17), the 
latter become 



^'+if(™, + m.)^_ 


1 sv 

m, dxi' 


-^t^. 


^' + *■<"■. + '»-)^ 


1 dU' 


-^W. 


^+t.(™, + m.)^ 


mi dZi' 


--gS 



fii./= t"! 



xi'x,' + y\'yi + giV l 



'■>./ 



o, equations (20) can be written in the form 
-^ + *•(»!, + m.) ^ 



(21) 



ePyi 






+ "-'i\.-S'°''siS^ 



i + f(m, + »l.)-fl- 






Let the accents, which have become useless, be dropped, and, 
in order to derive the general equations corresponding to (21), let 

(22) '''■l-'''[^,- "''^'Z*"" Y <• + '■>• 

Then, the general equations for relative motion are 






(.<■¥]■), 



r' + l-C™ 



'•^^^.-P 



dRi, 4 






in which i 



149. Dynamical Meaning of the Equations. In order to under- 
stand easily the meaning of the equations, suppose that there are 
but three bodies, mi, mj, and m^ Suppose rru is the sun, let its 
mass equal unity, and let the distances from it to mi and mi be 
Ll^ and ri respectively. Then equations (23) are, in full, 
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[US 



fi* J' 






^+^1 + "!,)^ 



= fc^m, — ^~- 



r,» r 

d(* ri' fli! I rj, 1 n* I ' 

dC +*'^+'"'^,' *^^aj/,lr,., r.» I' 

d(' ^ r," flzi I rj, , ft' I 

If mj were zero the first three equations would be independent 
of the second three, and they would then l>e the equations for th« 
relative motion of the body mi with respect to m^ — 1, and couVl 
be integrated. All the variations from the purely elliptial 
motion arise from the presence of the right members, which aff, 
in the first three equations, the partial derivatives of fli.j wU'' 
respect to the variables Xu yi, and Zi respectively. On this accoui 
wiiffi. I is called the perturbative function. 

The partial derivatives of the first terms of the right membf- 
of the first three equations are respectively 



- khn: 



(Xl - Xj) 



- fc^i 



(yi - Vi) 



-khn: 



(zi - ^) 



which are the components of acceleration of mi due to the attrac- 
tion of ms. The partial derivatives of the second terms are 



-khn^- 



-khrii'- 



-khn^- 



which are the negatives of the components of the acceleration d 

the sun due to the attraction of wij. Therefore the right membfl" 
of the first three equations of {24} are the differences of the com- 
ponentfl of acceleration of mi and of the sun due to the attraction 
of mi. Similarly, the right members of the last three cqustions 
are the differences of the components of the acceleration of '": 
and of the sun due to the attraction of m|. If two bodies sn 
subject to equal parallel accelerations theur relative positions will 
not be changed. The differences of their accelerations are due W 
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the disturbing forces, and measure these disturbanceH. The right 
members of (24) are, therefore, exactly those parts of the accelera- 
tions due to the disturbing forces. 

If there are n — 2 disturbing bodies the right members are the 
sums of terms depending upon the bodies jij, ■ ■ - , m^-i similar to 
the right members of (24), which depend upon wij alone; or, in 
other words, the whole resultants of the disturbing accelerations 
are equal to the sums of the parts arising from the action of the 
separate disturbing Ijodies. 

ISO. The Order of the System of Equations. The order of the 
system of equations (23) ia 6« — 6, instead of &n as (1) was in 
the case of absolute motion. In the absolute motion ten integrals 
were found which reduced the problem to order 6n — 10. Six of 
these related to the motion of the center of mass, three to the 
areal velocities, and one to the energy of the system. In the 
present case but four integrals, the three integrals of areas and the 
energy integral, can be found, which leaves the problem of order 
Bn — 10 also. 

The problem can be reduced to the order 6n — 6 by using the 
integrals for the center of mass directly. In particular, consider 
the differential equations for the bodies mi, nii, — , m,_i. In the 
irigjnal equations they involve the coordinates of m„, but these 
]uantities can be eliminated by means of equations (5), 

If the origin is taken at the center of mass 



= 0, g rmyi = 0, g mtZt = 0, 



ind the elimination becomes particularly simple. Or, because of 
hese linear homogeneous relations, the n variables of each set 
An be expressed linearly and homogeneously in terms of n — 1 
hew variables. Thus 



^Pmilai 
Slrary c 



Xi = Outi + Ollfs + ■ 
X% = fliift + Out, + - 






= (Uiii + a.je. + ■ ■ ■ + a., .-i£«-i, 
milar sets of equations for y and a. The coefficients a^ are 
f constants except that they must be so chosen that every 
leterminant of the matrix of the substitutions shall be distinct 
fom zero; for, otherwise, a linear relation would exist among the £(. 
"hese constants can be so chosen that the transformed equations 
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preserve a symmetric&l form. This method was employ* 
Jacobi in an important memoir entitled, Sur I'iliminatii 
nawU daris U probUme des troia corps {JovrruU de Math, w 
1844), and by Radau in s memoir entitled, Sw une tratufon 
dea iqutUiona diffirentielies de la Dynamique {AnnaUa de t 
NormaU, Ist seriee, vol. v.). 



Xa. FKOBLEUS. 

1, Moke the traiuforination x, = i,' + i. in the mt^rals (12) a 
and eliminale x„, y,, /,, ~, -^, and -j- by means of equations (4) ■ 
Prove that the roeulting expresdons are four integrala of equations (2^ 

2, Dtrrive equations (23) directly by taking the ori^ at m., witbou 
making use of tbc fixed axes. 

3, The equations (23) are not symmetrical, since each body 
different perturbaiive function Ri,, in the right membera. 
corresponding ayBtem of differential equations where the motioD ot 
referred to a rectangular Bynicm of axes with the oripn at m>; the m 
m.-i to a parallel syatem of axes with origin at the center of maas of I 
rrtn^-i; the motion of m^^, to a parallel system of axes with the ori^ 
center of mnfls of m„, rn,.i, and m,-%, and continue in this way. 
the resulta are the symmetrical equations 



-' dp 



3U 



1 ~ "U-i + "S* 



and nmilar equations in y and r, where 



r 






^a 



ar) 



(Theoo equations are the same as found by Radau from a different 
in the memoir cited in Art. l.'iO. They have been employed by T 
a very elegant demonstration of Poisson's theorem of the invariabilit] 
major axes of the planets' orbits up to perturbations of the » 
inclusive vrith respect to the masses. Poinear^ has generally used UliA 
la his researches in the Problem of Three Bodies.) 
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4. Derive the differential equations e 
QtdioaUB. 
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iponding to (23) in polar co- 









HISTORICAL SKETCH AND BIBLIOGRAPHY. 

The investigations in the Problem of n Bodi«9 are of two classes; first, 
thoee which lead to generfJ thcorcma holding in every system; and second, 
those which give good approxinialionB for a certain length of time in particular 



Byet«Qis, suph as the solar 
known as theories of perturbftiio 
■Dother chapter. 

The first general theorems ai 
and were pven by Newton ii 
theoreou to which they lead n 
wu the proof of the e 
iOTariable plane by I^aplac 
JkiAA gave a course of lectures ir 



Investigations of the second c 
, the discussion of which will be given ti 



'e regarding the motion of the center of mass, 
I the Principia. The ten integrals and the 
■re known by Euler. The next general result 
3 and the discus^on of the properties of the 
3 1784. In the winter semester of 1842^3 
n the University of Konigsberg on Dynamics. 
tn this course he gave the results of some very important investigations on 
the integration of the differential equations which arise in Meehanirs. In all 
<4Bn where the forces depend upon the coordinates alone, and where a po- 
tential function exists, conditions which are fulfilled in the Problem of n 
BocKes, he proved that if all the integrals except two have been found the last 
two can always be found. He also showed, in extending some investigations 
of Si WilUam Rowan Hamilton, that the problem is reducible to that of 
Miing a partial differential equation whose order is one-half as great as 
Uut of the origioal system. Jacobi's lectures are published in the supple- 
•Benlary volume to his collected works. They are of great importance in 
themselves, as well as being an absolutely necessary prerequisite to the reading 
^ the epoch-making memoirs of Poinc^nS, and they should be accesaible to 
Wery student of Celestial Mechanics. 

It is a question of the highest interest whether the motions of the membera 
tlf «ieh a system as the sun and planets are purely periodic. Newcomb has 
•down in an important memoir published in the Smithionian ConlriintliorM to 
Knenpledgr, December 1874, that the differential equations can be formally 
mtisfied by purely periodic series. He did not, however, prove the convergence 
«r these series; and, indeed, Poincar^ has shown in Lu M4lhoiiei JVmmwUm, 
'Chape> [X. and sii., that they are in general divergent. 
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in Art. 147, Bnms h&s prored b the Ada Malhemaliea, 

«, in the Ada MaJiaitatua, toI. xm., thai, using tfae elemeoU 

the bocUes except ooe are vei? snutl]. 

icUng regarding the geoeral diSereotial equations id differeni 
the Btudenl wiB do weQ U> conmilt 'HaBeraod'B Mfeaiwpu 
^tere m^ it, and T. 



CHAPTER Vin. 

THE PROBLEM OF THREE BODIES. 

151. Problem Considered. There are a number of important 
' results in the Problem of Three Bodies which have been established 
with mathematical rigor if the initial coordinates and the com- 
ponents of velocity fulfill certain special conditions. While these 
special cases have not been found in nature, there are nevertheless 
some applications of the results obtained, and the processes 
employed are mathematically elegant and lead to most interesting 
fonclusions, This chapter will contain such of these results as 
fall within the scope of this work, reserving the theories of per- 
turbations, by means of which the positions of the heavenly bodies 
arc predicted, to subsequent chapters. 

The first part of the chapter will be devoted to a discussion of 
Boiiie of the properties of motion of an infinitesimal body when it 
18 attracted by two finite bodies which revolve in circles around 
their center of mass, and will include the proof of the existence of 
certain particular solutions in which the distances of the infinitesi- 
mal body from the finite bodies are constants. The second part 
of the chapter will be devoted to an exposition of a method of 
finding particular solutions of the motion of three finite bodies such 
that the ratios of their mutual distances are constants. These 
Bolutions include the former, but the discoverable properties of 
Ootion are so much fewer, and are obtained with so much more 
] <lifficulty, that it is advisable to divide the discussion into two 
■ parts. 

I The particular solutions of the Problem of Three Bodies which 
*ill be discussed here were given for the first time by Lagrange in 
^ prize memoir in 1772. The method adopted here ia radically 
different from that employed by him, and lends itself much more 

t readily to a generalization to the case where a latter number of 
"Odies ia involved. But, on the other hand, the reduction of the 
Wler of the problem bv one unit, which was a very interesting 
feature of Lagrange's memoir, ia not accomplished by this method. 
However, as it has not been possible to make any use of this 
reduction, it has not been of any practical importance. 
Mathematically speaking, an infinitesimal body ia one that ia 
. 271 
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\m 



attracted by Quite masses but does not attract them. PhydrAll} 
speaking, it is a body of such a small mass that it will disturb 
the motion of finite bodies less than an arbitrarily assigned anioim'. 
however smalt, during auy arbitrarily assigned time, however long 
To actually determine a small mass fulfilling these conditions it i; 
only necessary to make it so small that its whole attraction, whitii 
19 always greater than its disturbing force, on one of the Isig" 
bodJcH, if placed at the minimum distance possible, would move the 
large body less than the assigned small distance in the leaffsd 
time. 

Motion op the Infinitesimal Body. 
152. The DifEerential Equations of Motion. Suppose tbe 
system consists of two finite bodies revolving in circles around their 
common center of mass, and of an infinitesimal body subject to 
tbeir attraction. Let the unit of mass be so chosen that the sum 
of the masses of the finite bodies shall be unity; then they can be 
represented by \ ~ n and ;i, where the notation is so chosen thst 
** ^ i- Let the unit of distance be so chosen that the constant 
distance between the finite bodies shall be unity. Let the unit cA 
time be so chosen that k' shall equal unity. Let the origin oi ' 
coordinates be taken at the center of mass of the finite bodies, 
and let the direction of the axes be so chosen that the {17-plane is 
the plane of tbeir motion. Let the coordinates of 1— fi, fi, and the . 
infinitesimal body be f,, >),, 0; {j, iji, 0; and f, ij, f respectively, aaM 

r, = va - ii)' + (v- 1.)' + r. 

r, = V(£ - iO' + (1 - vt)' + f*- 
Then the diEFcrential equations of motion for tbe infimteumal 
body are 

^ _ _ ^iLzM- (t - f«) 



(1) 



As a consequence of the way the units have been chosen i 
mean angular motion of the finite bodies is ^ 



l--(i- 




^ ji. vg - ri + 1. „ ,_ 



162J THH DIFFBHENTIAL EQUATIONS OP MOTION. 279 

Let the motion of the bodies be referred to a new system of 
axes having the same origin as the old, and rotating in the ftj- 
plane in the direction in which the finite bodies move with the 
uniform angular velocity unity. The coordinates in the new 
Bystera are defined by the equations 

'f = X cos I. — y sm t, 

(2) - 1] = X Bia t + y cos t, 

and similar equations for the letters with aubscripte 1 and 2. On 
computing the second derivatives of (2) and substituting in (1), 
it is found that 



(3) 



f — X > cos t 

[ (1 - rt 

+ ' 









^5" 






-{(1-^) 



{y - yi) I 



Multiply the first two equations by cos t and sin ( respectively, 
then by — ain t and cos (, and add; the results are 



(ftt 


-S = 


z 


- (I 


-,)^ 


-I.) 


** — 




^-t= 


y 


-a 


-rt^ 




.!^ 


r,- 


d-l 

d? 


- 




-d 


-K- 


-"rf- 







The position of the axes can be so taken at the origin of time 
that the i-axis will continually pass thro\igh the centers of the 
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finite bodies; theo j/i = 0, jfi = 0, and the equations become 



I 



- (1 - m) A 



ri' 



'*• 



r,' 



These are the differeDtial equations of motion of the mfinltesimil 
body referred to axes rotating so that the finite bodies alwaj? lie 
on the i-axis. They have the important property that they 
not involve explicitly the independent variable ( because 1 
coordinates of the finite bodies have become constants as a contf- 
quence of the particular manner in which the axes are rotated 
On the other hand, in equations (1) the quantities (i, (i, i^i, aodn 
ore functions of (. 

The general problem of determining the motion of the in- 
finiteaimal body is of the sixth order; if it moves in the plane of 
motion of the finite bodies, the problem is of the fourth order. 

153. Jacobi's Integral. Equations (4) admit an integral whicli 
was first given by Jacobi in Comptes Rendus de I'Acadimie if 
Sciences de Paris, vol. iii., p. 59, and which has been discussed bj 
Hill in the first of his celebrated papers on the Lunar TheoTJi 
The American Journal of Mathematics, vol. i., p. 18, and again bj 
Darwin in his memoir on Periodic Orbits in Ada MathemoHO' 
vol. XXI., p. 102. Let 



(5) 

then equations (4) can be written in the form 
<Px „dy _ dU 



m 



1 



If these equations are multiplied by 2-j-, 2 
spoctively, and added, the resulting equation c 



1 l>e integrated, 
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lis a function of x, y, and z alone, and give 

Ti rj 

e integrals more are required in order completely to solve 
problem. If the infinitesimal body moved in the xy-plstae 
three would remain to be found, the last two of which could 
itained by Jacobi's last jrutUiplier,* if the first one were found. 
I it appears that only one new integral is needed for the com- 
! solution of this special problem in the plane.j But Bruns 
proved in Ada Malhematica, vol. xi., that, when reetangular 
linates are used, no new algebraic integrals exist; and Foin- 
has proved in Les Mithoden Nouvelles de la Mimnique Cileste, 
I., chap, v., that when the elements of the orbits are used as 
ibles, there are no new uniform transcendental integrals, 

whei the mass of one of the finite bodies is very small oom- 
i to that of the other (see Art. 147). These demonstrations 
Mtirely outside the scope of this work and cannot be repro- 
d here. 

4. The Surfaces of Zero Relative Velocity.t Equation (7) 
elation between the square of the velocity and the coordinates 
e infinitesimal body referred to the rotating axes. Therefore, 
I the constant of integration C has teen determined numeri- 
by the initial conditions, equation (7) determines the velocity 
which the infinitesimal body will move, if at all, at all points 
,e rotating space; and conversely, tor a given velocity, equa- 
(7) gives the locus of those points of relative space where alone 
nfinitesimal body can be. In particular, if V is put equal to 
in this equation it will define the surfaces at which the velocity 
be zero. On one side of these surfaces the velocity will be 
and on the other aide imaginary; or, in other words, it is 

)eveloped in Vorlemngen iiber Dynamik, supplemenlary volume to 

i's collected works. 

lill put hia Bpecinl equations in euch a fomi that fhey would be reduced 

idraturee if a sinj^le variable were expressed in t«rmB of the time, American 

ai of Malhemaiics, vol. i., p. 16. 

Irst diaciiBsed by Hill in his Lunar Theory, The American Jojunwl oj 

wiiei, vol. i.; and again, for motion in the xy-plaue, by Darwin in his 

■e OrbiU, in Ada Mathemalica, vol. xxi. 
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possible for the body to move on one side, and impossible for 'A 
to move on the other. The general proposition that a functjona 
changes sign as the surface at which it is zero is crossed (at leaet } 
at a regular point of the surface) was proved in Art, 120. While ' 
it will not be possible to say in any except very particular cases 
what the orbit will be, yet this partition of relative space will 
show in what [urtions the iniinitesimal body can move and in 
what portions it can not. 

The equation of the surfaces of zero relative velocity is 



= V(z - I,)' + y* + z», 

= V(x - J,)' + y* + 3". 

Since only the squares of y and z occur the surfaces defined by (8) 
are synmietrical with respect to the xy and iz-planes, and, when 
ft = i, with respect to the ^z-plane also. The surfaces for ^ + i 
can be regarded as being deformations of those for /i = J. It 
follows from the way in which z enters that a Une parallel to the 
z-axis pierces the surfaces in two (or no) real points. Moreover, 
the surfaces are contmned within a cylinder whose axis is the 
2-axi3 and whose radius is VC, to which certain of the folds are 
asymptotic at z' = oo ; for, as s^ increases the equation approaches 
as a Umit 

i" -f y* = C. 

15S. Approximate Forms of the Surfaces. From the properties 
of the surfaces given in the preceding article and from the shapes 
of the curves in which the surfaces intersect the reference planes, 
a general idea of their form can be obtained. The equation of 
the curves of intersection of the surfaces with the xy-plane ia 
obtained by putting e equal to zero in the first of (8), and is 



(9) a^ + !/* + 



2(1 - u) 
V(i - X,)' + y* ' V(i - I,)' + y* 



4 



For large values of x and y which satisfy this equation the third 
and fourth terms are relatively unimportant, and the equstioD 
may be written 

2(1 - ^) 2m _p 



iE» + I^ = C- 



V(i - xO' + y' V(x - I,)' + tf* ' 



J 



^H where c is a email quantity. This is the equation of a circle whose 

^P radiua is VC — e; therefore, one branch of the curve in the ly- 

■ plane is an approximately circular oval within the asymptotic 

i cylinder. It is also to be noted that the larger C is, the larger 

are the values of z and y which satisfy the equation, the smaller 

is «, the more nearly circular is the curve, and the more nearly 

does it approach its asymptotic cylinder. 
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For small values of x and y satisfying (9) the first and second 
teroiB are relatively unimportant, and the equation may be 
written 

C a:^ + y* ^ C 
■ 2 2 2 *' 



-—^•^ 



This is the equation of the equipotential curves* for the two centers 
of force, 1 — M and p. For large values of C they consist of 
closed ovals around each of the bodies i — tx and /i; for smaller 
values of C these ovals unite between the bodies forming a dumb- 

•ThomBon and Tait'a NaturtU Pkihtvphy, Part II,, Art. 608. 
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bell shaped figure in which the ends are of different size escept 
when li = i; and for stiil smaller values of C the handle of the 
dumb-bell enlarges until the figure becomes an oval endosni 
both of the bodies 

From the foregoii^ considerations it follows that the approxi- 
mate forms of the curves in which the surfaces intersect the xff 
plane are as given in Fig. 38. The curves Ci, C,, C*, C., CiOi 
in the order of decreasing values of the constant C. They wet 
not drawn from numerical calculations and are intended to Aa* 
only qualitatively the character of the curves. 




ng.39. 



The equation of the curves of intersection of the surfaoee im 
the ;rz-plane is obtained by putting y equal to zero in eqiution 

(8), and is 

(10) ^+ g('-ri + , ^■' -c. 

For large values of x and z satisfying this equation the second 
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d third terma are relatively UDlmportaDt, and it may be writteo 

z' = C - t, 

lich is the equation of a symmetrical pair of str^ght lines 
rallel to the 2-axia. The larger C is, the larger is the value of x 
lich, for a given value of z, satisfies the equation, and, therefore, 
B smaller ia t. Hence, the larger C the closer the Hnea are to the 
^onptotic cylinder. 




For small values of x and z satisfying equation (10) the first 
irm is relatively unimportant, and the equation may be written 

ri ri 2 

\aa ia again the equation of the equipotential curves and has the 
me properties as before. Hence, the forms of the curves in the 
-plane are qualitatively like those given in Fig. 39. Again, 
e curves C,, ■ ■ ■, Ct are in the order of decreasing values of the 
natant C, and were not drawn from numerical calculations. 
The equation of the curves of intersection of the surfaces and 
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the j/z-plane is obtained by putting x equal to zero in equatioo 
(8), and is 

2(1-.) 2. ^^^ 

Va:,* + y* + 2* -Vi,' + y» + a« 

For large values of y and z satisfying this equation the second and 
third terms are relatively unimportant, and it may be written 

y'-c-,, 

which is the equation of a pair of hnes near the asymptotic cylinder, 
approaching it aj^ C increases. 

If I — ;* is much greater than n, the numerical value of Xt '» 
much greater than that of xi; hence, for small values of y andi 
satisfying (11), this equation may be written 

2(1 - rt 



n 



'-C- 



which is the equation of a circle which becomes lai^r as C de- 
creases. Hence, the forms of the curves in the yz-plane are quidi- 
tatively as given in Fig, 40. Again, the curves Ci, • ■ -, Ci are 
in the order of decreasing values of the constant C. 

From these three sections of the surfaces it is easy to infer their 
forms for the different values of C, They may be roughly de- 
scrit)ed as consisting of, for large values of C, a closed fold appron- 
mately spherical in form around each of the finite bodies, and <i 
curtains liar^ng from the asymptotic cylinder symmetrically 
with respect to the zy-plane; for smaller values of C, the folda 
expand and coalesce (Fig. 38, curve Cj) ; for still smaller valiM* 
of C the imited folds coalesce with the curtains, the first points of 
contact being in every case in the ary-plane; and for suflEcieDtly 
small values of C the surfaces consist of two parts symmetricw 
with respect to the zy-plane but not intersecting it (Fip. 3Bp 
curve Ci, and 40, curve C»). 

156. The Regions of Real and InuginAry Velod^. Having 
determined the forms of the surfaces, it remains to find in whit 
regions of relative space the motion is real and in what it b iinap" 
nary. The equation for the square of the velocity is 

V..^ + !^ + ?(i^)+?S-C. 

e C is so large that the ovals and curtains are all sepaistft 
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The motion will be real m those portions of relative space for 
vhich the right member of this equation is positive. If it is 
xwitive in one point in a closed fold it will be positive in every 
rther point within it, for the function changes sign only at a surface 
>f «ero relative velocity. 

It is evident from the equation that x and y can be taken so 
arge that the right member will be positive, however great C may 
)e; therefore, the motion is real outside of the curtains. It is also 
ilear that a point can be chosen so near to either 1 — ;/ or p, that 
B, either r, or ri may be taken so small, that the right member will 
>e positive, however great C may be; therefore, the motion is real 
citkin the folds around the finite bodies. 

If the value of C were so large that the folds around the finite 
Kxlies were closed, and if the infinitesimal body should be within 
me of these folds at the origin of time, it would always remain 
here since it could not cross a surface of zero velocity. If the 
earth's orbit is supposed to be circular and the mass of the moon 
oSiutesimal, it is foimd that the constant C, determined by the 
notion of the moon, is so large that the fold around the earth is 
iloeed with the moon within it. Therefore the moon cannot 
ecede indefinitely from the earth. It was in this manner, and 
vith these approximations, that Hill proved that the moon's 
iistance from the earth has a superior limit.* 

157. Method of Computing the Surfaces. Actual points on 
,he surfaces can be found most readily by first determining the 
jurves in the ly-plane, and then finding by methods of approxi- 
mation the values of z which satisfy {7). Besides, the curves in 
the xjz-plane are of most interest because the first points ot contact 
\s the various folds coalesce occur in this plane, and, indeed, on 
the i-axis, as can be seen from the symmetries of the surfaces. 

The equation of the curves in the xy-plane is 

If this equation is rationalized and cleared of fractions the result 
is a polynomial of the sixteenth degree in x and y. When the value 
of one of the variables is taken arbitrarily the corresponding 
Values of the other can he found by solving this rationalized 
^nation. This problem presents great practical difficulties 
^L • huvtiT Theory, Am. Jour. Math., \o\. i., p. 23. 
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because of the high degree of the equation, and these troubtee 
are supplemented by the presence of foreign solutions which an 
introduced by the processes of rationalization. 

The difficulty from foreign solutions can be avoided entirely, 
and the degree of the equation can be very much reduced by 
transforming to bi-polar coordinates. That is, points on the 
curves can be defined by giving their distances from two fctcd 
points on the x-axis. This method could not be applied if the 
curves were not symmetrical with respect to the axis on which 
the poles lie. Let the centers of the bodies 1 — p and /i be taken 
as the poles; the distances from these points are ri and r» respec- 
tively. To complete the transformation it is only 
express x* + j/* in terms of these quantities. 




Fig. 41. 

Let P be a point on one of the curves; then OA = x, AP = fi 
and, since is the center of mass of 1 — ^ and m, O/i = 1 - ft 
and 0(1 - t^) ^ ~ n- It follows that 

J yi = n* - {x + fxy = ri» - x^ - 2tix - ^', 

1 1/* = r.' - [i - (1 _ ^)]J = ri'-3? + 2(1 - „)x - (I - ;,)', 

On eliminating the first power of x from these equations and boIt- 
ii^ for 2' + J/', it is found that 

^ + y' = (.1 - p)r,' + firt* - ^{l - p). 

As a consequence of this equation, (9) becomes 

(12) (1 - rt [n' + ^] + t. [r," +^J - C + ,(l-rt=r 

If an arbitrary value of ri is assumed r, can be computed from 
this equation; the points of intersection of the circles arouixl 
1 — >i and fi as centers, with the computed and assumed valiMB 
respectively of ri and Ti as radii, will be points on the curves. To 
foJJow out this plan, let equation (12) be written in the form 
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■ri» + ari + & = 0, 



- 2. 

ice b = 2 is positive there is at least one real negative root of 
rat of (13) whatever value a may have. But the only value 
which has a meaning in this problem is real and positive; 
; the condition for real positive roots must be conaidered. 

follows from (12) that C" is always greater than ^ rj' H — I 

U real positive values of rj and rj; therefore a is always nega- 
It is shown in the Theory of Equations that a cubic equa- 
of this form has three distinct real roots if 276' + 4a' < 0; 
nee b = 2, if 
I) o + 3 < 0. 

ose this inequality is satisfied, 
Iving the cubic is 

-I 



Then a convenient method 



2^sin(6. 
- 2-y/^«in 



e Till Tij, rij are the three roots of the cubic. 

le limit of the inequality (14) is a + 3 = 0; or, in tenns of 

iriginal quantities, 

ra' + aVj + b' = 0, 



solution of this equation givea the extreme values of rt for 
h (13) has real roots. Therefore, in the actual computation 
tion (16) should be solved first for rn and rw. Tke -vaWis. q\ 



J 



mo-- 
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r^ to be substituted in (13) should be chosen at coDvenient 
vals between these roots. 

Equation (16) will not have real positive roots for all l 
of a', the condition for real positive roots being 

«' + 3 ^ 0; 

the limitmg value of which is, in the original quantitiee, 

_c;_^ 3(i-rt ._,. 



irtmioe 



C = 3. 



Therefore C must be equal to, or greater than, 3 in ord^ ti 
curves shall have real points in the xy-plane. For C 
curves are juat vanishing frona the plane, and it follows i 
that equation (12) is then satiaBed by ri = 1, r, = 1; that 
surfaces vanish from the ly-plane at the points which fora 
lateral triangles with I ~ n and ;i. 

158. Double Points of the Surfaces and Particular Sa 
ot the Problem of Three Bodies. It follows from the j 

forms of the surfaces that the double points which appei 
diminishes are all in the Ti/-plane. Therefore it is suffic 
this discussion to consider the equation of the cun 
zy-plane. There are three double points on the x-i 
appear when the ovals around the finite bodies touch ead 
and when they touch the exterior curve enclosing theni 
There are two more which appear, as the surfaces vanish fn 
a^-plane, at the two points making equilateral triangles vj 
finite bodies. 

These double points are of interest as critical points 
curves, and it will now be shown that they are connects 
important dynamical properties of the system. Let the 
of the curves be written 



(17) Fix. 1 



= x» + i/' 



,2(l-*0. 



The conditions for double points are 
'1 
(18) ■ ' 



2 3x 
IdF _ 



2dy 



s-d-riA- 
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rhe kft members of these equations are the same as the right 

1 dF 
nembera of the equations (4) for a = 0. The expressions ~ -^ 

uid ^ ^ are proportional to the direction cosines of the normal 

it nil ordinary points of the curves; and since -^ and -~ are zero 

it the surfaces of zero velocity it follows from (4) that the direcHons 
'/ aceeteTation, or the lines of effective force, are orthogonal to the 
nrfacea of zero relative velocity. Therefore, if the infinitesimal 
xxiy is placed on a surface of zero relative velocity it will start 
n its motion in the direction of the normal. But at the double 
XantB the aenae of the normal becomes ambiguous; hence, it might 
)e surmised that if the infinitesimal body were placed at one ol 
iese points it would remain relatively at rest. 
The conditions imposed by (17) and (18) are also the conditiona 

hat -jTj and -jtj , or the components of acceleration, in equations 

4) shall vanish. Hence, if the infinitesimal body is placed at a 
'xtuble point with zero relative velocity, its coordinates mil identiadly 
ulfUl the differential equations of motion and it vfill remain forever 
elatively at rest, unless disturbed by forces exterior to the system 
imfer consideration. These are particular solutions of the Problem 
if Three Bodies, and are special cases of the Lagrangian solutions. 
Consider equations (18), the second of which is satisfied by 
' = 0. The double points on the i-axis, and the straight line 
olutioos of the problem are given by the conditions 



n ^J^-~^}) (x - Xt) n 

= 0, 



(19) 

= 0. 

rhe left member of the first equation considered as a function 
»f I is positive for s = + oo ; it is negative for i = ij + «, where t 
8 a very small positive quantity; it is positive for x = xj — f, 
t is negative for i = ii + <; it is positive for x = Xi — c, and it 
B negative for i = — oo . Since the function is finite and con- 
inuous except when i = + oo, ij, ii, or — =0, it follows that 
le function changes sign three times by passing through zero, 
a) once between + =» and Xi, (b) once between xi and x,, and 
<) once between Xi and — <» . Therefore, there are three poai- 
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tions on the line through I — n and ^ at which the iDfimtftEtinaJ 
body will remain when given proper initial projection, 

(a) Let the distance from p to the double point on the x-Bxk 
between + =o and Xi be represented by p. Then x — Xt = p, 
I — Xi = ri= 1 + p, j = 1 — n -\- p; therefore the f 
of (19) becomes after clearing of fractiona 

(20) p' + (3 - m)p^ + (3 - 2;.)p' - uf^ - 2/ip 

This quintic equation has one variation in the sign of its coef- 
ficienta, and hence only one real positive root. The value of this 
root depends upon fx. Consider the left member of the equfttii 
as a function of p and ^. For ^ = the equation becomes 

p'ip' + 3p + 3) = 0, 

which has three roots p = 0, and two others, coming from the 
second factor, which are complex. It follows from the theory 
of the solution of algebraic equations that, for p different from 
aero but sufficiently small, three roots of the equation are ex- 
pressible as power series in ^*, vanishing with this parameter. 
The one of these three roots obtained by taking the real value ol 
is real; the other two are complex. Therefore, the real root 
the form 

p = di/i' + as|i* + Os/i' + ■ ■ ■ , 

On substituting this expression for p in (20) and equating to i 
the coefficients of corresponding powers of /i*, it is found that 
3t 3» 1 

^3' "'^g- "■= -27' ■■■■ 



e fust equatiqgj 

- H-O. I 

?oef- 
tbis 

>ti<g 

h( 



01=-: 



Hence 



[r, - 1+p. 



■m^ 



The corresponding value of C is found by substituting tb« 
values of rj and rt in equation (12), 

(b) Let the distance from /i to the double point on the 
axis between x^ and Xi be represented by p. Then in this ci 
X ~ Xt = ~ p, X — Xi = ri = I — p, X = (1 — fi) — p; iiu 
the first equation of (IB) becomes 

p* — (3 — fi)p* + (3 — 2fi)p' — pp' + 2iip — it = 0. 
' See HarknesB and Moriey'a Theory of Functiona, chapter IV. 



Oo solving as in (a), the values of rj and ri are found to be 

,., f'-=-(i)'-Ki)'-Ki)'-- 

[ r. = 1 - p. 

Ttif rorrpsponding value of C ia found by substituting these 
\-A\\i\ ,- uf r, and rt in equation (12). 

(f J Let the distance from 1 — ^ to the double point on the 
JT-axis between x\ and — oo be represented by 1 — p. In this case 
X — Xi = — 2 + p, X — ii=— 1 + p, i=— fi — 1 + p, and 
the first equation of (19) becomes 



(23) 



P» - (7 + ;.)p' + (19 -I- &n)(? - (24 + 13m)p« 



+ (12 + 14^)p - 7^ = 0. 



ben /I = this equation becomes 

p' - 7p' + IQp* - 24p' + 12p = 0, 

hich bas but one root p = 0. Therefore p can be expressed as a 

^wer series in p which converges for sufficiently small values of 

I parameter, and vanishes with it. This root will have the 

p = Ci/* + Cyj' + CiM* + Ci^* + • • ■ . 

D substituting this expression for p in (23), and equating to zero 
e coefficients of the various powers of n, it is found that 



12' 



_ 23X7* 
12« ' 



' (24) 



1 + r, = 



Fhe correspontiing value of C is foimd by substituting these 

8 of Ti and rj in equation (12). 

If the values of ri and ri given by the first three terms of the 

BiKries (21), (22), and (24) are not suHiciently accurate, more 

arly correct values should be found by differential corrections. 

In order to find the double points nol on the x-axis consider 

iquations (18) again. They, or any two independent functions 

f them, define the double points. Since y is distinct from zero 

pi this case the second equation may be divided by it, ^vii^ 



Multiply this equation by i - i», and x — ii, and subtnct tbt 
products separately from the first of (18). The results are 



x,-(l- ,*) 



(g| - X,) 



= 0, 

= 0, 



But xt= 1 - ft, ii = - /(, and i» - 
equations reduce to 



'-;t. 


= 


--^. 


-0, 


t 


-0 



Xi = 1; therefore thne 



The only real solutions are fi = 1, n = 1, and the points form 
equilateral triangles with the finite bodies whatever their relfltivt 
masses may be. As was shown in the last of Art. 157, they occiM 
at the places where the surfaces vanish from the x^-plane. 

ZZ. PROBLEMS. 

1. The unite defined in Art. 152 are called eaTumiaU uniU; what wii 
the canonical unit of time be in days for the earth and sua? 

2. Show on A priori grounds that, when the motion of the ej'Btein is tvSittei 
to axeo routing as in Art. 152, the diSercntial equations ofaould not iaydbt 
the time explicitly, 

3. Why cannot an integral corresponding to (7) be derived from equation 
(1) at once without any traosfonnationB? Prove that there ia sn inttgA 
of {1), 

4. What are the surfaces of lero velocity for a body projected ra^tA 
upward against gravity? For a body moving subject to a central fo(* 
varying inversely as the square of the distance? 

5. Show by direct reductions from (13) and (14) that 

(r, - r„)(r, - r„)(r, - r„) . r,' + „, + 6 - 0. 

6. Prove that the solution of (16) pves the ertrerae values of rj for mHA 
(14) hu real roots. Hint. Consider the graph of y - r^ + aVi + 6*. 
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7. Impose the conditionB on (12) that C shall be a minimum and ahow 
<hit it ia aatiafied only tor ri = 1, r, = 1, and that the minimitm value of C 
ia3. 

S. Why are not the lines of effective force orthogonal to all of the aurfacM 
Ol constant velocity? 

9. Prove that the double point between m and 1 — ^ ia nearer /i than te 
the one between n and + " ■ 

10. Prove that, as C diminishes, the Gret double pomt to appear is the one 
between fi and 1 — ii; the second, the one between fi and +«; the third, 
the one between 1 — ji and — « ; and the last, those which make equilateral 
Irianglea with the finite bodies. 

11. It ^ - ^, 1 - M = fl, find the values of r,, r,, and C from (21), (22), 
(24), and (12). 

)(21) r, - 0.340, r, = 1.340, C = 3.535; 
(22) r, - 0.276, r, = 0.724, C = 3.663; 
(24) n - 1.947, ri - 0.947, C - 3.173. 



f(21) r, = 0.347, n = 1.347, C - 3 
(22) r, = 0.282, r, - 0.718, C - 3 
(23) r, - 1.947, r, = 0.947, C = 3.173. 

13. Considering the earth's orbit to be a circle, find the distance in milea 
from the earth to the double point which ia opposite to the sun. Would an 
infinil^aimal body at this point be eclipsed? 

Atu. 930,240 milea. 

159. Tisserand's Criterion for the Identity of Comets.* Comets 
sometimea pass near the planets in their revolutiona arouod the 
aim, and then the elements of their orbits are greatly changed. 
The planet Jupiter is especially potent in producing these per- 
turbations because of its great mass and because at its distance 
the attraction of the sun is much less than it is at the distances of 
the earth-like planets. Since a comet has no characteristic 
features by which it may be recc^nized with certainty, its identity 
•night be in question if it were not followed visually during the 
time of the perturbations. 

One way of testing the identity of two comets appearing at 
different epochs is to take the orbit of the earlier and to compute 
the perturbations which it undergoes, and then to compare the 
derived elements with those determined from the later obser- 

•BuBeiin AitroTwrnique, vol. vi„ p. 289, and M&. Cit., vol. iv,, p. 203. 
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vations; or, the start may be made with the elements of the later 
comet, and by inverse processes the earlier elements may be com- 
puted and the comparison made. One or the other of theae pi 
has been followed until recent years. 

But the question arises if there is not some relation among 4 
elements which remains unaltered by the perturbatioi 
is the question which Ti.sserand has answered in the affirmatival 
one of his characteristically elegant and important papere 9 
Celestial Mechanics. 

Let the eccentricity of Jupiter's orbit be supposed equal to lero, I 
and the mass of the comet infinitesimal. While both of these i 
assumptions are false they are very nearly fulfilled, and the em'. 
introduced will be inappreciable, especially as the comet will I" 
near enough to Jupiter to suffer sensible disturbances only a vct; 
short time. Under these suppositions, and when the units are 
properly chosen, the integral 



(')(§)■-(!) 



holds true. This is an answer to the question; for, when the 
elements are known the velocity and coordinates can be computed 
at any time, and the motion referred to rotating axes by equations 
(2). Hence, to test the identity of two comets, compute the . 
function (7) for each orbit and see if the constant C is the Bune I 
for both. If the two values of C are the same, the probability a I 
very strong that only one comet has been observed; if they tn ' 
different, the two comets are certainly distinct bodiea- 

The process just explained has the inconvenience of involvioi 
considerable computation. This can be largely avoided by ex- 
pressing (7) in terms of the ordinary elements of the orbit. The 
first step is to express (7) in terms of coordinates measured from 
fixed axes. The equations of transformation are the inverse of 
equations (2), viz., 

X = + £ cos ( -|- n sin '. 
y = — J sin ( + ij cos t, 

I = r- 

From these equations it is found that 

x^+y' = e + ij', : 




Let r repreeent the distance of the comet from the origin, and t 
the angle between the plane of its instantaneous orbit and the 
frr-plfuic- Then equations (24), Art. 89, give 



Hence equation (25) becomes 
(26) i 



2.£(r^^co8t = ?fi-:^ + ?^ 



ri 



In the case of Jupiter and the Bun /i is less than one-thousandth. 
Therefore the origin is very near the center of the sun, and fi is 
KDsibly equal to r. In both instances the elements will be deter- 
mined when the comet is far from both Jupiter and the sun so that 

— - -i will be so small that it may be neglected without 

ri ri 

important error; then (26) reduces to the simple expression 



-+2 Va(l - e*) cos t = C. 

It will be noticed that the elements of this formula are the 
instantaneous elements for motion around a unit mass situated 
at the center of mass of the finite bodies. The actual elements 
Used in Astronomy are the elements referred to the center of the 
man, with the sun as the attracting mass. Nevertheless, on 
account of the small relative mass of Jupiter the two sets of 
fJements are very nearly the same, and if the two orbite are of 
the same body, the equation 



BTABIUTT OF FABTICUI.&B 80LUTI0KB. 



(27) 



+ 2 Vai(l - ei*) COB ti = — + 2 VoiCl - e^) cos it 



1 



must be fulfilled, where the elements are those in actual use b; 
astronomers. Such is the criterion developed by Tisaerand, and 
employed later by Schulhof and others. 

160. Stability of Particular Solutions. Five particular solutions 
of the motion of the infinitesimal body have been found. If the 
infinitesimal body is displaced a very little from the exact pcnnU 
of the solutions and given a small velocity it will either oscillate 
around these respective points, at least for a considerable time, 
or it will rapidly depart from them. In the first case the particular 
solution from which the displacement is made is said to be siM; 
in the second case, it is said to be unstahle. 

The question of stability must be formulated matfaematically. 
Consider the equations 

(P2_ dy 

dt» dl 

^y dx 



(38) 



= Kx, y), 



dp 



= 9(x, y). 



Suppose X = xt. y = j/d, where Xo and j/o are constants, is a par- 
ticular solution of (28). That is, 

Kxt, ya) = 0, g(xo, ye) = 0. 
Give the body a small displacement and a small velocity so that 
its coordinates and componente of velocity are 

= Xo + X', 

= Vo + y', 

dx dx' 



m 



where x', }/', 



dl <U ' 



it 



\ imtially very smalt. On makini 



these substitutions in (28), the dilTerential equations ))ecome 
' cPx' dtj' _ 



•Py' I „ilx' 
Ide ^' d! 



= s(xo + x', 



. + y'). 
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hen the right members are developed by Tayloi 
it the form 



i formula, they 



fix, + x', y, + y') = /(I.,, y,) +f^x' +^y' + • 
Oix. + X', y, + y') = g{x„ y,) + |?x' +%' + ■ 



the partial derivatives x = Xo and y = 
! right members are respectively zen 



yo. The first tenoB in 
hence equatioofi (30) 



- 2^2- - 



di 



dx' 



dy'" 



[f x' and y' are taken very small on the start the influence of 
; lugher powers in the right members will be inappreciable, at 
st for a considerable time. If the parta which involve second 
1 higher degree terms in x' and y' are neglected, the differential 
lations reduce to the linear system 



dp " 



' dt 



..^. 



rhe solutions of a system of linear differential equations with con- 
nt coefficients can in general be expressed in terms of exponen- 
la in the form 



P C 



x' = aie*" + a>e*" + ati^' + a.e*«', 



ere ai, •■■, o^ are the constants of integration, and |3i, ■•■,?* 
! constants depending upon them and the constants involved in 
I differential equations. If X,, ■■-, X, are pure imaginary 
mbers, then i' and y' are expressible in periodic functions, and 
' solution from which the start was made is said to be stable; if 
r of Xi, ■ ■ ■ , X* are real or complex numbers, then x' and y' 
Lnge indefinitely with t, and the solution is said to be unstable, 
There are exceptional cases where the solution contains constant 
US instead of exponentials; they are of course stable if all the 
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iptiouH 



exponentials are purely una^inar)'. There are other exceptii 
cases in which the solution contains exponentials multip&cd 
by some power of I; these solutions are usually regarded a 
unstable. 

161. Application of the Criterion for Stability to the Straigh- 
Line Solutions. The de£nitions and general methods of the i.-. 
article will now be applied to the special cases which have axis 
in the discussion of the motion of the infinitesimal body. The 
ori^al diSerential equations were (Art. 152) 



■'fi^.V.'), 



The straight line solutions occur for 

* = Xti, y = 0, 2 = 0, 

where i = 1, 2, 3 according as the point lies lietween + « and a 
II and 1 — ;j, or 1 — ;i and — » , and where these values of x, y, 
and z satisfy equation (19). Make the substitution 

= loi + X', 





-f = 


X - 


-d 


-,)(i 




(I - X,) 


& + »^' 


y - 


-d 


-<. 


-* 


-«(»,».«), 




= 




-d 


-"'.-. 




" »(i, y, •>■ 



Let 
(34) 




Then the equations corresponding to (32) become in this c 
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0.^ 



_ (1 + 2A,)x'. 

(35) j^'+2^'=(l-A.)i,', 

= - Aiz', 

The last equation is independent of the first two and can be 
treated separately. The solution ia (Art. 32) 

(36) z' = Cie-^~'-'^-' + ae--^^' ■'^'' . 

Therefore the motion parallel to the z-axis, for small displace- 

ments, is periodic with the period --t -^ ■ 
■4Ai 
Consider now the simultaneous equations 







-^"1 


- (1 + 2A,)i' 


(37) 












df 


^^% 


= (1- 


A,V. 


To find the aolutions let 












l»' 


= Ke" 




(38) 




I.' 


-Le", 





vhere K and L are constants. On substituting these expressions 

iia equations (37) and dividing out e*', it is found that 

1 2\ii: + (X* - (1 - ^01^ = 0. 
In order that equations (38) shall be particular solutions of (37) 
equations (39) must be fulfilled. They are verified by if = 0, 
if = 0; but in this case x' = 0, y' = 0, and the solutions reduce 
to the stT^ght line solutions, Equations (39) can be satisfied by 
Values of K and L different from zero only if the determinant 
of the coefficients vanishes. This condition is 



(40) 



*- (1 ■^2A,), -2X I _ 

+ 2X , X'- (1 - ^ol ~ ' 

This equation is the condition upon X that equations (38) may be 
ft solution of (37). There are four roots of this biquadratic, each 
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giving a particul&r solution, and the general solution is the soil) 
of the four particular solutions multiplied by arbitrary constants; 
that is, if the four roots of (40) are Xi, X», Xi, X4, the general solu- 
tion is 

I X- = K^e" + X^' + K^' + K^; 

1 y" = L,e*" + Z,^' + L^' + £-.«*", 

where the K/ are the arbitrary constants of integration, and th» 
Li are defined in t«nns of them respectively by either of it^' 
equations (39). The X, depend of course upon the subscript 1 r 
A, but the notation need not be burdened with this fact eince v- 
equations all have the same form whether i is 1, 2, or 3. 

It remains to determine the character of the roots of the i' 
quadratic (40). It follows from (34) and (21), (22), and (24' 
respectively that 



(42) 



1 - 



■ (1 - r,)' 



-2-3 



I +■ 



-n-l+J,.+ - 



It follows from (42) that, for small values of >i, the term of (40) 
which is independent of X satisfies the inequality 

1 +.4, -2A<» <0, (i = 1, 2, 3); 

and, indeed, this relation ia true for values of ^i up to the limit ), 
as can be verified easily.* Therefore the biquadratic has two r«l 
roots which are equal in numerical value and opposite in sign, and 
two conjugate pure imaginaries. It follows from the definitdifflt 
given that the motion is unstable, If the infinitesimal body wen 
displaced a very little from the points of solution it would iB 
general depart to a comparatively great distance. 

162. Particular Values of the Constants of Integratioil. Tint 
constants of integration will now be expressed in terms of ti* 
initial conditions, and it will be shown that the latter can bf 
selected so that the motion will be periodic. 

Suppose X] and Xa are the real roots of equation (40); then 
Xi = - Xi. The imaginary roots are 

* H. C. Plummer gave a general proof in Monthly Not. qf JSoy, Aitf. Sat, 
vol. uui. (1901). 
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Ix. V^^«, 

where cr is a re&I number. The Lf are expressed in tenns of the 
Kt by equations (39), and are 



[V - (1 + 2Ai)l 
2X, 



--*. C::;l;l;.)- 



Since the V ^^ equal in numerical value but opposite in sign in 
paira, and the last two are imaginary, it follows that 



(44) -j cj = + -vPnic, 

where c IB a real constant depending on i. 

Let Jo', ye, ~ , and -— be the initial coordinates and com- 
ponents of velocity; then equations (41) give sXt = 
lo' =- K, + Kt + Kt + K,, 

'^ = uKi - Kt) + v=n:<f(jf, - K,), 






The values of the constants of integration are found in terms of 
the initial coordinates and components of velocity by solving these 
equations. 

The values of x' and y' increase in general without limit with the 
time, but if the initial conditions are such that Kt = K^ = they 
become purely periodic. This case will now be conmdered. The 
initial coordinates, lo', y„', will determine Kt and Kt, by means 

of which -~ and -~ are defined. Thus 
at at 

Jxo' = Kt + Kt, 
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K,-'4-^y.: 



[10 



2e 



(45) 



-«•• 



'") - ^vc-^-* - 



F<- 2 + 
The equations (41) become 

= lo' COS fft + — sin ffi, 

= — cxo' sin ff( + Vo' coe ff(. 
The equation of the orbit is found by eliminating ( from the* 
equations. Solve for cos ot and sin al\ then square and add, and 
the result, after dividing out common factors, is 



+ 6-"- 



(46) 






■ = 1. 



This is the equation of an ellipse with the major and minor axn 

lying along the coordinate axes, and with the center at the origitt- 
Since Xj is imaginary it follows from (43) and (44) that ^ > 1; 
therefore the major axis of the ellipse is parallel to the v-M* 
The eccentricity is given by 



which, for large values of c, is very near unity. The orhita 1i*tb 
the remarkable property that their eccentricity is independoA 
of the initial small displacements, depending only upon the S» 
tribution of the mass between the finite bodies, and upon the 
of the three straight line solutions from which they spring. 

It is obvious that this discussion is not completely rigorow 
because the terms of higher degree in the right members ot the 
differential equations have been neglected. The linear terms 
alone do not give sufficient conditions for the existence of periodic 
orbits, and consequently when the discussion is thus restricted i- 
answers only the question as to the stability of the solution. Bui 
in the present case periodic orbits actually exist about all three 
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points for all < ;i ^ J. Some special examples for ^ = jij were 
[oimd by Darwin in his memoir in Acta Afathematica, vol. 21. 
rbe complete analysis for these orbits, including the much more 
Mcult case in which the finite bodies describe elliptical orbita, 
waa given by the author in the MalheTnaiische Annalen, vol. 
Lxxm. (1912), pp. 441-479, and in the Pvblicaliona of the Carnegie 
Institulion of Washington, No. 161, Periodic Orbits, chapters v., 
n., and vii. 

163. Application to the Gegenschein. If the constants ^t 
md Ki are zero the infinitesimal body will revolve in an ellipse 
iTound the point of equiUbrium. IE these constants are not zero 
3ut small in numerical value compared to iCi and K,, the motion 
mil be nearly in an ellipse for a considerable time, but will eventu- 
% depart very far from it. It would be possible to have any 
number of infinitesimal bodies revolving around the same point 
irithout disturbing one another. 

Consider the motion of the earth around the sun. It is in a 
!urve which is nearly a circle. One of the straight line solution 
points is exactly opposite to the sun, and if a meteor should pass 
sear it with initial conditions approximately such as have been 
defined in the last article it would make one or more circuits around 
ihifl point before pursuing its path into other regions. If a very 
peat number were swarming around this point at one time they 
sould ap[>ear from the earth as a hazy patch of light with its center 
it the anti-sun, and elongated along the ecliptic. This is the 
ippearance of the gegenschein which was discovered independently 
Dy Brorsen, Backhouse, and Barnard in 1855, 1868, and 1875 
Sapectively. 

The crucial question seems to be whether or not there are enough 
Ueteors with the approximate initial conditions to explain the 
ibserved phenomena, but no certain answer can be given. How- 
iver, it is certain that the meteors are exceedingly numerous, aa 
nany as 8,000,000 striking mto the earth's atmosphere daily 
iccording to H. A. Newton; and it is only reasonable to sup- 
Mae that they cause the zodiacal light which is very bright com- 
lared to the gegenschein- The suggestion that this may be the 
ause of the gegenschein was first made by Gyldfen in the closing 
aragraph of a memoir in the Bulletin Astronomique, vol. i., en- 
itJed, Sur un Caa Particulier du Problkme des Trois Corps.* 

' See alao a paper by F. R. Moulton ta The AtlronomuxU Journal, No. 483. 
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164. Application of the Criterion for Stability to the Equilaten) 
Triangle Solutions. The particular solutions of the ori^nal difio- 
ential equations in this case are ri = 1, fj = t. The equatJoaa 
corresponding to (33) are 



^f,. 



^f,' 



dz 



= {^ + ^(1 



3iS,, 



2>i)!(', 
2|i)l' + W, 



ftnd the (Merential equatiooa up to tenns of the second degree ue 



(47) 



-^1- 
-^^ = 



^(1 -2riB', 



3V3 



(1 - 2,)!'+ W, 






The last equation is independent of the first two, and its solutionis 
a' = Ci sin ( + c» cos t. 

I Therefore the motion parallel to the 2-axi9, for small displace- 
ments, is periodic with period 2v, the same as that of the revo- 
lution of the finite bodies. 
To find the solutions of the first two equations let 



(48) 



Is' - te" 

On substituting these expressions in the first two equations of (47) 
and dividing out common factors, it is found that 

, 3^5/1 



r2x 



m- 

3V3 



-d -2k) t -0, 



(1-2,) \K + l\'-i]L- 



In order that solutions may be obtained other than i' = 0, y' = 
the determinant of these equations must vanish. That is, 
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V-i-2X-^(l-2ri 


-X'+K' + Vcd 
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Let Xi, Xi, Xi, X4 be the roots of this biquadratic. Then the 
general solutions of (47) are 

rx' = Kic*'' + Kje*-' + K,e^ + K,e*^, 
\y' = Lie*'' + L^ + L»e^ + L,e^, 

where K%, Ki, Ks, Ki are the constantB of integration, and Li, Lt, 
Lit, Lf are constants related to them by either of equations (49). 
It is found from (50) that 



X. = 



- X, 



J- 


1+vr 


- 27m(1 


-rt 


^ 2 


./- 


1- VI 


- 27(.(1 - 


-,-) 



The number 11 never exceeds ^, and if 1 — 27/i(l — ^) ^ the 
roots are pure im^naries in conjugate pairs; if this inequality 
b not fulfilled they arc complex quantities. The inequality may 
be written 

1 - 27/i(l -u)=t, 

where « is a positive quantity whose limit is zero. The solution of 
tluB equation is 

(51) c 

Since fi represents the mass which is less than one-half the negative 
sign must be taken. At the limit t = 0, p = .03853; ■ ■ . There- 
fore \{ li < .0385 ■ ■ ■ the roots of (50) are pure imaginaries and 
the equilateral triangle solutions are stable; if p > .0385 - ■ - the 
roots of (50) are complex and the equilateral triangle solutions 
&re unstable. 

XXL PROBLEMS. 

1. If a comet approaching the sun in a parabola ahould he diaturbed by 
Jupiter BO that its orbit remiuned & parabola while its perihelioD dietance wbb 
doubled, what would be the relation between the new inclination aod the old? 



2. Pnrre thftt U a comet'i offatt, wfaott inr.Mwitiwi to Jnpiur'* oriat ii 
scro, k rhMigMt b7 the paiuiljMwtw etf iaptbtr boai « paiaboU to an cffiiv 

Uw r**"— «— • of the orbit ii ■milj itoKtmd. InTcstipte tfae ehaBSH 

in Ibe paaiaeUn Cor ehaneei in the Btajor am of the oUkt ipedn d coaia. 

3. ftip poae a comet ie moring in an dlipae in the plaoe of JupiXa'B «t(t, 
and thai the perlurtmig acUm of Jupiter b inappreciable except fcr a tbol 
Uoie wbcn tbey are near taeh other. Prove that if the perturbation of Jitfila 
boa increased the eccentricity, the period has been increaaed or dcaeairi 
according ae the product of the major semi-axia and the square root of it- 
parameipr in the origina] elUpee is greater or )ees than unity when expre^-i 
in the canotiicsl uiiit«. 

i. A particle placed midway between two equal fixed maswe is in equilib- 
rium. Inveatigate the character of the equilibrium by the method ot Art, 181. 

5. Suppose 1 — fi and h are the sun and earth respectively; find the perioii 
of oacillatioD pamllcl lo ibc i-ojda for an infinitesimal body slightly diqiUceil 
from the i^planc near the Htraight line solution pmnt opponte to the an 
with respect l« the earth aa an origin. 

Atu. 183.304 meau solar days. 

6. In the same rase, find the period of oscillation in the zy-plaae. 
Ant. 139.6 mean solar days. 

7. Prove that in 

b<rth pariilli'l to the i 
ifl H with respect tt 
inth respect 






general for small values of ii the periods of 
axis and in the r^plane, arc longest for the ptdnt oppwM 
I — /I as origin; next longest for the point oppoatetD 
o fi as origin; and shortest for the point between 1 ~|i 



8. Fiad the eccentricity of the orbit ii 
he case of the sun and earth. 



the z^plane opposite to the aim 'a 



9. The differentJal equations (35) admit the lateral 

(f)' + (f)" + (f)'-»+^''*'' + c -'■■"■■-■'•■'+« 

discuse the meaning of this integral after the manner of articles 154-156. 

10. What can be said regarding the independence of equations (39) «lu' 
the condition hee been imposed that the determinant shall vanish? 

11. If the e)q)lanation of the gegenschein given in Art. 163 is true yAti 
shniild be its maximum parallax in celestial latitude for an observer ia 1^ 
lude 45"? 

Ant. Roughly 15'. (Too small to be observed with certainty in audi u 
inde6nite object.) 

12. Suppose It •• i and reduce the problem of finding the motion of the 
infinitesimal body through the origin along the r-axia to elliptic integrals. 



166] conditions tor circular obbit8. 

Cabk of Three Finite Bodies. 
165. Conditioas for Circular Orbits. The theorem of Lagrange 
that it is possible to start three 6nite bodies in such a manner 
that their orbits will be similar ellipses, all described in the s 
lime, will be proved in this section. It will be established first 
for the special case in which the orbits are circles. It will be 
assumed that the three bodies are projected in the same plane. 
Take the origin at their center of mass and the {ij-plane as the 
plane of motion. Then the differential equations of motion are 
(Art. 143) 



(52) 
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The motion of the system is referred to axes rotating with the 
uniform angular velocity n by the substitution 

rji = Xi cos tU — Vi an rU, (i= 1, 2, 3), 

[rii = Xi sin tU + j/i cos tU. 

On making the substitution, and reducing as in Art. 152, it is 
found that 



2n 



di 



(i By, 



If the bodies are moving in circles around the origin with the 
angular velocity n, their coordinates with respect to the rotating 
ftxea are constants. Since the first and second derivatives are 
then zero, equations (54) become 
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- n-j, + k'm, '" 



i 



(56) 



(v» - y.) 






And conversely, if the masses and initial projections are such 
that these six equations are fulfilled the bodies move in cirelea 
around the origin with the uniform angular velocity n. 
Since the origin is at the center of mass the coordinates satisf; 



(56) 



I Will + mtii + wiizj = 0, 
I wiij/i + mtyi + mjj/j = 0. 



If the first equation of (55) is multiplied by mi, the second by m\, 
and the products added, the sum becomes, as a consequence of 
the first equation of (56), the third of (55). In a similar manner 
the last equation of (55) can be derived from the others in y and tie 
last of (66). Therefore the third and sixth equations of (65) cm 
be suppressed, and equations (56) used in place of them, giving! 
somewhat simpler system of equations. 

The units of time, space, and mass are so far arbitrary. It ii 
possible, without loss of generality, to select them so that ri, i " 1 
and /:" = 1. Then necessary and sufficient conditions for the 
existence of solutions in which the orbits are circles are 



- n'xi + mtiXi - Xi) + m» 



- ri*i» + mi(ii — Xj) + m*- 



(X| - Xt) 



'"0, 



- nh/i + mtivt - »0 + "i, 



miyi + m»yi + m^, - 0, 



' 



- Tfiyt ■+■ miiyt - y,) + tti,- 



^-0. 



166. Equilateral Triangle Solutions. There is a solution of the 

problem for every set of real values of the variables satistyinj 
equations (57). It is easy to show that the equations are fulfilW 




I 
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if the bodies lie at the vertices of an equilateral triangle. Then 
= 1, and equations (57) become 

miXi + Jn^Xi + mizt = 0, 
(mj -\- nil — n^)xi — mjij — m^t = 0, 
I (mi + mj — n*)Xi — miii — miX» = 0, 
miVi + miyt + m,yi = 0, 
I (mi + m» — n')vi - miyt - m.Vi = 0, 
[ (mi + T»i - n')yi — mii/i - m,j/i = 0. 
These equations are linear and homogeneous in Xi, ii, ■ 
In order that they may have a solution different from xi = x% 
= - . - = y, = 0, which is incompatible with ri, > = rj, » = ri, i = 1, 
the determinant of their coefficients must vanish. On lettii^ 
M = mi + mi + mj, it is easily found that this condition is 

mi»(itf - n')* = 0, 

from which n' = M. Then two of the Xi and two of the pi are 
arbitrary, and hence the equations have a solution compatible 
with u,i= 1- Therefore, the equilaleral triatiguiar configuration 
tnik proper initial components of velocity is a particular solution of 
the Problem of Three Bodies; and, if the units are such that the 
mutual distances and A' are unity, the square of Ike angular velocity 
of revolution is equal to the sum of the masses of the three bodies. 

167. Straight Line Solutions. The last three equations of (57) 
are fulfilled by 1/1 = ^/2 = 3/3 = 0, that ia, if the bodies are all on the 
t-axis. Suppose they lie in the order wij, wn, wij from the negative 
Knd of the axis toward the positive. Then ij > za > Xi and 
■"1.1 = a;« — Xi = 1, and the first three equations of (57) become 
miXi + t7ii(l + xi) + m»Xi = 0, 



(58) 



m, + 



(X, - Xi)' ^ 

-^,+ nt(H-ii) =0. 



On eliminating Xi and 

(59) mi + (mt + mOxi -f vTi — ; r- ■ ^ ^ 

(Afxt + wti)* (A/ii+m,+m,)' 

If this equation is cleared of fractions a quintic equation in Xi ia 



it is found that 

ms'(l+xi) 
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(60) 



obtained whose coefficients are all positive. Therefore there | 
no real positive root but there is at least one real negative n 
and consequently at least one solution of the problem. 

Instead of adopting Xi as the unknown, X) — xt, which wilt M 
denoted by A, may be used. The distance X\ must be expres 
in terms of this new variable. The relations among Xi, X\, zt, 1 
and A are 

TTiiii + miXt + miXt = 0, 

X^ — Xi = 1, 

Xi — Xi = A; 
whence 

m* + mi + m»A 
" M • 

On substituting this expression for Xi in (59), clearing of fractions. 
and dividing out common factors, the condition for the collineaf | 
solutions becomes 

(wii + m,)A' + (3mi + 2mt)A* + (3m, + m,)^!' 

- (mt + 3ma)A^ - {2mt + Sms)A - (7«s + vi,) = u. 

This is precisely Lagrange's quintic equation in A* and has but 
one real positive root since the coefficients change sign but oncfc 
The only A valid in the problem for the chosen order of the masses 
is positive; hence the solution of (60) ia unique and defines tiw 
distribution of the bodies in the straight fine solution of the 
Problem of Three Bodies. It ia evident that two more distind 
straight line solutions wilt be obtained by cychcally pennuting 
the order of the three bodies. 

168. Dynamical Properties of the Solutions. Since the bocto 
revolve in circles with uniform angular velocity around the ccnW 
of mass, the law of areas holds for each body separately; therefore 
the remliant of all the Jorcea acting upon each body ia congbmti§ 
directed tmoard the renter of mass (Art. 48). 

Let the distances of mi, mi, and ma from their center of matf 
be at, at, and a» respectively. Then the centrifugal aeceleratios 

to which mi is subject is at = —^ , where Vs is the Unear velocity 

of mi. But this may be written «< = n'oj. The centripetal for« 

■ See Lagrange's Colkcled Worki, vol. vi., p. 277, and TiaBeraad'a Mk. CA. 
vol. I,, p. 155. 
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'balances the centrifugal; therefore the acceleration toward 
fxir of mass is 

a, = n'Oij 

, the accelerations of the various bodies toward their common 
f mass are directly -propwHonal to their respective distances 
it point. 
I General Conic Section Solutions. The solutions of the 
an of three bodies which have been discusaed are char- 
zed by the fact that their orbits are circles. It will be shown 
lorresponding to each of them there is a solution in which 
rbits are conic sections of arbitrary eccentricity. These 
yaa are characterized by the fact that in them the ratios of 
utual distances of the bodies are constant, though the dis- 
! themselves are variable. 

• differential equations of motion when the system is referred 
id axes with the origin at the center of gravity of the system 
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pose the coordinates of mi, mt, and mj at ( = (o are reapec- 
{x\, yi), (za, yi), and (xj, ya), and let the respective distances 
the origin be ti'*\ r^"*, and ra"". Supjrase the angles that 
f, and ri"' make with the (-axis are ipi, <pt, and vi. Then 

" cos Pi, xt = rj"" cos vJi, «! = r»"* cos p», 
" sin fi, yi = rj"" sin ipi, y» = r,"" sin p*. 
let the coordinates of the bodies at any time ( be ({i, iji), 
I and (it, nO- Suppose the ratios of the mutual distances 
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are constants; then the mutual distances at ( &re 

pri.i, pTt.i, pTi.i, 
where p is the factor of proportionality. Since the shape of the 
figure formed by the three bodies is unaltered, it follows that 

(63) r, = rif'^p, r, = r,«»p. r, = r,Wp. 




(64) 



K|. 42. 

Moreover, the radii ri, ri, and ri will have turned through Uie : 
angle 6. Hence 

ti = '"I'^P cos (fl + ipi) = («i cos 9 — t/i sin fl)p, 

iji = ri^'V sin (fl + ipi) = (*i an 6 + yi cos fl)p, 

£■ = ri»>p COB (fl + ^) - (ij COB 9 - »i sin e)p, 

1)1 = rt^'p sin (9 + p,) ^ (xi un + !/t cos 9)p, 

f 1 = rjW'p COB (9 + (p») = (xi COB 9 — y» sin 0)p, 

ij, = fs'^'p sin (9 + ^») = (xi sin 9 + j/t cos 6)p. 

If equations (61) are transformed by means of (64) they will 
involve only the two dependent variables p and 6, and they will 
be necessary conditions for the existence of solutions in which tl)>! 
ratios of the mutual distances are constants. It follows from 
the first two equations of (61) and (64) after multiplying the resulu 



I 
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of the traoBformatioQ by cos 6 and sin and adding, 
— an fl and cos 9 and adding, that 
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and aquations (65) become 






(67) 
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df xu> dl p' 
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equations of (61) and of (65) 


Bimjlarly derived from the last foui 
are 
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d'p X, d^, r 
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1 fmiCya-Vi) . mj(yj 





Equations (67) and (68) are neceasary conditions for the exist- 
ence of solutioDB in which the ratios of the distances of the bodies 
' are constants. There are but two variables, p and ^, to be de- 
termined. The first gives the dimensions of the system by means 
of (63), and the second its orientation by means of (66). In order 
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that the solutions in question may exist ttiese equations mn 
consistent. In pairs of two they define p and ip when the i 
conditions are specified. In order that for given initial 
ditions the p and ^ shall be identical as defined by each g 
three pairs of differential equations, the coefficients of ( 
sponding terms in p and i^ must be the same. This can be pi 
by considering the expansion of the solutions as power seii 
( — (o by the method of Art. 127. In order that the 6(ds 
shall be the same the coefficients of corresponding powe 
I — to must be identical; and in order that these conditions 
be satisfied the coefficients of corresponding terms in the i 
entiat equations must lie identical. Therefore the conditioi 
the consistency of equations (67) and (68) are either 



(69) 



(71) 
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of six equations 
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= nVi, 



• nVi, 



- "*!/». 



m^{yt - yi) . mafai - y.) _ 
A,* "^ H 
where v? is the common constant value of the brackets in tl 
members of (67) and (68). And it follows from equationa 
as well as from the original definitions of the Xt and the y 
the center of mass equations 

f ifiiXx -f- m*Fi + m»j» = 0, 

I miVi + miVi + m»yt = 0, 
are fulfilled. 
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Equations (69) are satisfied only if the three bodies are in a 
straight line at ( = in. Since, by hypothesis, the shape of the 
configuration is constant, they always remain in a straight line 
in this caae. The position of the axes can be so chosen at t = U 
that yi = yt - t/3 = and the conditions for the existence of the 
solutions reduce to the first three equations of (71). These 
equations are the same as (55) of Art. 165, and it was shown 
in Art. 167 that they have but three real solutions. 

Suppose equations (69) are satisfied and that the bodies remain 
collinear; therefore the resultant of all the forces to which each 
>Qe is subject is directed constantly toward the center of gravity 
►f the system, and consequently the law of areas with respect to 
Ixia point holds. Hence 



■ (r,<«)- 



,de ,de 

'^dt"- "H" 

Ct, and Ct are constants, 
and then from (66) that' 



'■•'w; 



= C), 



It follows from (63) that 
dt " 



= 0. Hence equations 



S*), (67), and (68) become in this case 






([• = Co = constant, 



dt 



^ ^ Co 



rhese are the differential equations in polar coordinates for the 
Problem of Two Bodies. Except for differences of notation, they 
ft*e the same as equations (65) of chap, v. Therefore p and 
Satisfy the conditions of conic section motion under the law of 
Kravitation, and it follows from (63) and the definition of 8 that the 
three bodies describe similar conic sections having an arbitrary 
tecentricity. These solutions include the straight line solutions 
in which the orbits are circles as a special case. 

Suppose equations (69) are not satisfied; then the bodies are 
not coUinear. But if the bodies are not coUinear equation (70) 
must hold in order that equations (67) and (68) may be com- 
patible. It follows from equations (66) and (63) that the law of 
areas with respect to the origin holds for each body separately. 
It was shown in Art. 166 that equations (71) are satisfied if the 
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bodies are at the vertices of an equilateral triangle. It b easy to 
flhow that, unless they are collinear, there is no other solutian. 
In the case of the equilateral triangle solution equations (67) and 
(68) also reduce to (72), and the orbits are similar conic sectioni 
of arbitrary eccentricity. 

ZXn. PROBLBHS. 

1. T&ke as an bypotheeis Ihat a solution exists in which the three bodiel 
are aJways collinear. Prove that the law of areas holds for each body «epa- 
rotely with reapect to the center of mass of the syBlem, with reapect to eithff 
of the other bodies, and with respect to the center of mass of tmy two of iln 

2. Write the coaditioDS that the accelerations to which the bodies >» 
subject ahall be directed toward their common center of OkaBS and proportiocul 
to their respective distancea. 

Ans. Equations (55). 

3. The reaultant of tte forces acting on each body always passes tluWi 
a fixed point. Prove that the equilateral triangle conliguration is theooJ)' 
•olutioQ of equations (55) unless the bodies lie in a straight line. 

4. Suppose nti = mi = tni = 1, and that the bodies move according to 
the equilateral triangular solution. Find the radius of the circle in whicb * 
particle would revolve around one of them in the period in which they revoln 
around their center of mass. 

Afu. fl - 3 *. 

6. Prove that the equilateral triangular drcular solutions hold iriieJi ll» I 
mutual attractions of the bodies ^'ary as any power of the distance. 

6. Find the number of collinear solutions whtn the force varies u uT 
power of the distance. 

7. Prove that when the force varies invereely as the fifth power one sdnliM 
is that each of the bodies moves in a circle through their center of uiia IS 
such a way that the three bodies are always at the vertices of an equil»tenl 

8. Prove that if the three bodies are placed at rest in any one of the mb- 
figurations admitting circular Boluljons, they will fall to their center of pu* 
in the same time in etnught lines. 

9. Find the dislribulion of mase among the three bodies for which the tiu 
of falling to thdr center of mass will be the least ; the greatest. 

10. Prove that if any four masses are placed at the vertices of a regulu 
tetrahedron, the resultant of all the forces acting on each body pasaee through 
the center of mass of the four, and that the magnitudes of the acceleration ui 
proportional to the respective distances of the bodies from their center of im* 

11. Prove that there are no circular soliitiona in the Problem of Four 
Hivlies in which the bodies do not oil move in the same plane. 

Tnvestigat« the stability of the triangle and straight line BololioM 
rc^lem of Three Bodies when all of the masses are finit«. 
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HISTORICAL SKETCH AND BIBLIOGRAPHY. 

The first particular Bolutiana of the Problem of Three Bodies were found 
r Lagrange in hia priie memoir, Eseai $iir le PrtMhne dea Troia Corpt, whicli 
as submitted to the Puns Academy in 1772 (Coii. Works, vol. vi., p. 229, 
ieserand's A/&. CH. vol. i,, chap. vm.). The aolutions which he found are 
racieely those given in the last part of this chapter. His method was to 
tvide the problem into two parts; (n) the determination of the mutual dis- 
■ncea of the bodies, (6) having solved (a), the determination of the plane 
( the triangle in space and the orientation of the triangle in the plane. He 
mved that if the part (a) were solved the part (&) could also be solved. 
To solve (a) it was necessary to derive three differential equations involving 
:he three mutual distances alone as dependent vanables. He found thrm 
Bquations, one of which was of the third order, and the remaining two of the 
Kcond order each, making the whole problem of the seiieTdh order. The reduc- 
tion of tite general problem of three bodies by the ten integrals leaves it of the 
>VbA order; hence Lagrange's analysis reduced the problem by one unit. Re 
found that he could integrate the differential eaualiona completely by assuming 
Jiat the ratios of the mutual distances were constanti. The demonstration 
ras repeated by Laplace in the Micanique Cilenle, vol, v., p. 310. In I'Expo- 
ifion du Syslhne du Momk be remarked that if the moon had been given to 
he earth by Providence to illuminate the night, as some have maintained, the 
nd sought has been only imperfectly attained; for, if the moon were properly 
tailed in opposition to the sun it would always remain there relatively, and 
he whole earth would have either the full moon or the sun always in view. 
Hie demonstration upon which he based his remark was made under the 
Mumption that there was no disturbing force. If there were distiu-bing 
orces the configuration would not be preserved unless the solution were stable, 
*hich it is not, as was proved by Liouville, Journal de MiUkdmtUiquet, vol. Vit., 
1845. 

A number of memoirs have appeared following more or less closely along 
Jie lines marked out by Lagrange. Among them may be mentioned one by 
ftadau in the BuUelin Aslronomique, vol. ni., p. 113; by Lindstedt in the 
Innaks de I'Ecolt Normak, 3rd series, vol. i., p. 85; by Alli^ret in the Journal 
!t Malhimatiquet, 1875, p. 277; by Bour in the Journal de I'EcoU Polyteehnique, 
v\. xxxvt.; and by Mathieu in the Journal de Mathhnaliqutt, 1876, p. 34fi. 

Jacob], without a knowledge of the work of Lagrange, reduced the general 
"roblem of Three Bodies to the seventh order in Crelle's Joumat, 1S43, p. 115 
Coll. Works, vol. IV., p. 47?j, It has never been reduced further. 

Concerning the solutions of the problem of more than three bodies in which 
\te ratios of the mutual distances are constants a number of papers have 
ppeared, among which are one by Lehmann-Filhes in the Ailroiwrnitdu 
'otAriekten, vol. cxxvn., p. 137, one by F. R. Moulton ui The TraTiaaeluma ef 
ic Aiteriean Mathematical Sodely. vol. I., p. 17, and one by W. R. Longley in 
luQefin of the American Malhemalical SoeieC]/, vol. xiii., p. 324. 

No new periodic solulione of the problem of three bodies were discovered 
rter those of Lagrange until Hill developed his Lunar Theory, The ArrmrieoK 
ouTtud of Mathematics, vol. i. (1878). These solutions of Hill are of im- 
lensely greater practical value than those of the Lagran^an type. It should 
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be stated, however, timt they ore not strictly periodic sotuttonB oS any actual 
case, because a amaJI part of the perturbing action of the eua was beglectoL 

The next important advance waa miide by Poincarf in a memmr in ihe 
Buiielin ABlronomique, vol. t., in which he proved that ffhen the niBBBes uf tvo 
of the bodies ore Bmall compared to that of the third, there is an infinile 
number of seta of initial conditions for which the motion is periodic. Tim 
ideas were elaborated and the results extended in a memoir crowned silli 
the prize offered by the late liing Oscat of Sweden. This memoir appeartd 
in Acta Mathemalica, vol. xm. The methods employed by Ptuncarj ut 
incomparably more profound and powerful than any previously used B 
Celestial Mechanics, and mark an epoch in the development of the Bomtt. 
The work of Poincari was recast and extended in many directionB, and pi- 
lished in three volumes entitled, Lcs Milkodes Nottvellai de la Micamjil 
C&este. It is written with admirable directness and cleameea, and is pn9 
in sufficient detail to make so profound a work as easily read as poasibte. 

An important memoir on Periodic Orbits by Sir George Darwin appetnttl 
in .4c'a Mathemalica, vol. xxt. (1S99). In this investigation it was es&umal 
that one of the three masses is inlinitemmal and that the finite masses, blT- 
ing the ratio of ten to one, revolve in circles. A large number of periotGc 
orbits, belonging to a number of families, were discovered by Dumerini ex- 
periments. Tlie quealion of their stability was answered by unng CSKfr 
tially the method employed by Hill in his discussion of the motion of ih 
lunar perigee. 

A considerable number of investigations in the domain of periodic ortdt^ 
employing analytical processes based on the methods of Poincarf, have ben 
published by F. R. Moulton and his former students Daniel Buchanan, Tboma 
Buck, F. L. Griffin, Wro. R. Longlcy, and W. D. MacMillan. These pij«i 
have appeared in the Transact I'oris of the A merican Malhtmalical Soeittji, tlH 
Proceedings of the l/Ondon Mnlhematieal Society, the Malhematische Annoltili 
and the Proceedings of Ihf. Fifth ItUermilional Congre»» of MaOitmoUdf- 
Besides containing the analysis for a great variety ot periodic ori)ita, lk«J 
show the existence of infinite sets of closed orbits of ejection which form tin 
boundaries between different classes of periodic orbits. These investigatioM 
are published under the title " Periodic Orbits " as PiMiealitm 161 ot tb 
Carnegie Institution of Washington. 



CHAPTER IX. 

PERTURBATIONS—GEOMETRICAL CONSIDERATIONS. 

170. Meaning of Perturbations. It was shown in chapter T. 
that if two spherical bodies move under the influence of their 
mutual attractions each describes a conic section with respect to 
their center of mass as a focus, and that the path of each body 
with respect to the other is a conic. The converse theorem is 
alao true; that is, if the law of areas holds and if the orbit of one 
body is a conic with respect to the other as a focus, then if the force 
depends only on the distance it varies inversely as the square of 
Ihe distance (see also Art. 58). If there is a resisting medium, 
Or if either of the bodies is oblate, or if there is a third body at- 
tracting the two under consideration, or if there is any force acting 
Upon the bodies other than that of the mutual attractions of the 
two spheres, their orbits will cease to be exact conic sections. 
Suppose the coordinates and components of velocity are given at 
8. definite instant tt,; then, if the conditions of the two-body problem 
Were precisely fulfilled, the orbits would bo definite conies in 
which the bodies would move so as to fulfill the law of areas. 
rhe differences between the coordinates and the components of 
Velocity in the actual orbits and those which the bodies would 
^ave had if the motion had been undisturbed are the perturbations. 
■t is necessary to include the changes in the components of velocity 
la perturbations, for the paths described depend not only upon 
he relative positions of the bodies and the forces to which they 
•fe subject, but also upon the relative velocities with which they 
■re moving. 

Several methods of computing perturbations have been devised 
'epending upon the somewhat different points of view which may 
■e taken. Of these the two following are the ones most frequently 
ised. 

171. Variation of Coordinates. The simplest conception of 

Perturbations is that the coordinates are directly perturbed. For 
^^ample, if a planet is subject to the attraction of another planet 
he coordinates and components of velocity of the former at any 
Une t differ by definite amounts from what they would have been 
22 321 
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if tbe BUD bad been the only source of attraction, and these diffe^ 
ences are computed by appropriate devices. No attempt ia made 
to get the equations of tbe curve described, and usually no general 
information as to what will happen in tbe course of a long time is 
secured. This method is applied only to comets and small planett. 
172. Variation of the Elements. This method is varioualy 
called tbe Variation of the Elements, the Variation of Paravuters- 
and the Variation of the Constants of Integration. According to 
this conception, a body subject to the law of gravitation is always 
moving in a conic section, but in one which changes at each instant. 
The variable conic is tangent to tbe actual orbit at every poiiil I 




of it; and further, if the body were moving undisturbed in m; 
one of the tangent conies it would have tbe same velocity at thf 
point of tangency which it baa in tbe actual orbit at that point 
This conic is said to osculate with the actual orbit at the poinl o' 
contact. Tbe perturbations are the differences between the iV- 
ments of the orbit on the start, and those of the osculating conic 
at any time. An obvious advantage of this method ia that tbe 
elements change very slowly, since in most of the cases wludi 
actually arise in the solar system the perturbing forces are Hmsl 
But if the perturbations were very large, as they are in some of 
tbe multiple star systems, this method would lose its relatire 
advantages. 
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The conception of perturbations as being variations of the 
ement8 arises quite naturally in nonaidering the factors which 
Btermine the elements of an orbit. It was shown in chap. v. 
lat the Initial positions of the two bodies and the directions of 
rojection determine the plane of the orbit; that the initial posi- 
lons and the velocities of projection determine the length of the 
lajor axis; and that the initial conditions, including the direction 
i projection and the velocities, determine the eccentricity and 
he Une of the apsides. 

Suppose a body m is projected from Pa, Fig. 43, in the direction 
Jo with the velocity Fo. Suppose there are no forces acting upon 
t except the attraction of S; then, in accordance with the results 
if the two-body problem, it follows that it will move in a conic 
ection Co whose elements are uniquely determined. Suppose that 
'ben it arrives at Pi it becomes subject to an instantaneous 
npulse of intensity /i in the direction PiQi; this position and the 
ew velocity and direction of motion determine a new conic Ci in 
'hich the body will move until it is again disturbed by some 
eternal force. Suppose it becomes subject to the impulse ft in 
le direction PiQi when it arrives at Pi; it will move in the new 
inic Cf This may be supposed to continue indefinitely. The 
ody will be moving in conic sections which change from time to 
toe when it is subject to the disturbing impubes. Suppose the 
istantaneouB impulses become very small, and that the intervals 
f time between ttiem become shorter and shorter. The general 
aaracteristics of the motion will remain the same. At the limi t 
le impulses become a continually disturbing force, and the orbit 
conic section which continually changes, 

173. Derivation of the Elements from a Graphical Construction. 

t was shown in Art. 89 that the major semi-axis is given by the 
'ery simple equation 

(1) V' = fc'(5-t-7«)(^-J), 

i'here V is the initial velocity, fc' the Gaussian constant, S -|- m 
be sum of the masses, r the initial distance of the bodies from 
ach other, and a the major semi-axis. Suppose the major semi- 
xis has been computed by (1) ; it will be shown how the remaining 
lements can be found by the aid of very simple geometrical 
snstructions. The initial positions of S and m, and the direction 
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of projection of m, determiiie tbe position of the plane of the 
orbit, and therefore ii and i. 

Suppose m is at the point P at the origin of time, and that it it 
projected in the direction PQ with tlie velocity V. The sun S it 
at one of the foci. It is known from the properties of come 
sections tliat the lines from P to the two foci make equal an^ 
with the tangent PQ. Draw the line PH making the same an^ 
with the tangent that SP makes. Let ft represent the distance 




from S to P, and u the distance from P to the second foou' 
Therefore ri 4- rj = 2a; or, r2 = 2a — ti, which defines the 

position of Si. Call the mid-point of SSi, 0; then e = 

Suppose So, is the line of nodes; then tbe angle SiSA = u, Bod I 

ir = u + il. 

The only clement remaining to be found is the time of perihelion I 
The angle ASP, counted in the direction of motliAj 
The eccentric anomaly is given by the equation (Art, { 



(2) 



tan ; 



■■Jn^'"'!- 



After E has been foimd the time of perihelion passage, T, is defined I 
by the equation (Art. 93) 



(3) 



n(t - T) = E - earn E. 



174. Resolutios of the Disturbing Force. Whatever may be 
the source of the disturbing force it is convenient, in order to find 
its effects upon the elements, to resolve it into three rectanguUr 
components. It is possible to do this in several ways, each baTon 
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[vantages for particular purposes. The one will be adopted 
ire which on the whole leads moat simply to the determination 

the manner in which the elements vary when the body under 
insideration is subject to any disturbing force. It would be 
Msible without much difficulty to derive from geometrical con- 
derations the expressions for the rates of change of the elements 
ir any disturbing forces, but the object of this chapter is to 
qilain the nature and causes of perturbations of various sorts, 
nd the attention will not be divided by unnecessary digressions 
D methods of computation. This part f£ills naturally to the 
lethoda of analysis, which will be given in the next chapter. 

The disturbing force will be resolved into three rectangular 
omponents: (a) the orUiogonal comjioneni* S, which is per- 
endicular to the plane of the orbit, and which is taken positive 
'hen directed toward the north pole of the ecliptic; (6) the 
a>fimtial component, T, which is in the line of the tangent, and 
'hich is taken positive when it acts in the direction of motion; 
lid (c) the Twrnud component, N, which is perpendicular to the 
Utgent, and which is taken positive when directed to the interior 
f the orbit. 

The instantaneous effects of these components upon the various 
ementa will be discussed separately; and, unless it is otherwise 
«ted, it always must be understood that the results refer to the 
ty in which the elements are changing at given instants, and not 

the cumulative effects of the disturbing forces. Although the 
TectB of the different components are considered separately, yet 
ben two or more act simultaneously it is sometimes necessary to 
timate somewhat carefully the magnitude of their separate 
irturbations, in order to determine the character of their joint 
'ecte. 

Effects of the Components of the Disturbing Fobcb. 
175. Disturbing Effects of the Orthogonal Component. In 

der to fix the ideas and abbreviate the language it will be sup- 
leed that the disturbed body is the moon moving around the 
rtii. The perturbations arising from the disturbing action of 
e sun are very great and present many features of exceptional 
terest. Besides, this is the case which Newton treated by 
itbods essentially the same as those employed here.f The 

* A designation due to Sir John Herechel, Oufltnes of Attronami/, p. 420. 
i PHneipia. Book i., Section 11, and Book ui,, Prop*, xxn.-xxxv. 
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character of the perturbations arising from positive componeni 
alone will be investigated; in every case negative comp( 
change the elements in the opposite way. 

It is at once evident that the orthogonal component will d 
change a, e, T, and u, if u is counted from a fixed line in the planp 
of the orbit. But the u in ordinary use is counted from the 
ascending node of the orbit; hence if the negative of the rate of 
increase of fl be multiplied by cob i the result will be the nXt 
of increase of w due to the change in the origin from which it is 
reckoned. Consequently it is sufficient to consider the changes 
in Q, and i when discussing the perturbations due to the orthogonal 
component. 




Fig. 45. 



Let AB he in the plane of the ecliptic, PoQo in the plane of the 
undisturbed orbit, and Sin and to the corresponding node and 
inclination. Suppose there is an instantaneous impulse PtSt 
when the moon is at Po; it will then move in the direction PtPit 
and the new node and inclination will be iii and U. It is evident 
at once that I'l > io and Sii < iJo. Suppose a new instantaneous 
impulse PsSi acts when the moon arrives at Pi- The new node 
and inclination are Sit and u, and it is evident that it < t'l aod 
fia < fii. If PMi = fiiPi, Pr^^ = P.Si, and the velodty d 
the moon at Po equals that at Pi, then j'o = U. The total result 
is a regression of the node and an unchanged inclination. 

From the corresponding figure at the descending node it is 
seen that a negative S before node passage and a symmetri- 
cally opposite positive S after node passage will produce the 
same results as those which were found at the ascending node. 
Therefore, a positive 5 causes the nodes to advance if the moon i« 
in the first or second quadrant, and to regress if it is in the third 
or fourth quadrant; and a positive S causes the inclination to 
increase if the moon is in the first or fourth quadrant, and to 
decrease if it is in the second or third quadrant. 



r 
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The following quantitative results may be noted: The rate of 
change of both iJ and i is proportional to S. The rate of change 
0/ fi ia greater the smaller i; for t = evidently Si is not defined, 
but in this case in such problems as the Lunar Theory S vanishes. 
For a given i the rate of change of £i is greater the nearer the point 
at which disturbance occurs is to midway between the two nodes. 
The rate at which i changes is greater the nearer the point at which 
the disturbance occurs is to a node. 

176. Effects of the Toi^ential Component upon the Major Axis. 
Instead of deriving all the conclusions directly from geometrical 
constructions, it will be better to make use of some of the simple 
equations which have beea found in chapter v. If it were desired 
the theorems contained in these equations could be derived from 
geometrical considerations, as was done by Newton in the Prin- 
dpia, but this would involve considerable labor and would add 
nothing to the understanding of the subject. 

The major semi-axis is given in terms of the initial distance and 
the initial velocity by equation (1); viz.. 



= k^{E + m) 



0-=)- 



In an elliptic orbit a is positive; hence, since a positive T increaseSf 
V* and does not instantaneously change r, a posilive T increaaea i 
the major semi-axis when the moon is in any part of its orbit. It 
also follows from this equation that a given T is most effective in 
chan^ng a when V has its largest value, or when the moon is at 
the perigee, and that the rate of change is more rapid the larger a. 
Expressed in terms of partial derivatives, the dependence of a 
upon T is given by 

da ^dadV ^ 2a'7 dV 

dT dVdT k'(E + m)dT' 

177. Effects of the Tangential Component upon the Line of 
i^)Sides. The tangential component increases or decreases the f 
speed, but does not instantaneously change the direction of 
motion. The focus E is of course not changed, ri is unchanged, 
and, according to the results of the last article, a is increased. 
Since r* = 2o — ri while the direction of rj remains the same, 
it follows that the focus Ei is thrown forward to Ei', Fig. 46. The 
line of apsides is rotated forward from AB to A'B'. Hence it is 
easily seen that a positive tangential component causes the line oj 
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apsides to rotate forward during the first half revolution, and bad- 
ward during the second half revolution. 

The instantaneoua eEfecta are the same for points which ate 
Bymraetrical with respect to the major axis. When the moon is 
at X or L the whole displacement of the second focus is per- 
pendicular to the line of apsides, and at these points the rate ul 




Fig. 46. 

rotation of the apsides is a maximum for a given change in the 
major axis. But the major axis is changed most when the mogn 
is at perigee; therefore the place at which the line of the apsides 
rotates most rapidly is near K and L and between these points 
and the perigee. The rate of rotation of the line of apsides 
becomes zero when the moon is at perigee or apogee. It should 
be remembered that the whole problem is complicated by tbe 
fact that thp magnitude of T depends upon the distances of bolh 
moon and sun, and these distances continually vary. 

178. Effects of the Tangential Componeat upon the EccentridtT- 

The eccentricity is given by the equation e = -k—. Fig. it 

When the moon is at the perigee EEi and 2a are increased by tin 
same amount. Since EEi is less than 2o the eccentricity ii 
increased at this point. Wlien the moon is at apogee 2a is ID- 
creased while EEj is decreased equally, hence the eccentricity ii 
decreased. Consequently there is some place between perig'-f 
and apogee where the eccentricity is not changed, and it is ca:^ 
to show that this place is at the end of the minor axis. Let 2:i 
represent the instantaneous increase in 2a .when the moon ie ai 
C or D, Fig. 47. Then rj will be increased by the quantity 2ii, 



and EEi by AB. If 9 is the angle CEiE, coa 



EEx 
2a 
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and, moreover, AE = 2Ao coa fl = 2c(ia. Therefore 

, _ g^i + A£ ^ 2ae + 2eAa ^ 
* 2tt + 2iio ^ 2a + 2Aa ^' 

or, the eccentricity is unchanged by the tangential component 
when the moon is at an end of the minor axis of its orbit. 

The changes in the time of perihelion passage depend upon the 
changes in the period and the direction of the major axis, as well 
as on the direct perturbations of the longitude in the orbit. Since 
the period depends upon the major axis alone, whose changes 




Fig. 47. 

have been discuBsed, the foundations for an investigation of the 

("hanges in the time of perihelion passage have been laid, except 
in so far as they are direct perturbations in longitude; but further 
inquiry into this subject will be omitted because geometrical 
methods are not well suited to such an investigation, and because 
the time of perihelion passage is an element of little interest in 
the present connection. 

179. Effects of the Konnal Component upon the Major Axis. 
It fcdlowa from (1) that the major axis depends upon the speed 
at a given point and not upon the direction of motion. Since 
the normal component acts at right angles to the tangent, it 
does not instantaneously change the speed and, therefore, leaves 
the major axis unchanged. 

180. Effects of the Normal Component upon the Line of Apsides. 

^^nsider the effect of an instantaneous normal component when 
"the moon is at P, Fig. 48. Let PT represent the tangent, to the orbit. 
The effect of the normal component will be to change it to PT'. 
Since the radii to the two foci make equal angles with the tangent 
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tbe radius rt will be changed to ri'; ftod, noce the nonnal o 
ponent does not affect the length of the major axis, r» and u' ' 
will be of equal length. Consequently, when Ike moon is in 
region LAK a positive normal component will rotate the line 
apsidee forward, and when it is in the region KBL, backward. Al i 




the points K and L the normal component does not change Off 
direction of the line of apsides. 

In the applications to the perturbations of the moon it will be 
important to determine tbe relative effectiveness of a given nonnil 
force in changii^ the line of apsides when the moon is at the tm 
positions A and B. When the moon is at either of these two 
points the second focus Ei is displaced along the line KL. Tbe 
effectiveness of a force in ehanging the direction of motion of » 
body is inversely proportional to the speed with which it mov»; 
but by the law of areas the velocities at A and B are inveredy 
proportional to their distances from E. Let Ea and Eg represent 
the effectiveness of a given force in changing the direction of 
motion at A and B respectively, and let Va and Vg represent tbe 
velocities at the same points. Then 

Ea : Eb = Vj, : Va = a(l - e) : a(l + e). 

The rotation of the line of apsides is directly proportion&l to 
the displacement of E, along the line KL. The displacemenb ' 
along KL are directly proportional to the products of the lengtiL' 
of the radii from A and B to £'i and the angles through which tbev 
are rotated. But the angles are proportional to Ea and Eg, ^ i 
the lengths of the radii to Ei to a(l + e) and «(1 — e). There- j 
fore, letting Ra and Rb represent the rotation of the line of apnda I 
at the two points, it follows that ' 
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Ra :Ri> '= a(l + e)EA : a(l - e)Es = 1:1; 
or, equal instarUanetnts normal forces prodtux equal, but oppositely 
directed, rotations of the line of apsides when the jnoon is at apogee 
and at perigee. 

Suppose the forces act continuously over small arcs. Since the 
linear velocities are inversely aa the radii, the effectiveness, in 
changing the direction of the line of apsides, of a constant force acting 
through a s?naU arc at A is to that of an equal force acting through 
an equal arc at B as a{l — e) is to a(l + e). In practice the 
listurbing forces are not instantaneous but act continuously, 
their magnitudes depending upon the positions of the bodies; 
^naequently, unless the normal component is smaller at apogee 
than at perigee the average rotation of the line of apsides due to a 
normal component always having the same sign is in the direction 
3f the rotation when the moon is at apogee. 

181. Effects of the Normal Component upon the Eccentricity. 
[f 2a represents the major axis, the eccentricity is given by 



Aiter the action of the normal component the eccentricity is 



' 2a ' 

the major axis being unchanged. It is easily seen from Fig. 48 
that a positive normal force decreases the eccentricity during the first 
half revolution and increases it during the secoTid half, EE\' being 
lees than EE\ in the first case, and greater in the second. The 
instantaneous change in the eccentricity vanishes when the moon 
is at .4 or B. 

It follows from Fig. 48 that a given change in the direction of ft 
Produces a greater change in the eccentricity when the moon is 
hi the second or third quadrant than when the moon is in a 
Corresponding part of the first or fourth quadrant. Besides this, 
the moon moves slower the farther it is from the earth, and conse- ■ 
tjuently a given normal component is more effective in changing \ 
the direction of motion, and therefore of ri, when the moon is near ' 
apogee than when it is near perigee. Hence a given normal com- 
tument causes greater changes in the eccentria'ty if the moon is near 
Apogee than it does if the moon is near perigee. 
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182. Table of Results. The various results obt^ed will be 

constant use in the applications which follow, and they mil 
most convenient when condensed into a table. The results 
gi\'en for only positive values of tlie disturbing components; 
negative components they are the opposite in every case. 



118 , 
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The orthogonal component, S 
the north pole of the ecliptic. 

The tangential component, 7 
direction of motion. 

The normal component, iV, 
nterior of the ellipse. 


, is positive when directed towam 
, ia positive when directed in the 
is jwsitive when directed to the 




Component . . . 


S 


T 


,V 


Nodes 


Advance in first 
and second quad- 
nints; regrefs, in 
third and fourth 
qtiadranta. 








IncliDiilion. . . . 


Ini-reaaes Id first 
ftnd fourth quad- 
rants ; decreases 

third quadrants. 








Major Axis . . . 





Always increasee 





Line of ApaiiJea 


No effect it w is 
cDUDicd from a 
fixed point rather 
than from Jl . 


In interval ACB, 

forward: 
In interval BDA. 


In interval LAK, 

forward; 
In interval KBL, 

backward 


Eccentricity. . . 





In interval DAC. 

In interval CBD, 
decreases 


In interval ACB. 

derreasee: 
In interval BDA. 


^ 





PBBTOBBATIONS DUE TO OBLATE BODY. 3SS 

^Disturbing Effects of a Resisttng Medium. The simplest 
rbance of elliptic motion is that arising from a resisting 
im. The only disturbing force is a negative tangential 
onent, which has the same magnitude for points symmetri- 
situated with respect to the major axis. Therefore, it is 
from the Table that: (1) ii and i are unchanged; (2) a ia 
lually decreased; (3) the line of apsides undergoes periodic 
tions, rotating backward during the first half revolution, 
rotating forward equally during the second half; (4) the 
tricity decreases while the body moves through the interval 
, and increases during the remainder of the revolution. It 
the body longer to move through the arc CBD than through 
; but, OD the other hand, if the resistance depends on a high 
r of the velocity, as experiment shows it does for high veloci- 
the change is much greater at perigee than at apogee, and 
'hole effect in a revolution is a decrease in the eccentricity. 
application of these results to a comet, planet, or satellite 
ed by meteoric matter, or possibly the ether, is evident. 
!. Perturbations Arising from Oblateness of the Central 
Consider the case of a satellite revolving around an oblate 
t in the plane of its equator. It was shown in equations 
J. 122, that the attraction under these circimistances is always 
jr than that of a concentric sphere of equal mass, but that 




Fig. 50. 



ivo attractions approach equality as the satellite recedes, 
xcess of the attraction of the spheroid over that of an equal 
; will be considered as being the disturbing force, which, 
I be observed, acts in the line of the radius vector and is 
3 directed toward the planet. Therefore the normal com- 



J 
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poaent is always positive, and is equal in value at points which 
are Bymmetrically situated with respect to the major axie, U th. 
eccentricity of the orbit is not large the tangential component ■ 
relatively smali, being negative in the interval ACB, and posrtjif 
in BDA. 

(a) Effect upon the period. This is most easily seen when ti 
orbit is a circle. The attraction will be constant and f 
than it would be if the planet were a sphere. This is equivsli 
to increasing k^, the acceleration per unit mass at unit distaiMil 
therefore it is seen from the equation 

2rat 



it i/mi + ffij 



that for a given orbit the period will be shorter, and for a 
period the distance greater, than it would be if the planet weitV 
sphere. 

(b) Effects upon the demenit. On referring to the Table, ttj| 
seen that: (1) Si, and t are unchanged; (2) a decreases and 1 
creases equally in a revolution; (3) the line of apsides 
forward during a little more than half a revolution, and that while T 
the disturbing force is of greatest intensity; and (4) the eccentrieilj L 
is changed equally in opposite directions in a whole revolutdn 
That is, £1 and > are absoliUdy unchanged; a and e undergo p 
poriations which compleie their period in a revolution; and the U 
of apsides osdllaies, but advances on the v:hole. 

The effects will be the greater the more oblate the planet ■ 
the nearer the satellite. The oblateness of the earth is so a 
that it has very little effect in rotating the moon's line of a 
The most striking example of perturbations of this sort in d 
solar system b in the orbit of the Fifth Satelhte of Jupiter, 
planet is so oblate and the satellite's orbit is so small that U 
line of ^»dee advances about 900° in ayear. 



i XXm, PROBLEUS. 

ly subject to no forces moves in a straight line with uniform speed, 
tta of thia orbit are the conHtonta which define the position of the 
te speed, the direction of motion in the line, and the poeition of 
t the lime T. Show that they can be expressed in terms of six 
t coastants, and that it is permiasibte in the problem of two bodies 
Be body as always moving with respect to the other in a straight 

pomtion continually ehsJigee. Find the expreaaion of these line 

terms of the time in the case of ellipdc motion. 

from general considcratiooa based on problem 1 that the metliods 
ition of coiSrdinates and the variation of parameters are esaentislly 
BBerisg only in the variables used in defining the i:o6rdiaat«« and 
t the bodies. 

on the sun moves through space in the tine L, orthogonal to the 
Tftlie n as the fundamental plane of reference. Let the point 
ibnet P( passes through the plane n in the direction of the motion 
be the ascending node, and, banning at this point, divide the 
luadrante with respect to the sun as cent«r. Suppose the ether 
fld meteoric matter slightly retard the sun and the planets, but 
retardation arising from the motion of the planets in th^ orbits 



K reostance is proportional to the maseet of the respective bodies, 
lie nodes and inclinations of their orbits are unchanged. 

w and R represent the density and radius of the sun, and at and Rt 
onding quantities for the planet Pi, Hien, if the resistance is 
1 to the snrfaces of the respective bodies, show that with respect 
• H the inclination and line of nodes tmdergo the following van- 
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ie) U the OTbita nere circles ihe various changea in both caaee 
exactly balance each other in a whole revolutioo. Hov must the lin 
■ipsidcH in the two caws lie with respect to the line of Dodea in onler tha; 
n few revolutioDB, (1) the inclination aball decrease tbe fastest, and (?. 
line of nodes advance the fastest? 



1 of the line of apaidea to tha 
, tbe inclination ahall decreaae 



(d) la it possible to make the relatit 
of nodes such that, for a few revolution 
the line of nodes advauceT 

(e) If the tine of apsides remains fixed in tbe plane of the orbit is it pia 
for the line of nodes to rotate indefinitely in one diiecUon? 

4. Suppose the orbit of a comet passes near Jupiter's orbit at one 
nodes; under what conditions will the inclination of the orbit of the 
be decreased? Show that if the major axis remains constant while (h 
olination is decreased the eccentricity is increased, (Use Art. 150.} 



H 



6. What is tbe effect of the gradusJ accretion of meteoric i 
planet upon the major axis of ita orbit? 



6. Consider two viscous bodies revolving aroimd their common ccnti 
maaa, and rotating in the same direction with periods less than their in' 
of revolution. They will generate tides in each other which will lag. 
tidal protuberances of each body will exert a. positive tangential and a po«i 
normal component on the other, these components being greater the oe 
the bodies are t<^ether. Moreover, the rotation of each body will be rei*r 
by the action of the other on its protuberances. Suppose the h 
initially near each other and that their orbits are slightly eUif 
the evolution of all of tbe elements of th«r orbits. 
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DIBTCHBINQ EFFECTS OF A THIBD BODY. 



II. The Lunar Theorv. 

185. Geometrical Resolution of the Disturbing Effects of a 
Third Body. The problem of the disturbance by a third body 
in much more difficult thaa those treated in Arts. 183 and 184, 
because the disturbing force varies in a very complicated manner. 




Fig. 51. 



Suppose the three bodies are S, E, and m, and consider S as 

rturbing the motion of m around E. Two positions of m are 

n at thi and wtj, and all the statements which are made apply 

t both subscripts. Let EN represent in magnitude and direction 

pe acceleration of S on E. The order of the letters indicates the 

Srection of the vector representing the force, and the mi^nitude 

t the vector depends upon the units employed. In the same 

Units let mK represent in direction and amount the acceleration 

. The vector miKi is greater than EN because miS is 

IS than ES, and vitKi is less than EN because miS is greater 

a ES. By the law of gravitation they are proportional to the 

Inverse squares of the respective distances. 

Now resolve mK into two components, mL and mP, such that 

El shall be equal and parallel to EN. Since mL and EN are equal 

r *od parallel these components will not disturb the relative po^- 

I tioijg of E and m. Tkerefore the dieturhing acceleration is mP. 

One important result is evident from Fig. 51, viz., that the 
r •disturbing acceleration is always toward the line joining E and S, 
L^f toward this line extended beyond E in the direction opposite 
S when mS is greater than ES. Similar considerations applied 
> movable particles on the surface of the earth show why there 
lids to be a tide both on the side of the earth toward the moon, 
Hid also on the opposite side. ^^^g 
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IS6. Analytical Resolution of tiie Disturbing Effects of a nurd 
Body. Take a system of rectangular axes with the origin at the 
earth and with the ar^-plane as the plane of the ecliptic, let 
(i, y, z) and {X, Y, 0) be the coordinates of the moon and sun 
respectively referred to this sj'stera. Let t, p, and R represent 
the distances Em, mS, and ES respectively. Let F,, Fy, and F, 
represent the components of the disturbing acceleration parallel 
to the X, y, and 2-axes respectively. It follows from equations 
(24) of chapter vii., p. 272, that in the present notation 




In order to get the components of the disturbing acceleration m 
any other directions it is sufficient to project these three com- 
ponents on lines having those directions and to take the respective 
sums. 

Let Fr represent the component of the disturbing acceleration 
in the direction of the radius vector r; let F, represent the rOB- 
ponent in a line perpendicular to r in tljp plane of motion of ">'■ 
and let Fn represent the component which is perpendicular K 
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I F, and f ,. The component F, will be taken as positive when 
directed from E; the component F, will be taken positive when 
akes with the direction of motion an angle less than 90°; and 
component Fn will be taken positive when it ia directed to 
hemisphere which contains the positive end of the 2-axia. 
expression for F, is 

F, = F, C08 {xEm) + F^ cos {yEm) + F. coa {zEm). 

expression for F, can be obtained from this one by replacing 
angle SiEm by £iEm + 90°, because r will have the direction 
je tangent at m after the body has moved forward 90° in its 
t, The expression for Fit can be conveniently obtained by 

projecting F, and Fy on a line in the a^-plane which is per- 
licular to EQ,, then projecting this result on the line perpen- 
lar to the plane Si Em, and projecting F, directly on the 
3 final line. Let the angle ^Em be represented by u; then 

found from Fig, 52 by spherical trigonometry that 

f , = + Fi[cos w coa i3 — sin u sin iJ coa i\ 

+ Fy[coB w sin ii + sin u cos ii cob i] 

+ F, sin u sin i, 
f , = + F,[— sin u cos £i — cos u sin £) C06 i] 

+ FJ[— sin u sin ii + COS u cos il COB i] 

+ F, coa u sin i, 
Fg = + f I sin il sin i — F, cos ii sin t -f F, cos i. 

it U represent the angle Q,ES\ then, since the aim moves in 
cy-plane, 

X = r|co3 u cos Q, — sin u sin Q, coa I'l, 

y = r[cos u ain (i + sin u cos £1 cos i\, 

z = r Bin u sin i; 

X = fi[co8 f7 cos SI — sin 1/ sin ill, 

Y = fi[cos [/ sin ft + sin [7 cob ft], 

Z = Q. 

lubstituting the expressions for F„ F„ and F, in (5), making 
f (6), and reducing, it is found that 



i 

) H 
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F, = k'sl-^+R [co8 U cost* 

-i- sin (7 sin u cob 
F, = fS 1 + K I - cos r sin 

+ sin (7 cos u cos i I j ~ pi 1 1 



'^m- 



i 



f » - PS I - R ain L' « 



■[^^Y 



The geometry of equations (7) is important for a compiet* 
understanding of the problem. Consider a system of axes witb 
origin at E. one axis directed toward m, another at right aDgtes 
to it and 90° forward in the plane of the orbit of m, and the third 
perpendicular to the other two. Then it follows from the figuw 

that the coefficients of k*SR I -^ — oi in (7) are respectively the 

cosines of the angles between these axes and the line ES. There- 
fore P, vanishes if the line through E parallel to the perpendicular 
to the radius is also perpendicular to ES, and F^ vanishes if "i 
is in the plane of the orbit of S. They both vanish also Hr = f, 

and in this case F, becomes simply — -j , 
Let ^ represent the angle between r and R; then 



F, = ifc»S J 



2r 



+ Bco.*[i-i]}, 

2Rr cos 1^, 



1 



Therefore the expression for F, becomes 

Consequently F, vanishes, if the terms of higher order are n^ 
glected, when 

f I + 3 coe 2^ = 0, whence 
(10) ^ 

I if = 54" 44', 125° 16', 234" 44', 305" 16'. 

-r*'" • consider the problem of finding the tangential and nonnil 
ents of the disturbing acceleration. Let P represent i 
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■al point in the orbit, Fig. 53. Let PT be the tangent at P 
PJV the perpendicular to it. It follows from the elementary 
irties of ellipsea that PN bisects the angle between ri and rj. 




I the tangential and normal components of the disturbing 
eration are expressed in terms of Fr and F, by 



1) 



T = + Frsme + F, cos 0, 
N = - FrCOBS + F^ sin d. 



order to complete the expressions for T and N the factors 
and cos 6 must be expressed in terms of v. It follows from 

geometrical properties of the ellipse ^d from the triangle 

1 that 

«(1 - e*) 



^ 



Ti + rj = 2a, 

Ti' + r^ — 2riri cos 20 = 



a n and ri are eliminated from these three equations, it is 
ithat 



Vl"+ e* + 2e cos D ' 

I + e cosv 

' -Vl + e* + 2e COS tf' 

If p , (1 + e cos !■) 



Vl + e* + 2e cos r ' Vl + e* + 2e cos y 
. - (1 + c cos f) „ I e sin t) , 



Vl + e* + 2e cos w 



Vl + e" + 2e c 
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On makLag use of (7) and the relation u = u + v, the finil 
expressions for the tangential and normal components of the 
disturbii^ acceleration become 

k^S f . r 



(13) 



Vl -t- c" + 2e COS u I fr 

+ — COS U (sin u + c sin u) 

+ sin U cos i (cos u + 



'H?-B 



i/l + e* + 2e cos y 

— COB U (cos u + e cos 

+ sin U cos 1 (sin u + e 



») 



") B 



3-^]l' 



All the circumstances of the variation of T and JV can be inferred 
from these equations. 

187. Perturbations of the Node. By definition, the orth<^0Ml 
component S is identical with Fn; therefore by the last of (7) 



(14) Orthog. Comp. 



- fc*iSfl sin U sin i 



[?- 



The sign of the right member depends upon the signs of sin [/ and 

"s ~ m ' t>oth of which can be either positive or negativf 

In order to determine which sign prevtuls in the long run so « 
to find whether on the whole there is an advance or retrogresaon 
of the line of nodes, it is necessary to expand the last factor of (14)- 
On making use of the last equation of (8), it is found that 

b = ^i- sm (/ sm I cos ^ + ■ ■ ■ 



It* 



- sin U sin itcoa U cos u + sin 1/ ain w cos i] + ■ ■ 



where the S in the right member represents the mass of the WD- 

The angular velocity of the sun in its orbit is slow compared to 

that of the moon; hence, in order to simplify the discussion, H 

may be supposed to stand still while the moon makes a sin^ 
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revolution. Since the periods of the moon and sun have no simple 
leiation the values of sin U and cos U in the long run will be as 
often decreasing as increasing, and hence the assumption will 
cause no important error. 

Suppose S is broken up into the sum of two parts, Si and St, 
where 

WSr . 



(16) 



S, = 



lUc 



iU coeu, 



Sfc'Sr . , 



sin' F/ sin u. 



In order to get the greatest degree of simplicity suppose the orbit 
of the moon is a circle so that r is a constant and u = nt. Suppose 
U has a definite value and consider the effects of Si during a revo- 
lution of the moon, starting with the ascending node. It follows 
from the table of Art. 182 that the effects of Si in the first and 
second quadrants are equal and opposite because cos u has equal 
numerical values and opposite signs in the two quadrants. It 
is the same in the third and fourth quadrants. Therefore Si 
produces only periodic perturbations in the line of nodes. 

Now consider the effects of Si, In the first half revolution, 
starting with the node, Si is negative because sin u is positive 
and all the other factors are positive. In the second half revo- 
lution Si is positive because sin u is negative. Therefore, it 
follows from the table of Art. 182 that St causes a coniimums, but 
irregitlar, regression (except when it is temporarily zero) of Ike line 
of nodes. The complete motion of the line of nodes is the resultant 
of the periodic oscillations due to Si and the periodic and con- 
tinuous changes produced by St. 

The period of revolution of the moon's line of nodes is about 
nineteen years. Since eclipses of the sun and moon can occur 
only when the sun is near a node of the moon's orbit, the times of 
the year at which they take place are earlier year after year, the 
cycle being completed in about nineteen years. 

188. Perturbations of the Inclination. The expression for the 

orthogonal component is given in (15), which may again be broken 
up into the two parts Si and Sj. It follows from the table of Art. 
182 that a positive S increases the inclination in the first and fourth 
quadrants and decreases it in the second and third quadrants. 
^Consider the effects of S|. If ain U cos U is positive the effect 
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in each quadrant is to decrease the inclination. But this can 1 
can be paired with that in which sin {/ cos t' b negative and of 
equal numerical value. Since all possible situations can be paireii 
in this way. Si produces only periodic changes in the inclination. 

The case of Si is even simpler than that of Si. Since sin u i? 
positive in the first two quadrants, the effect in the second quail- 
rant offsets that in the first. Similarly, the effects in the tb::-. 
and fourth quadrants mutually destroy each other. TherejortUtt 
inclination undergoes oniy periodic vctriations. 

Some things have been neglected in this discussion to wbich 
attention should be called. No account has been taken oF Hxt 
eccentricities of tne orbits of the moon and earth. When they 
are included the tenns do not completely destroy one another in 
the simple fashion which has been described. Moreover, esdi 
perturbation has been considered independently of all other oiu& 
As a matter of fact, each one depends en all the others. Foi 
example, if the node changes, the effects on the inclination are 
different from what they would otherwise have been, and con- 
versely. It is clear that a ver>' refined analysis is necessai}' in 
order to get accurate numerical results. But this does not mean 
that common-sense geometrical and physical considerations are 
not of the highest importance, especially in first penetrating 
unexplored fieldSh 

189. Precession of the Equinoxes. Nutatton. Suppose lii'^ 
largest sphere possible is cut out of the earth Iea\Tng an equatorial 
ring. Ever^' panicle in this ring may be considered as bdng s 
small satellite: then, from the principles expluned in AtIa. ISfi 
and 1S6, the attractions of the moon and sun will exercise dis- 
turbing accelerations upon them which will tend to shift them 
with rwpect to the Spherical core. But the particles of the ring 
ar« fastened to the solid earth so that it partakes of any di^ 
turtMUice to which they may be subject. Since their comtoDeil 
mass is verj- small compared to that of the spherical body within 
them, and since the disturbing forces ar^ ver>' slight, tbe change 
in the motion of the earth will lake place ver^' slowly. 

From the results of the last article it follows that tbe nodes of 

the orbit of ever>~ particle will have a tendency to regress on the 

plane of the dtsturbtng bod>-. Hie an^ between tbe plane of 

'*» moon's orbit and that of tbe elliptic may be ne^ected for the 

at as it is small compared to the inclination of the earth's 
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equator. They communicate this tendency to the whole earth 
80 that the plane of the earth's equator turns in the retrograde 
direction on the plane of the ecliptic. On the other hand, it follows 
from the symmetrj' of the figure with respect to the nodes of the 
orbits of the particles of the equatorial ring that there will be no 
change in the inclination of the plane of the equator to that of 
the ecliptic or the moon's orbit. The mass moved is so great, 
and the forces acting are so small, that this retrograde motion, 
called the precession of the equinoxes, amounts to only about 
50". 2 annually; or, the plane of the earth's equator makes a revo- 
lution in about 26,000 years. 

The moon is verj- near to the earth compared to the sun, and the 
orthogonal component arising from its attraction is greater than 
that coming from the sun's attraction. The main regression isi 
therefore, on the moon's orbit, which is inclined to the ecliptic 
about 5° 9'. Since the line of the moon's nodes makes a revo- 
lution in about 19 years, the plane with respect to which the 
equator regresses performs a revolution in the slune time. This 
produces a slight nodding in the motion of the pole of the equator 
around the pole of the ecliptic, and is called nuUUion-. 

The quantitative agreement between theory and observation of 
the rate of precession proves that the equatorial bulge is solidly 
attached to the remainder of the earth. If the earth were a 
relatively thin solid crust floating on a liquid interior, as was once 
supposed, it would probably slide somewhat on the interior and 
give a more rapid precession. 

190. Resolution of the Disturbing Acceleration in the Plane of 
Motion. It follows from the table of Art. 182 that the orthogonal 
component does not produce perturbations in the major axis, 
longitude of perigee, and eccentricity, except indirectly as it 
shifts the line of nodes from which the longitude of the perigee is 
counted. Consequently an idea of the way these elements are 
perturbed can be obtained even if the inclination, with which the 
orthogonal component vanishes, is supposed to be zero. But it 
must be rememliered the results obtained under these restrictions 
are not rigorous because T and JV depend on the inclination. But 
the approximation is fully justified because it results in great 
simplifications which ^d correspondingly in understanding the 
subject. 

On taking i = equatione (13) become 



(17) 
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■Vl + e" + 2c eoe u 1 P* 

- fl [sin (u - t/) + e sin (w - 

Vl + e* + 2e cos u 1 P* 



^'[^i 



-K[cob(ii- [/) + eco8(»- (/)][^-ji]) 



Tangential Component . 




When t equals zero ^ = 
of (8), it is found that 



Fig. 54. 
- U, and on using the last equatJon 
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In the orbit of the moon e is appromnately equal to V»' ^^ 
consequently a good idea of the numerical magnitudes of T and .V 
and the drcumstances under which they change sign can be 
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stained by neglecting those terms which have e ae a factor. H 
lese terms are neglected it is found that T vanishes at u — 17 = 

, IT, and -^ ; it is negative in the first and third quadrants, and 

oaitive in the second and fourth quadrants. Under the Bame 
rcumstancea N vanishes at 54° 44', 125° 16', 234" 44', and 
35° 16'; it is negative from — 54° 44' to + 54° 44' and from 
25" 16' to 234° 44', and is positive from 54° 44' to 125° 16' and 
om 234° 44' to 305° 16'. If the terms depending on e and tha 
Norm&I ComponeDt. 




Hg. 65. 

gher terms in the expansion of p~* are retained, the pointa 
liere 7* and A' vanish are in general slightly different from those 
iiich have been found, but the differences are not important in 
ijualitative discussion whose aim is simply to exhibit the general 
aracteristica of the results. 

The signs of T and iV for the moon in different parts of its orbit 
I shown in Figs. 54 and 55. 

191. Perturbations of the Major Axis. If the perigee were 
mi or mt the tangential component, which alone changes a, 
luld be equal and of opposite sign at points symmetrically 
uated with respect to the major axis. In thin case a would be 
changed at the end of a complete revolution. But this con- 
ion of affairs is only realized instantaneously, for the disturbing 
iy S is moving in its orbit; yet, in a very large number of revo- 
ions, when the periods are incommensurable, an equal number 
equal positive and negative tangential components will have 
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ejcerted a disturbing influence. The result is that in the lon^ 
run a is unchanged, although it undergoes periodic variations- 

192. Perturbation of the Period. The normal component i-a 
not only negative more than half a revolution, but the n^tjv^ 
values are greater numerically than the positive ones. If the tenik^ 
involving e are neglected, it is seen from the second equation »< 
(18) that the greatest positive value of N is twice its numerically 
greatest negative value. One effect of the whole result is equiva- 
lent to a diminution, on the average, of the attraction of E torm; 
that is, to a diminution of k^, the acceleration at unit distance. 
The relation of the period t-o the intensity of the attraction and 
the major axis is (Art. 89) 

p _ 2wa1 
kslE + m' 

Hence, for a given distance, P is increased if k is decreased. In 
this manner the sun's disturbing effect upon the orbit of the moon 
increases the length of the month by more than an hour, (Com- 
pare Art. 184 (a).) 

193. The Annual Equation. Since the orbit of the earth is u 
ellipse the distam.'e of the aun undergoes considerable variatJona 
The farther the sun is from the earth the feebler are its disturbing 
effects, and in particular, the power of lengthening the month 
considered in the preceding article. Therefore, as the earth moves 
from perihchon to aphelion the disturbance which increaset the 
length of the month will become less and less; that is, the length 
of the month will become shorter, or the moon's angular motion 
will be accelerated. While the earth is moving from aphelion to 
perihelion the moon's motion will, for the opposite reason, be 
retarded. This is the Annual Equation amounting to a littto 
more than 11', and was discovered from observations by Tyeho 
Brahe about 1590. 

104. The Secular Acceleration of the Moon's Mean Motion. 
In the early part of the 18th century Halley found from a com- 
parison of ancient and modem eclipses that the mean motion '-'f 
the moon is gradually increasing. Nearly 100 years later {1787i 
Laplace gave the explanation of it, showing that it is caused by tii*' 
gradual average decrease of the eccentricity of the earth's orbit, 
which has been going on for many thousands of years because of 
perturbations by the other planets, and which will continue for » 
long time yet before it begins to Increase. 



1941 
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One effect of a change in the eccentricity of the earth's orbit is 
to change the average disturbing power of the sun on the orbit of 
ihe moon. It will now be shown that if the eccentricity decreaaes, 
the average disturbing power decreases. 

The effect upon the moon's period is due almost entirely to the 
normal component, because it alone acts nearly along the radius 
of the orbit, and therefore in this discussion consideration of the 
tangential component may be omitted. The average value of 
JV in a revolution of the moon, for R and U constant and e placed 
equal to zero, is found from the second equation of (18) to be 



(19) 



Average N = - i*'S;^^j(^ll - 3 cos 2(n( - U)]di 
- - J™S 



-«■• 



That is, the normal component of the disturbing acceleration on 
the average is very nearly proportional to the radius of the moon's 
orbit and the inverse third power of the radius of the earth's orbit. 
But if the earth's orbit is eccentric, the result for a whole year 
depends upon the eccentricity. When the nature of the depend- 
ence of the average N upon the eccentricity of the earth's orbit 
has been found, the effect of an increase or decrease in this ec- 
centricity can be determined. 

Let jV represent the average N for a year. Then it follows 
from (19) that 

Ik^Sr I 



(20) 



N ■■ 



2 P 






where P is the earth's period of revolution. By the law of areas 
it follows that Adt = RHQ; hence equation (20) becomes 

^ lA!Srr"de Ifc^Sr /^" (l +e'co3e) 

" 2 Ph X R 2 PhX a'{l - e'*) 

^ - k*STv 
Pha'{\ -e'*)' 

where a' and e' are the major semi-axis and eccentricity of the ei 
orbit. But it follows from the problem of two bodies that 

A = fc V(l + 7«)a'(l -e'*). P = ^'"''' . 
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Therefore the expression for N becomes 



(21) 



N = 



2a" (1 - ey 



Ab e* decreases iV numerically decreases; therefore, as the ecffln- 
tricity of the earth's orbit decreaaea, the efficiency of the aun i^ 
decreasing the attraction of the earth for the moon gradual!; 
decreases, and the mean motion of the moon increases com- 
Bpondingly. The changes are so small that the alteration id tie 
orbit is ahnost inappreciable, but in the course of centuries tht 
longitude of the moon is sensibly increased. The theoreticsl 
amount of the acceleration is about 6" in a century. The amount 
derived from a discussion of eclipses varies from 8" to 12". It 
has been suggested that tidal retardation, lengthening the day, 
has caused the unexplained part of the apparent change, but tfcie 
subject seems to be open yet to some question. 

The very long periodic variations in the eccentricity of tie 
earth's orbit, whose effects upon the motion of the moon have 
just been considered, are due to the perturbations of the other 
planets. Although their masses are so small and they are s> 
remote that their direct perturbations of the moon's motion are 
almost insensible, yet they cause this and other important varia- 
tions indirectly through their disturbances of the orbit of tie 
earth. This example of indirect action illustrates the grest 
intricacy of the problem of the motions of the bodies of the solaf 
system, and shows that methods of the greatest refinement must 
be employed in order to derive satisfactory numerical results. 

19S. The Vamtion. There is another important perturbation 
in the motion of the moon which does not depend upon the eccen- 
tricity of its orbit. It was discovered by Tycho Brahe, from 
observation, about 1590. Newton explained the cause of it in ti 
Principia by a direct and elegant method which elicited the pn| 
of Laplace. 

It can be explained moat readily by suppo»ng that the unfi 
turbed motion of the moon is in a circle. As has been shonii, the 
normal component of the sun's disturbing acceleration is negative 
in the intervals mgmimi and mtwitTn*, with majcimum values at 
tH) and nti,. Suppose the undisturbed motion at mj is in a circle; 
that is, that the acceleration due to the attraction of the earth 
exactly balances the centrifugal acceleration. There is no t 



, Irom 



1 



1961 



THE VARIATION. 



361 



gentiat component at this point but a large negative normal com- 
ponent. The result is that the force which tends toward E la 
dlininished and the orbit is less curved at this point than the 
circle. Therefore the moon will recede to a greater distance 
from the earth in quadrature than in the circular orbit. At the 
point mi the tangential component is zero, the force which tends 
|^_ toward E is increased, and the curvature ia greater than in the 
^Klittle. The conditions vary continuously from those at trti to 



Fig. 56. 



those at m* in the interval tnitnt. The corresponding changes in 
the remainder of the orbit are evident. The whole result ia that 
the orbit is lengthened in the direction perpendicular to the line 
from the earth to the sun. If the sun ia assimied to be ao far dis- 
tant that its disturbing effects in the interval mimint, are equal 
to those in the interval m,mim), the orbit, under proper iniliai 
eondiiions, is symmetrical with respect to £ as a center, and 
closely resembles an ellipse in form. This change of form of the 
orbit, and the auxiliary changes in the rate at which the radius 
vector sweeps over areas, give rise to an inequality in longitude 
between the mean position and the true position of the moon 
which amounts at times to about 39' 30", and is called the variation. 
The variation has an interesting and imirortant connection 
with the modem methods in the Lunar Theory, which were 
founded by G. W. Hill in his celebrated memoirs in the first volume 
of the American Journal of Mathcmalics, and in the Ada Maihe- 
malica, vol. vni. A complete account of this method is given in 
Brown's Lrnuir Theory in the chapter entitled, Method with Red- 
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OTi^uior Coordinates. Hill neglected the solar parallax; that is, 
aaaumed that the disturbing force is equal in corresponding pointtr' 
in conjunction with, and opposition to, the sun. Instead ol 
taking an ellipse as a first approximation, he took as an inter- 
mediate orbit tliat variational orlnt which is closed with respect to 
axes rotating with the mean angiilar velocity of the sun, with I 
synodic period equal to the synodic period of the moon. The 
conception is not only one of great value, but the analyas was 
made by Hill with rare ingenuity and elegance, 

196. The Parallactic Inequality. Since the sun is only a finitf 
distance from the earth, its disturbing effects will not be exactiy 
the same in points symmetrically situated with respect to the lioe 
msjrii, but will be greater on the side mimima- For example, it 
the expansion of p~* in (17) is carried one order farther so as to 



i 



include the terms of the second order, that is in 
which is independent of e is found to be 

(22) 



the part of N 



"8^ 



[3 cos (u - U) + 5 cos 3{u - U)]- 



When u— U = the term of the second order has the same ^ 
as the first one, and when u — U = ir it has the opposite sign. 
The effect of this term is relatively small because r -§- fl = .002S 
nearly. Tlie terms which are of the second order introduce i 
distortion in the variational orbit, which leads to an inequali^ 
of about 2' 7" in the longitude of the moon compared to the 
theoretical position in the variational orbit. Since it is due t^i 
the parallax of the sun it has been called the parallaciic ineqiuiliiH' 
Laplace remarked that, when it has been determined with ven 
great accuracy from a long series of observations, it will fumlsli '■' 
satisfactory method of obtaining the distance of the sun. Tli' 
chief practical difficulty is that the troublesome problem of findink' 
the relative masses of the earth and moon must be solved before 
the method can be applied.* 

197. The Motion of the Line of Apsides. On account of thf 

more complicated manner in which the different componeni- 

affect the motion of the line of apsides, the perturbations of iln- 

* See Brown's Lunar Theory^ d. 127. 
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nt present greater difficulties than those heretofore con- 
d. Suppose first that the tine of apsides coincides with the 
SS, and Ihat the perigee is at mi. The normal component 
[ is negative, and therefore (Table, Art. 182) produces a 
^ssion of the line of apsides. On the other band, when 
loon is at m^ the negative normal component causes the 
if apsides to advance. It was shown in Art. 180 that the 
iveness of a normal component acting while the moon 
bes a short arc at apogee is to that of an equal normal 
onent acting while an equal arc is described at perigee as 
■ e) is to a(l — e). Moreover, the second equation of (18) 
I that the normal component varies directly as the distance 
; moon from the earth. Therefore the normal component 
ater at apogee, and is more effective in proportion to its 
itude, than the corresponding acceleration at perigee. The 



n 

r 



Normal Component. 




Fig. 57. 

al component is positive, though comparatively small, in the 
■als m^mstn, and vltm^ms. These intervals are almost equally 
?d by A' and L (Fig. 48) where the effect of the normal com- 
it on the line of apsides vanishes. Therefore it follows from 
'able that the total effect in these intervals is very small. 
e when the perigee is at mj the result in a whole revolution ia 
ate the line of apsides forward through a considerable angle, 
ir reasoning leads to precisely the same results when the 
!e is at m*. 
len the perigee is at mi the tangential component is equal in. 
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numerical value and opposite in sign on opposite eidea of the m^oi 
ftxia. Hence it follows from the Table that the effects are in the 
same direction and equal in magnitude for points symmetricaUy 
situated on opposite sides of the major axis. But the ^ects in 

T&ngentia] Component. 




Rg. 58. 

the second and third quadrants are opposite in sign to those is 
the first and fourth quadrants; moreover, they are a httle greatrf 
in the second and third quadrants because then r is greatest anii 
the tangential component, by (18), is proportional to r. Henc 
when the perigee is at m, the total effect of the tangential compo- 
nent in a whole revolution is to rotate the apsides forwaid. Now 
pair this with the case where the perigee is at mi, a condition whid 
will arise because of the motion of the sun even if the apsides wot 
stationary. Under these circumstances the apsides are rotated 
backward, and the rotations in the two cases offset each other. 

Suppose now that the line of apsides is perpendicular to the liu 
ES. It is immaterial in this discussioQ at which end of the liot 
the perigee is, but, to fix the ideas, it will be taken at m*. TTw 
normal component is positive in the interval mimim», and, ifr 
cording to the Table, rotates the line of apsides forward. It i» 
also positive in the interval mBWiWig and there rotates the line ot 
apsides backward. In the latter case the disturbing acceleration 
is greater, and more effective for its magnitude, so that the whtfc 
result is a retrogression. The intervals numimt and numtrrH, in 
which the normal components are negative, are divided near)]' 



SBCONDAUT EFFECTS. 366 

equally by L and K; hence it is seen from the Table that their 
■esults almost exactly balance each other in a whole revolution, 
rherefore, when the perigee is at nt), the result of the normal com- 
X)nent on the line of apsides for a whole revolution is a consider- 
ible retrogression. 

When the perigee ia at mi the tangential component is positive 
n the interval mams and negative in vnnv,. From the Table it ia 
leen that a positive T in the interval ms,mt,mj causes the tine of 
ipddes to rotate forward, and a negative, backward. Since the 
ign of 7* is opposite in the two nearly equal parts of the interval 
he whole result upon the line of apsides is very small. The result 
B the same in the half revolution m^mimi. Thus it is seen that 
he combined effects of the normal and tangential components in a 
rhole revolution is to rotate the line of apsides backward when it 
B perpendicular to the line from the earth to the sun. 

It was found that the line of apsides rotates forward when it 
loincides with the line from the earth to the sun. The next 
[uestion to be answered is whether the advance or the retro- 
ireseion is the greater. It is noticed that the total changes arisii^ 
rom the action of the tangential components are the differences 
rf nearly equal tendencies, and therefore small. The same may be 
aid of the normal components which act in the vicinity of the 
nds of the minor axis of the ellipse. Moreover, in the two 
tositions considered they act in opposite directions so that their 
rhole result is still smaller. The most important changes arise 
rom the normal components which act in the vicinity of the ends 
f the major axis. It follows from the second equation of (18) 
bat in the first case, in which the line of apsides advances, they 
re about twice as great as in the second, in which the line of apsides 
egresses. Therefore, the whole change for the two positions of 
be line of apsides is an advance. The results (or the positions 
lear the two considered will be similar, but less in amount up to 
ome intermediate points, where the rotation of the Une of apsides 
a a whole revolution of the moon will be zero. From the way in 
rbich the tangential components change sign (Fig. 58) it is evident 
bat these points will be nearer to mi and m? than to mi and mt; 
herefore the average results for all possible positions of the perigee 
$ an advance in the line of apsides. 

198. Secondai; Effects. The results thus far have been derived 
B though the sun were stationary. It moves, however, in the 
ajne direction as the moon. It has been shown that when the 
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moon is near apogee and the sun near the line of apmdes, the 
normal component makes the apsides advance. This sdvanw 
tends to preserve the relation of the orbit with reference to the 
position of the sun, and the advance of the ap^des is prolonged and 
increased. On the other hand, when the moon is at perigee and 
the sun near the line of apsides the line of apsides moves back- 
ward; the sun moving one way and the line of apsides the other, 
this particular relation of the sun and the moon's orbit is quickly 
destroyed, and the retrogression is leas than it would have been if 
the sun had remained stationary. In a similar manner, for every 
relative position of the line of apsides, the advance is increased 
and the retrogression is decreased. 

There is another important secondary effect which depends 
upon the tangential component and is uadependent of the motion 
of the sun. As an example, take the case in which the line of 
apsides passes through the sun with the perigee at mj. The 
tangential component in mimt is positive, and, according to the 
Table, rotates the line of apsides forward until the moon arrives 
at apogee. But, as the line of apsides advances, the moon vHi 
arrive at apogee later, and the effect of this component will be 
increased. When the motion of the sun is also included this 
secondary effect becomes of still greater importance. In this 
manner, perturbation exaggerates perturbation, and it is cles: 
what astronomers mean when they say that nearly half the motion 
of the lunar perigee is due to the square of the disturbing force, 
or that it is obtained in a second approximation. 

The theoretical determination of the motion of the moon's line 
of apsides has been one of the most troublesome problems of 
Celestial Mechanics; the secondary effects escaped Newton when 
he wrote the Principia* and were not explained until Clairaui 
developed his Lunar Theory in 1749. The most successful &di 
masterful analysis of the subject yet made is undoubtedly that ■' 
G. W. Hill, in the Acta M(Ukematica, vol. viri., which, for f! 
terms treated, leaves nothing to be desired. The line of apsiiv- 
of the moon's orbit makes a complete revolution in about Q\ year- 

199. Perturbations of the Eccentricity. Suppose the line <■ 
apsides passes through the sun and that the perigee is at ''• 

' In Ihe manuBcripta which Nevrton loft, and which are now known as !. 
Portamoulh Collection, having been published but recently, a correct wtplftt 
(ion of the motion of the line of apsidea is given, and nearly correct lumch'^ 
results are obtained. 
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J"roni the symmetry of the normal componentB with respect to 
(he line ES and the results given in the Table, it followB that the 
increase and the decrease in the eccentricity in a complete revolu- 
tion due to this component, are exactly equal under these cir- 
cumstances. From the way in which the tangential component 
cbanges sign, and from the results given in the Table, it follows 
that the changes in the eccentricity, due to this component, also 
exactly balance. Therefore there is no change in the eccentricity 
in a complete revolution of the moon under the conditions pos- 
tulated. In a similar manner the same results are reached when 
the perigee is at ms. 

Suppose the line of apsides has the direction mtm^. It can be 
shown as before that neither the normal nor the tangential com- 
ponent makes any permanent change in the eccentricity. 

Now consider the case in which the line of apsides is in some 
intermediate position; for simplicity suppose it is in the line mjwi* 
with the perigee at m^. Consider simultaneously with this case 
that in which the perigee is at vu,. First consider only the effects 
of the normal component. It follows from Fig. 57 and the Table 
of Art. 182 that when the perigee is at mi and the moon Is in the 
re^OD wisTw*, the normal component decreases the eccentricity; 
and when the perigee is at ma, increases the eccentricity. The two 
effects largely destroy each other. But it was shown in Art, 181 
that a given normal component is more effective in changing 
the eccentricity when the moon is near apogee than it is when the 
moon is correspondingly near perigee. Besides this, since N is 
proportional to r, as follows from the second equation of (18), the 
normal component is larger the greater the moon's distance. For 
both of these reasons, while the moon is in the arc mtn^^ the 
increase of the eccentricity with the perigee at wig is greater than 
the decrease with the perigee at m,. The two cases combined 
give a small second order residual increase in the eccentricity 
which may be represented by + A.e. Similarly, while the moon 
is in the region rmmn the effects of the normal component on the 
eccentricity with the perigee at m^ and me are respectively an 
increase and a decrease. On paying heed to the relative positions 
of the apogee, it is seen that the combined effect on the eccentricity 
is a second order residual incretise + Aae. By analogous dis- 
cussions, the combined effects for the moon in the arcs moWia and 
jriatnt are the positive second order residuals + ijc and + A,c. 

The question arises whether the second order residuals are not 
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in eome way destroyed. In order to show that they also vanish 
coDBtder the case in which the line of apsides has a symmetrical!; 
opposite poaition with respect to the line ES, that is, the case in 
which the perigee is at mg or m,. When the perigee is at m* and 
the moon in the region mtm* the eccentricity is increased hy thf 
normal component; when the perigee is at wtg, the eccentricity i- 
decreased. The decrease in the latter case ia greater than i!. 
increase in the former because when the perigee is at mi ih- 
region mjm* is near the apogee. Therefore the combined effect 
is a second order decrease in the eccentricity; and, since the arc 
■rrttnn is not only situated the same relatively with respect to the 
earth and sun but also with respect to the moon's orbit as wtm 
the line of apsides was the line mim«, it follows that the second 
order decrease in the eccentricity is — Aie. It is found similarij 
that when the moon is in the arcs m^m*, mtmt, and mirnt the sums 
of the changes of the eccentricity when the perigee is at nit sai ph 
are respectively — Aj«, - Aje, and — l^^e. When these second 
order residuals are added to those obtwied when the line of 
apsides was the line mtmt the result is zero. A corresponding 
diBcussioD leads to the same results for any other position of the 
line of apsides, viz., it can be paired with another which is sym- 
metrically opposite with respect to the line ES so that when Uw 
perigee is taken in both directions on each line the total effect of 
the normal component on the eccentricity is zero. There/on Su 
normal componenl in the lojig run makes nc permanent change in &i 
eccentricUy of the moon's orbU; and a somewhat similar discusaos 
establishes the same result for the tangential component. 

The sun does not, however, stand still while the moon maka 
its revolution, and the conditions which have been assumed iff 
never exactly fulfilled. Nevertheless, it is useful to show how the 
different configurations, even though changing from instant tt 
instant, may be paired. In a very great number of revolutions tbe 
supplementary configurations will have occurred an equal number 
of times, and the eccentricity will have returned to its original 
value. The period required for this cycle of change depends in the 
first place upon the periods of the sun and the moon; in the secfflid 
place, upon the eccentricity of the sun's orbit (the eart.h's orbit); 
and lastly, upon the manner in which the lines of apsides of the 
sun's and moon's orbits rotate. 

The present system, with abundant geological and biolc^cal 
evidence of a very long existence for the earth in at least approw- 
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mately its present condition, shows vith reasonable certainty that 
the system is nearly stable, if not quite. It is an interesting fact, 
though, that those two elements, the line of nodes and the line of 
apsides, which may change continually in one direction without 
threatening the stability of the system do, on the average, re- 
spectively retrograde and advance forever, 

200. The Evection. It has just been shown that the eccentricity 
does not change in the long run; yet it undergoes periodic varia- 
tions of considerable mi^nitude which give rise to the largest lunar 
perturbation, known as the evection. At its maximum effect it 
flisplaces the moon in geocentric longitude through an angle of 
about I'lS' compared to its position in the undisturbed elliptic 
orbit. This variation was discovered by Hipparchus and was 
carefully observed by Ptolemy. 

The perturbations of the elements, and of the eccentricity in 
particular, depend upon two things, the position of the moon in 
its orbit, and the position of the moon with respect to the earth 
and sun. Suppose the moon and sun start in conjunction with 
the perigee at mt. Consider the motion throughout one synodic 
revolution. It follows from the Table of Art. 182 and Figs. 57 
■nd 58 that the eccentricity is not changing when the moon is at 
mil that it is decreasing, or zero, when the moon is at mg, mi, 
and m^^, that it is not changing when the moon is at nt^; that it is 
increasing, or zero, when the moon is at me, nij, and m*; and that 
it ceases to change when the moon has returned to mi agun. 
This is true only under the hypothesis that the perigee has re- 
tnajned at wii throughout the whole revolution; or, in other words, 
that the line of apsides advances as fast as the sun moves in its 
orbit. Now, the actual case is that the eun moves about 8.5 
times as fast as the line of apsides rotates. Since the synodic 
period of the moon is about 29.5 days while the sun moves about 
one degree daily, the moon will be about 26° past its perigee when 
it arrives at mi. What modification in the conclusions does this 
introduce? The normal component is negative and, in this part 
of the orbit, causes an increase in the eccentricity, while the 
tangential makes no change, since it is zero. As the moon pro- 
ceeds past Ml the normal component becomes less in numerical 
value, while the tangential component becomes negative and tends 
to decrease the eccentricity. The tendencies of the two com- 
ponents to change the eccentricity in opposite directions balance 
-when the moon is at some point between mi and mj, instead of 
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at mi, after which the eccentricity decreases. There is 
spoQdiQg advance of the point near m^ at which the eccentrii 
ceases to decrease and begins to increase. Similar coacluaion! 
are reached starting from any other initial configuration. 

The results may be summarized thus: The perturbations of tbe 
sun decrease the eccentricity of the moon's orbit somewhat nam 
than half of a synodical revolution, and then increase it for ui 
equal time. These changes in the eccentricity cause deviations 
in the geocentric longitude from the ones given by the elliptic 
theory, which constitute the evedion. Tlie appropriate methods 
show that the period of this inequality is about 31.8 days. 

201. Gauss' Method of Computing Secular Variations. It \m 
been shown in the preceding articles that some of the elements, 
such as the line of nodes and the Une of apsides, vary in one 
direction without Umit. This change is not at a uniform rale, for 
in addition to the general variations, there are many short period 
oscillations which are of such magnitude that the element fre- 
quently varies in the opposite direction. When the results are 
put into the symbols of analysis, the general average advance is 
represented by a term proportional to the time, called the seoJar 
variation, while the deviations from this uniform change art 
represented by a sum of periodic terms having various periods and 
phases. Thus it is seen that the secular variations are caused by a 
sort of average of the disturbing forces when the disturbing and 
disturbed bodies occupy every possible position with respect lo 
each other. 

There are other elements, such as the inclination and the 
eccentricity which, though periodic in the long run, vary con- 
tinuously in one direction on the average for many thousands 
of years. These changes may be regarded as secular varia- 
tions also, and they likewise result from a sort of average of 
perturbations. 

In 1818 Gauss published a memoir upon the theory of secular 
variations based upon the conceptions just outlined. His method 
has been applied especially in the computation of the secular 
variations of the elements of the planetary orbits. Instead ol 
considering the motions of the bodies, Gauss supposed that thf 
mass of each planet is spread out in an eUiptical rii^ coincidiri: 
with its orbit in such a manner that the density at each poini 
inversely as the velocity with which the body moves at that poi:.'- 
He then showed how to compute the attraction of one ring upoa 
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the other, and the rate at which their positions and shapes change 

under the influence of these forces. 
The method of Gauss has been the subject of quite a number of 

memoirs. Probably the most useful for practical purposes is by 
0. W. Hill in vol. i. of the Astronomical Papers of the American 
Ephemeris and NavMcal Almanac. Hill's formulas have been 
applied by Professor Eric Doolittle with great success, the results 
which he obtained agreeing very closely with those found by 
Leverrier and Newcorab by entirely different methods. 

202. The Long Period Inequalities. In the theories of the 
mutual perturbations of the planets very large terms of long 
periods occur. They arise only when the periods of the two bodies 
considered are nearly commensurable, and it is easy to discover 
their cause from geometrical considerations. 

Since the moat important variation occurs in the mutual per- 
turbations of Jupiter and Saturn the explanation will be adapted 
to that case. Five times the period of Jupiter is a little more 
than twice the period of Saturn. Suppose that the two planets 
are in conjunction at the origin of time on the line U. After five 




Fig. 59. 

revolutions of Jupiter and two of Saturn they will be in conjunction 
again on a line ii verj' near (o, but having a little greater longitude. 
This continues indefinitely, each conjunction occurring at a httle 
greater longitude than the preceding. Conjunctions occurring 
frequently at about the same points in the orbits cause very large 
perturbations, and the Lon^ Period is the time which it takes the 
point of conjimction to make a complete revolution. In the case 



of Jupiter and Saturn it is about 918 years. Thia inequality, whidi 
is the greatest in the longitudes of the planets, displacing Jtipita 
21' and Saturn 49', long baffled astronomers in tbeir attempts lo 
explain it as a necessary consequence of the law of gra\'itation. 
Laplace finally made one of his many important contributioos to 
Celestial Mechanics by pointing out its true cause, and Bhowing 
that theory and observation agree. 



ZZIV. PROBLEMS. 

1. Prove that the locus of the point at which the attrsctiona of tbeffi 

and earth ai« equal is 



□ the line joining the sun and earth, at the distance 



BR 



from the eeottf 



of the earth opposite t« the sun, where S and E represent the mass of the ma 
and e&rtb respectively, and R the distance from the sun to the earth. 
If ft = 93,000,000 miles, and ~ = 330,000, then 

^^^ = 161,550 milM, 

^^ = 281 mUM. 

Since the moon's orbit has o radius of about 240,000 miles, it is alwsys tl- 
tracted more by the sun than by the earth. 

2. The moon may be regarded as revolving around the earth and disturbed 
by the sun, or as revolving around the sun and dielurbed by the earth. *»■ 
Bume that the moon's orbit is a circle, and find the position at which tb 
disturbing effects of the sun will be a maxiinum: show that llie distuitiitf 
effects due to the earth, regarding the moon aa revolving around the sun, ao 
a minimum for the same position. 

3, Find the ratio of the greatest disturbing effect of the sun to the ItHt 
disturbing effect of the earth. 

Ant. Let ft equal the distance from the sun to the earth, « the diMalM 
from the sun to the moon, and r the distance from the earth tc the tOVK 
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4. Find Ibe ratio of tJic sun's disturbine force at its maximum t«1o«Ii 
the attraction of the sun, and to the attraction of the earth. 

... p. rCB + .) _ 
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5, Prove in detail the conclusion of Art. 199 that ihe tangential com- 
poBsnt produces no secular changes in the eccentricity ot the moon's orbit. 

S. Suppose a planet diaturba the motion of another planet which is near to 
he sua. Find the way in which ail the elements of the orbit of the in " it 
planet are changed for all relative positions of the bodies in their orbits. 

7. Show that, if the rates of change of the elements are known when the 
planet is in a particular pooilion in its orbit, the intensity and direction of 

6 disturbing force can be found. Show that, if it is assumed that the 
^stance of the dialurbing body from the sun is known, its direction and mass 

a be found. (This is part of the problem solved by Adams and Leverrier 
when they predicted the apparent position of Neptune from the knowledge of 
lu perturbations of the motion of Uranus. There are troublesome practical 
ififficultiea which arise on account of the minuteness of the quantitiea involved 
which do not appear in the simple statement given here.) 



HISTORICAL SKETCH AND BIBLIOGRAPHY. 

The first treatment of the Problem of Three Bodies, as well as of Two 

Bodies, was due to Newton, It was given in Book L, Section XI., of the 

I Prindpia, and it was said by Airy to be " the most valuable chapter that 

rritten on physical science." It contained a somewhat complete 

I Oplanation of the variation, the parallactic inequality, the annual equation, 

' n of the perigee, the perturbations of the eccentricity, the revolution 

(ttbenodes, and the perturbations of the inclination. The value of the motion 

■(the lunar perigee found by Newton from theory wss only half that given 

f oboervations. In 1872, in certain of Newton's unpublished manuscripts, 

IB the Portsmouth Collection, it was found that Newton had accounted 

V the entire motion of the perigee by including perturbations of the second 

(See Art. 198.) This work being unknown to astronomers, the motion 

■ the lunar perigee was not otherwise derived from theory until the year 1749, 

a Clairaut found the true explanation, after being on the point of sub- 

tuting for Newton'e taw of attraction one of the form a: — -j + -j. Newton 

rded the Lunar Theory as being very difficult, and he is said to have told 

h friend Halley in despair that it " made his head ache and kept him awake 

Soften that be would think of it no more." 

I Snce the days of Newton the methods of Analysis have succeeded those 

It Geometry, except in elementary explanations of the causes of different 

e of perturbations. In the eighteenth century the development of the 

ir Theory, and of Celestial Mechanics in general, was almost entirely the 

k of five men: Euler (1707-1783), a Swiss, bom at Basle, living at St. 

._eraburg from 1727 to 1747, at Beriin from 1747 to 1766, and at St. Peters- 

"tttrg from 1766 to 1783; Clairaut (1713-1765), bom at Paris, and spending 

' bearly all his life in lus native city; D'Alembert (1717-1783), also a native 

I inhabitant of Paris; Lagrange (1736-1813), bom at Turin, Italy, 

[ but of French descent, Professor of Mathematics in a military school in IWin 
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from 1753 to 17S6, BUcceediog Euler at Berlin and spending twenty years 
there, going to Paris and spending tlic remmndi'.r of his life in the FnpDcti 
capital; and Laplace (1749-1827), son of a French feasant of Beaumont, in 
Normandy, Professor in I'Ecole Militalre and in I'Ecole Normale in Pari, 
where he spent moet of his life after he was eighteen years of age. The only 
part of their work which will be mentioned here will be that relating to ibt 
Lunar Theory. The account of investigations in the general planetary thnuia 
comes more properly in the next chapter. 

There waa a general demand for accurate lunar tables in the eghteeolli 
century for the use of navigators in determining their positions at sea. TIus. 
together with the fact that the motions of the moon presented the best icit 
of the Newtonian Theory, induced the English Government and a numba of 
adentific societies to offer very substantial prises for lunar tables agreeijii 
with observations within certain narrow limits. Euler published some tathfr 
imperfect lunar tables in 1746. In 1747, Clairaut and d'Aiembert preeemol 
to the Paris Academy on the name day memoirs on the Lunar Theory. E^ii 
had trouble in explaining the motion of the perigee. As has been atalal, 
Cluraut found the source of the difficulty in 1749, and it was also diseoveTwl 
by both Euler and d'Aiembert a little later. Clairaut won the prize offered 
by the St. Petersburg Academy in 1752 for his Thioris de la Lune. Both be 
and d'Aiembert published theories and numerical tables in 1754. They wcr 
revised and extended later. Euler published a Lunar Theory in 1 753, in the 
appendix of which the analytical method of the variation of the elemenls m 
partially worked out. Tobias Mayer (1723--1762), of Gottingen, comparrf 
Euler's tables with observations and corrected them so successfully that lie 
and Euler were each granted a reward of £3000 by the English Govermnail- 
tn 1772 Euler published a second Lunar Theory which possessed many art 
features of great importance. 

Lagrange did little in the Lunar Theory except to point out general methods. 
On the other hand, Laplace gave much attention to this subject, and ouide 
one of hb important contributions to Celestial Mechanics in 1787, when he 
explained the cause of the secular acceleration of the moon's mean motion. 
He also proposed to determine the distance of the sun from the parallsdk 
inequality. Laplace's theory is contained in the third volume of hie JU^conigut 
CiknU. 

Damoiaeau (1768-1846) carried out Laplace's method to a hi^ degree tf 
approximation in 1S24-28, and the tables which he constructed were uk4 
quite generally until Hansen's tables were constructed in 1857. Pluu 
(1781-1869) published a theory in 1832, similar in most respeclA to (hat of 
Laplace. An incomplete theory was worked out by Lubbock (1803-1805) io 
1830-4. A great advance along new lines was made by Hansen (1795' 
1874) in 1838, and again in 1862-^. His tables published in 1857 were vaj 
generally adopted for Nautical Almanacs, De Pont^coulant (1795-1874) 
published his Thforie Analylique du Syalhne du Monde in 1846. The foortb 
volume contains his Lunar Theory worked out in detail. It is in its e«aentiib 
similar to that of Lubbock. A new theory of great mathematical eltfanrr, 
and carried out to a very high degree of apprcLximation, was published b; 
Delaunay (1816-1872) in 1860 and 1867. 

A most remarkable new theory bsfled on new conceptions, and developol 
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bj Dew mftthematicEd melhodB, waa published by G. W. Hill in 1878 in the 
Jinerkan Journal of Malhematica. The firal fundamental idea waa to take 
tiie variational orbit aa an approximate Bolution inatead of the ellipse. Ex- 
prewoDs tor Ihe M>6rdinat«s of the variational orbit were developed with rare 
Uathemntical akill, and are noteworthy for the rapidity of their convergence. 
A second approximation giving part of the motion of the perigee was publiahed 
in volume viii. of Ada Mathematica. Thia memoir conttuncd the first aolutioi) 
of a linear diSerential equation having periodic coefficients, and Introduced 
into mathematica the infinite determinant. Hill's researchee have been 
eilended to higher approximationa, and completed, by a Beriea of papen 
published by E. W. Brown in the American Journal of Malkemaiies, vob. 
KTf., XV., and xvii., and in the Monlhly Nolices of the R.AJi., ui., liv., and 
Lt. Aa it now stands the work of Brown ia numerically the most perfect 
tiunar Theory in exiatenee, and from thia point of view leaves little to bo 
demred. The motion of the moon's nodes waa found by Adama (1819-1892) 
by methods aimilar to those uaed by UiU in determining the motion of tbe 
perigee. 

For the treatment of perturbations from geometrical considerations con- 
sult the Priwipia, Airy'a (1801-1892) GraviUUioa, and Sir John Herschel's 
CI792-1871) Oudineg of AsiroTiomy. For the analytical treatment, aside 
From the original memoits quoted, one cannot do better than to consult 
liasenind's Micanique Cileile, vol. iii., and Brown's Lunar Thcvry, Both 
Bolumee are most excellent ones in both their contents and clearness of expo- 
inUoD. Brown's Lunar Thcnry especially is complete in those pointa, auch 
to the meaning of the constants employed, which are apt to be somewhat 
obncure to one just entering this field. 



CHAPTER X. 

PEBTrntBATIONS— ANALTTICAL METHOD. 



s 



203. Introductory Renurks. The subject of the 
perturbations of the motions of the heavenly bodies has been one 
to which many of the great mathematicians, from Newton's time 
on, have devoted a great deal of attention. It is needless to 6*j 
that the problem is very difficult and that many methods of 
attacking it have been devised. Since the general solutions d 
the problem have not been obtained it has been necessary to treat 
Bpecial classes of perturbations by special methods. It has bees 
found convenient to divide the cases which arise in the solar systeni 
into three general classes, (a) the Lunar Theory and satellite 
theories; (b) the mutual perturbations of the planets: and (c) tk 
perturbations of comets by planets. The method which will be 
given in this chapter is applicable to the planetarj' theories, and 
it will be shown in the proper places why it is not applicable to the 
other cases. References were given in the last chapter to treatises 
on the Lunar Theory, especially to those of Tisserand and Broira. 
Some hints will be given in this chapter on the method of ccni- 
puting the perturbations of comets. 

The chief difficulties which arise in getting an understanding ot 
the theories of perturbations come from the lai^e number of 
variables which it is necessary to use, and the very long trsiifr 
formations which must be made, in order to put the equations in s 
form suitable for numerical computations. It is not poeeiblt, 
because of the lack of space, to develop here in detail the explicit 
expressions adapted to computation; and. indeed, it is not dearni 
to emphasize this part, for it is much more important to get u 
accurate understanding of the nature of the problem, the mathe- 
matical features of the methods employed, the limitations whirfi 
are necessary, the exact places where approximations are intro- 
duced, if at all, and their character, the origin of the various 
of terms, and the foundations upon which the celebrated 
regarding the stability of the solar system rest. 

There are two general methods of considering perti 
(a) as the variations of the coordinates of the various 



'arioussorH 
edtheoc^ 

rturbatfl 
ious bo^l 



204] ILLUBTRATIVB EXAMPLE. 367 

ajid (6) as the variations of the elements of their orbita. These 
bwo conceptions were explained in the beginning of the preceding 
chapter. Their analytical development was begun by Euler and 
Clairaut and was carried to a high degree of perfection by La- 
grange and Laplace. Yet there were points at which pure as- 
sumptions were made, it having become possible to establish 
completely the legitimacy of the proceedings, imder the proper 
restrictions, only during the latter half of the nineteenth century 
by the aid of the work in pure Mathematics of Cauchy, Weier- 
straas, and Poincar^. 

204. niustratiye Example. The mathematical basis for the 
theory of perturbations is often obscured by the large number 
af variables and the complicated formulas which must be used. 
Many of the essential features of the method of computing per- 
:urbations can be illustrated by simpler examples which are not 
lubject to the complexities of many variables and involved 
formulas. One will be selected in which the physical relations 
ire also sunple. 

Consider the solution of 

(1) g + ,^. _,(!)■+. e„a, 

where }^, fi, », and I are positive constants. If >i and v were zero 
the differential equation would be that which defines simple 
harmonic motion. It arises in many physical problems, such as 
that of the simple pendulum, and of all classes of musical instru- 
ments. In order to make the interpretation de6nite, suppose it 
belongs to the problem of the vibrations of a tuning fork. The 
Erst t€rm in the right member may be interpreted as being due 
to the resistance of the medium in which the tuning fork vibrates. 
It is not asserted, of course, that the resistance to the vibrations 
of a tuning fork varies as the third power of the velocity. An 
odd power is taken so that the differential equation will have the 
same form whether the motion is in the positive or negative direc- 
tion, and the 6rst power is not taken because then the diflferen- 
ttal equation would be linear and could be completely integrated 
in finite terms without any difficulty. 

The left member of equation {1) will be considered as defining 
the undisturbed motion of the txming fork. The first term on the 
riitht ioixoduse^ » pertui'batioii nbicii de(>«iids upoo ttie ve'cc'tv 
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of the tuning fork; the second term on the right introduces a 
perturbatioQ which is independent of the position and velocitr 
of the tuning fork. The first is analogous to the mutual per- 
turbations of the planets, which depend upon their relative posi- 
tions; the eeciind is more of the nature of the forces which produce 
the tides, for they are exterior to the earth. The tides are defined 
by equations analogous to (1). 

In order to have equation (1) in the form of the equations whicli 
arise in the theory of perturbations, let 



(2) 
Then (1) becomes 



= xi, 



dx_ 
dl 



= XI, 



m 



dx, 

dt ■ 

dx, 

L dl ' 



- 0, 



k'x. 



- i^z' -j- P COS It. 



The correapondmg differential equations for undisttirbed motioi 
are 

(4) 



+ ifx. 



Equations (4) a 
(5) 



isily int^;rated, and their general solution i> 

= + a cos i:( + (3 sin kf, 
= — A» ain fc( -j- kff cos kt, 



where a and p are the arbitrary constants of integration. In the 
terminology of Celestial Mechanics, a and are the elements of 
the orbit of the tuning fork. 

Now consider the problem of finding the solutions of equations 
(3). Physically speaking, the elements a and p must be so varied 
that the equations shall be satisfied for all values of (. Mathe- 
matically considered, equations (5) are relations between the 
original dependent variables Xi and iTj, and the new dependent 
variables a and j3 which make it possible to transform the differ- 
ential equations (3) from one set of variables to the other. This 
would be true whether (5) were solutions of (4) or not, but sine* 
(5) are solutions of (4) and (4) are a part of (3), a number of terms 
drop out after the transformation has been made. On 



1 regardiifc 
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(.5) as a set of equations relating the variables Xi and 1 1 to a and P 
and making direct substitution in (3), it is found that 



+ cos kt-jT + aiakt-j 



lik^[a sin kt—fi cos kt]* + t coa fl. 



These equations are linear in -7- and -r- and can be solved for these 
at at 

derivatives because the determinant of their coefficients is unity. 

Tiie solution b 



-^ = + nk'[a mi kt — $ cos kt]* cos fc( + t cos It cos kt. 

The problem of solving (7) is as difficult as that of solving (3) 
because their right members involve the unknown quantities a 
And in as comphcated manner as Xi and xi enter the right mem- 
bers of (3). But suppose ^ and v are very small; then, since they 
enter as factors in the right members of equations (7), the depen- 
dent variables a and change very slowlv. Consequently, for a 
Considerable time they will be given with sufficient approximation 
if equations (7) are integrated regarding them as constants in the 
right members. To assist in seeing this mathematically consider 
the simpler equation 



C8) 



da 

dt ' 



iiail +kcoB kt). 



The solutjon of this equation is 

where C is the constant of integration. If the right member of 
this equation is expanded, the expression for a becomes 

(9) a = CJl -I- y(( -t- sin fc() + ^^ {t + sin kt)* + ■■■]. 

If It is very small and if t is not too great the right member of this 
equation is nearly equal to its first two terms. If it were not for 
the term t which is not in the trigonometric function no limitationfi 
on ( would be necessary. But in general such limitations are 
necessary; and in most cases, though not in the present one, they 
are necessary in order to secure convergence of the series. 
25 
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It is observed that the solution (9) is in reality a power series in 
the parameter n, and the coefficients involve I. If it is deared 
equation (8) can be integrated directly as a power series in (i. 
The process is, in fact, a general one which can be used in solving 
(7), and equations (10), which follow, are the first terms of the 
solution. The conditions of validity of this method of integratiOD 
are given in Art. 207. 

The fact that when p is very small a and ff may be regarded 
as constants in the right members of (7) for not too great values 
of t can be seen from a physical illustration. Consider the per- 
turbation theory. The changes in the elements of an orbit depend 
upon the elements of the orbits of the mutually disturbing bodies 
and upon the relative positions of the bodies in their orbits. It ia 
iutuitionally clear that only a slight error in the computation of 
the mutual disturbances of two planets would be committed if 
constant elements were used which differ a little, say a degree in 
the case of angular elements, from the true slowly changing ones. 

If equations (7) are integrated regarding a and as constants 
in the right members, it is found that 

= ao - ,<*» { |! (a* + /3»)( + ^ (3a> + ^)[cos 2Ai - II 

-^{Sc?-0')[oosHa-l] , 



(10) 



■^ 2fc(I + it) 



[cos (I + k)l - 1] 



+ ^{cfi - Zp'ncoa 4kt - 1] 



^2ft(? + fc) 



sin (i + k)t 



. sin (I - k)t. 
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•nd ^0 are the values of a and d respectively at f ^ 0. 
Be values of a and p are substituted in (5) the values of 

are determined approximately for all values of ( which 
c remote from the initial time. 

ff equations (10). The right member of each of them 
I which contains t only as a simple factor, while elsewhere 

only in the sine and cosine terms. The terms which 
rtional to t seem to indicate that a and ff increase or 
indefinitely with the time; but it must be remembered 
lions (10) are only approximate expressions for a and 0, 
1 useful only for a limited time. It might be that the 
otpressions would contain higher powers of t, and that 
would have bounded values, just as 



sin ( = ( — 



31 ' 51 



nasion whose numerical value does not exceed tmity, 
consideration of the first term alone would lead to the 
I that it becomes indefinitely great with (. On the 
td the presence of tenas which increase proportionally 
toe may indicate an actual indefinite increase of the 
a and 0. For example, it was found in the precedii^ 
lat the line of nodes and the apsides of the moon's orbit 
Jy regress and advance continually. The terms which 
oportionally to t sre called secular terms. 
ht members of equations (10) also contain periodic terms 

e periods r, sr, ■ . ■ , and . -- _ ■ t ■ These are known 

c terms. If I and k are nearly equal the terms which In- 
s or cosines of (l—k)l have very long periods, and are called 
i lerm£. Sometimes terms arise which are the products 
periodic terms. These mixed terms are called Poisaon 
*U8e they were encountered by Poisson in the discussion 
iations of the major axes of the planetary orbits. If (10) 
tuted in (5) the resulting expressions for Xi and r» contain 
mns but no secular terms. 

lysical interpretation of equations (10) is simple. The 
» and continually decrease because of the secular terms; 
iie amplitudes of the oscillations indicated in (5) con- 
iminish. This reduction is entirely due to the resistance 
ition aa is shown by the fact that these terms contfun the 
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coefBcient ^ aa a factor. There are terms in z, and zj of period 
three times and five times the undisturbed period which are also 
due to the resistance. And the periodic disturbing force intro- 
duces in a and terms whose periods depend both on the period 
of the disturbing force and alao on the natural period of the tuning 
fork. But it is noticed that the periods of the terms which they 
introduce into the expressions for Xi and Xt are the period of the 
disturbing force and the natural period of the tuning fork. 

205. Equations in the Problem of Three Bodies. Con^d^ 
the motion of two planets, mi and mi, with respect to the sun, S. 
Take the center of the sun as origin and let the coordinates of mi 
be {xi, yi, Zi), and of mi, (xt, yt, z*)- Let the distances of mi 
and mj from the sun be ri and u respectively, and let ri.i repre- 
sent the distance from mi to mi. Then the differential equations 
of motion, as derived in Art. 148, are 



tPX: 



r'+i*(S + m.)^ = 



dh/i 



^■ + ^(s + ™.,^.= 






aA,.. 
aSi.i. 

3K..1 

"""ST' 

S».,i 

aB,. I 
"' as, ■ 

aKi.i 
""-aiT' 
- _ yiyt + zizt ] 



xixx + y»vi + zt8i ] 



The right members of equations (11) are multiplied 1 
factors mi and ma which are very small compared to iS; th 
they will be of slight importance in comparison with the tenns 
on the left which come from the attraction of the sun, at least for 
a considerable time. If m, and mj are put equal to zero in the 
right members, the first three equations and the aecond 1 
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form two sets which are independent of each other, and the 
problem for each set of three equations reduces to that of two 
bodies, and can be completely solved. 

It will be advantageous to reduce the six equations (11) of the 
second order to twelve of the first order. Let 



k 



~ dt • 



len equations (11) become 



- ».' - 0, 



i^ + ''(S + "'OS-"-- 



Zi' - 0, 



at fi' 

dzj' 

dt 



-+l;'(S + m,)^-m,- 



and similar equations in whicli tlie aubacript is 2. 

If the motions of wii and mi were not disturbed by each other 
equations (12) would become 



dt 

and an independent system of similar equations in which the 
subscript is 2. Let li. - \{x,' + y," + ii") - |J <^ + ""> ; 
then equations (13) take the form 

dx, _ asii dxi' _ flfli 



0, 


'^ + )f(s + ».,)a-o, 


0, 


^'+*'(s + ».,)Si = o, 


0, 


^'+t'(S + m,)^ = 0, 



(14) 



dl dxi" 

dyi ^ an, 

dt dyi" 



dt 


iz, 


dt 


as, 


dl,' 


da. 



This form of the differential equations is convenient in connection 
with the problem of transforming equations so that the elliptic 
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eleiDents become the depecdent variables whose values in terms 
of ( are required. 

206. Transfonnation of Variables. In order to avoid confuaon 

in tbe analysis, and to be able to say where and how the approxi- 
mations are introduced, the method of the variation of param- 
eters must be regarded in the first instance as simply a traiw- 
formation of variables, which is perfectly legitimate for all values 
of the time for which the equations of transformation are valid. 
From this point of view the whole process is mathematically simple 
and lucid, the only trouble arising from the number of variable 
involved and the complicated relations among them. 

In chapter v. it was shown how to express the coordinates in 
the Problem of Two Bodies in terms of the elements and the 
time. Let ai, ■■■, 0( represent the elements of the orbit ni, 
and ^1, ■ ■ ■ , ^» those of mj. Then the equations for the codrdiniUi 
in the Problem of Two Bodies may be written 



(15) 



«.-/("., • 


■, "., t), 


»■' - e(o„ ■ 


•, a., '), 


It - «(«.. 


, «., <). 


s/ = ♦(«!, ■ 


■■, «, 


I - »(»„ ■ 


•, "., 0, 


3i' = <l'{at, ■ 


■■. o,, 1) 


'.-m, ■ 


■, «., 1), 


I,' - 9(^1, • 


•, ft, 1), 


». =■ sW., ■ 


•, ft, 1), 


•/.' - ♦»!, ■ 


••, ft, 


. - li(D„ ■ 


■, ft, 1), 


z.' - *»., • 


■■, ft,') 



Jl 



A transformation of variables in equations (12) will now 
made. Let it be forgotten for the moment that equations (15) 
are the solutions of the Problem of Two Bodies, and that the 
oi and 0i are the elements of the two orbits; but let (15) be coO- 
sidered as being the equations which transform equations (12) in 
the old variables, Xi, j/i, Zi, x/, j/,', 2/, x-,, j/t, Zt, Xt, yi, zt, into an 
equivalent system in the new variables, ai, ■■■, cu, 0u ■■■,&■ 
The transformations are effected by computing the derivative 
occurring in (12) and making direct substitutions. Tbe deriva- 
tives of equations (15) with respect to ( are 



(18) 



dxi 



dx 






dxi' A dxj^ dot 

di '^ ^doii dt' 



TRANSFORMATION OF VARIABLBB. 



direct substitution of (16) in (12) gives 




\ 


it ''^kiaidt "■ 






*>_„,.+ fit'*!'. 
SI »' ^ fcl So, di ' 




7) 


t--'+s£^=». 




^'+"(^+'».'FJ+Sl:'* 




1 


¥+*■<«+"■) ??+SS7'^' 






[-^ + fc»(S + m,)-.+ g3^^ 




simila 


J equations in Xi, ■ - - , e/, and 0i, ■ ■ ■ 


^. These equations 



linear in the derivatives -37' and can be solved for them, ex- 

ising them in terms of ai, ■ • •, at, 0i, • ■•, ffe, and (, provided 

determinant of their coefficients is distinct from zero. 
ut if equations (15) are the solution of the problem of un- 
urbed elhptic motion equations (17) are greatly simplified, 
it ia seen from (13) that, when m, ■■-, at are constant, 

— ii' = for all values of (. The partial derivative -^ , 
n m, ■ ■ ■ , Qt are regarded as variablea, is identical with -j^ 
n they are regarded as constants. Therefore -^ — a:/ = 0; 
similarly -^ + fc'(5 + wii) — ^ s 0, and similar equations in 
nd z. As a consequence of these relations equations (17) 



iiaa, dt 


-0, 


S Ha, 


da, 

IT 


-"'-ai 
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similar equations in the 0i. These equations are linear in the 
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(3M 



da. 



derivatives -j-* and can be solved for them unless the det«rmmut 

of their coefficients is zero- But the determinant of the linear 

system (18) is the Jacobtan of the first set of equations (15) with 

respect to ai, • ■ ■, at, and cannot vanish if these functions are 

independent and give a simple and unique detcnnination of the 

elements.* These functions are independent, and in general they 

give simple and unique values for the elements since they are the 

expressions for the coordinatcR in the Problem of Two Bodiei- 

The problem of determining the elements from the values of the 

coordinates and components of velocity was solved in chap. v. 

U mt = equations (18) are linear and homogeneous, and since 

da 
the determinant is not zero they can be satisfied only by -^ =0, 

(t = 1, ■ ■ ■ , 6). That is, the elements are constants, which, of 
courae, is nothing new. 
On solving equations (18), it is found that 



<19) 



It will be remembered that in determining the coordinatcfl in 
the Problem of Two Bodies the first step, viz., the computation of 
the mean anomaly, involved the mean motion, defined by the 
equation 

„, = fc -V-S ±mi ^ (j=l,2). 



Since the n, involve the masses of the planets the right members of 
(16), and consequently of (19), involve m, and mj implicitly. 

In order to justify mathematically the precise method of iate- . 
grating equations (19) which is employed by astronomers, a 
remarks are necessary upon mi and wij. In those places wha 
they occur implicitly in the functions fi and iti they will I 
regarded as fixed numbers; as they appear as factors of the 4 
and ipi respectively they will be regarded aa parameters in powi 
of which the solutions may be expanded. Such a generaUtatk 
of parameters is clearly permissible because, if a function invot 
a parameter in two different ways, there is no reason why it e 
•See lialtier'B DelerminanUn, p. 141. 
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be expanded with respect to the parameter so far as it ia 
alved in one way and not with respect to it as it is involved in 

other. If the function, instead of being given explicitly, ia 
ned by a set of differential equations the same things regarding 

expansions in terms of parameters are true. If the attractions 
)odies depended on somethuag besides their masses (measured 
their inertias) and their distances, as for example, on their 
!8 of rotation or temperatures, then mi and mj so far as they 
;r in the ipi and i^* implicitly through ni and ni, where they 
lid be defined numerically by their indi^ndual mutual attrac- 
ts for the sun, would be different from their values where they 
jr as factors of the <pi and ^i, for in the latter places they 
tld be defined by their attractions for each other, 
lence, the values of the masses mi and mj entering implicitly 
■quations {15} and (19) are treated as fixed numbers, given in 
ance, and do not need to be retained explicitly; on the other 
d, the mi and m, which are factors of the perturbing terms of 

equations are retained explicitly, being supposed capable of 
ing any values not exceeding certain limits. 

07. Method of Solution. Equations (11) are the general 
^rential equations of motion for the Problem of Three Bodies, 
lations (12) are equally general. No approximations were 
oduced in making the transformation of variables by (15); 
■efore equations (19) are general and rigorous. The difference 
lat if (19) were integrated the elements would be found instead 
.he coordinates as in (11), but as the latter can always be 
id from the former this must be regarded as the solution of the 
jlem. 

istead of interrupting the course of mathematical reasoning by 
king out the explicit forms of (19), it will be preferable to show 

by what methods they are solved. Explicit mention will be 
le at the appropriate times of all points at which assumptioaa 
pproximations are made, 
fhen m< and mj are very small compared to -S, as they are in 

solar system, the orbits are very nearly fixed ellipses, and 
efore at and 5, change very slowly. Consequently if they 
? regarded as constants in the right members of (19) and the 
ations integrated, approximate values of the Ui and the 0i 
Id be obtained for values of ( not too remote from the initial 
This is the method adopted in the illustrative example 
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of the preceding article, and baa been the point of view oft^o 
taken by astronomers, especially in the pioneer days of Celestial 
Mechanics. But any theory which is only approximate, even 
though it b numerically pHequate, does not measure up to tbe 
ideals of science. 

Equations (19) are of the type which Cauchy and Poincar^ have 
shown can be integrated as power series in mi and mt. Cauchy 
proved that m,, mi, and ( can all be taken so small that the series 
converge. Poincar^ proved the more general theorem* that if 
the orbits in which the bodies are instantaneously moving at the 
initial time do not intersect, then for any finite range of values 
of t, the mx and mi can be taken so small that the solutions 
converge for every value of ( in the interval. However, the 
masses cannot be chosen arbitrarily small but are given hy 
Nature. Hence the practical importance of the additional the- 
orem that, whatever the values of mi and ma, there exists a range 
for ( so restricted that the solutions of equations (19) as pnver 
aeries in the parameters mt and mi converge for every value of t in 
the range. In general, the larger the values of tbe parameters 
tbe more restricted the range. This is, of course, a special case of 
a genera! theorem respecting the expansion of solutions of differ- 
ential equations of the type to which (19) belong as power series 
in parameters.! 

It follows from the last theorem quoted that, if the range of ( is 
not too great, the solutions of equations (19) can be expresaed ii 
convergent power series in mi and mi, of the form 



(20) 






4 

'iie order of 



where tbe superfixee on the Oi and ffi simply indicate the order 
the coefficient. The «,-"■*> and 3/^'*' are functions of the time 
which are to be determined. It has been customary in the theory 
of perturbations to assume without proof that this expansion is 
valid for any desired length of time. As has been stated, it can be 
proved that it is valid for a sufficiently small interval of time; 
but as the method of demonstration gives only a limit within 
which the series certainly converge, and not the longest tine 

* Let Milhodet ffmiveUes de la Micaniqu* CiUtU, vol. i., p. 5S. 

fSee Picud'a TraiU d'Analytt, vol. ti., chap, xi,, and voL m. 
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iring which they converge, and as the limit is almost certainly far 

small, it has never been computed. It is to be understood, 
lerefore, that the method which is just to be explained, is valid 
r a certain interval of time, which in the planetary theories is 
jubtlesB several hundreds of years. 

On substituting (20) in (19) and developing with respect to 

1 and mi, it is found that 
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_ -mi* + ■■■ 

- m,*,(ai»», ■■■, ■..»■»; ft»-», ■■■ 

,j if! *"■""" "'"*"■"'"'' 

- higher powers in mi and mi, 



+ m.|;g-;(„,», 



+ mi. 






II ^ dt 

, de,«-'< 
"^ dt 

™ mi^i(ai" 



-mi + - 



dl 
dj^ 
'^ dl 



-mi +- 



dl 



+ m,g^(a,»Um, + <.,n«mi) 

+ higher powers in mi and mi, (t " I, ■ ■ • , 6). 

1 Uie partial derivatives it is to be understood ttiat a< and Pt are 
placed by a,"- "' and ^i'°' "' respectively. If m, and m, were 
it regarded aa fixed nmnbeis in the left membeia of equationa 

1)1 *■, ^*, ^ ' ^ ' ^t'^'i would have to be developed aa power 
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series in nti and mj, thus adding greatly to the complexity of the 
work. 

Within the limits of convergence the coefficients of like powere 
of mj and wii on the two sides of the equations are equf^. Hence, 
on equating them, it follows that 



(24) 
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On integrating equations (22) and substituting the values t 
ai™« and ^i'""' thus obtained in (23), the latter are reduced i 
quadratures and can be integrated; on integrating (23) and sub- 
stituting the expressions for a,'"'", ai"'"', 8,'"-", ^i"-"' in (24), 
the latter are reduced to quadratures and can be integrated; 
and this process can be continued indefinitely. In this i 
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the coefficients of the series (20) can be dctermiEed, and the 
Values of a, and 0i can be found to any desired degree of precision 
W values of the time for which the series converge. 

206. Determination of the Constants of Integration. A new 
constant of integration is introduced when equations (22), (23), • ■ ■ 
are integrated for each a,''-*', fii'-i-^K These constants will now 
be determined. 

Let the constant which is introduced with the oi*'- *> be denoted 

by ~ Oi''^*' and with the (3i<'''*', by — 6i<'-*', Since the first set 

of differential equations have wis as a factor in their right members, 

wliUe the second set have mi as a factor, it follows that 

a^u.o) = ai'i-oy, (j = 0, ••■"), 

^.M,t) = b-CO.H (fc = 0, •■•«>). 

Since the «;''■" and j3,''" are defined by quadratures all the 
constants of integration are simply added to functions of (■ That 
is, the ai''' *' and (3,-''' " have the form 

Therefore equations (20) become 



[^. = gv-w+gS(..— 



Let the values of en and /9, at ( = (o be a,-"" and ^,<'" respectively- 
Then, at ( = £o, equations (25) become 

■S°^""""' + 5 S<'-"" -'""■">"»■"«■'■ 

Since these equations must be true for all values of mt and mt 
below certain limits, tile coefficients of corresponding powers of 
mi and mi in the right and left members are equal; whence 

•» -o,™, o,".« -0, = 1. ■■■•=), 

'26H " ■" ' *''"' ''"■"-"■ (*-l. •■•"). 
' '/,"■•'(«-■>."•" -0, 0-l,---»; t-I,.- ..), 
5,".»((.) -6,u.i> -0, 0-=l, .■•« it- 1, •..«). 
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Since all the terms of the right members of (25) except the Gist 
vanish at t = to, it follows that ai'"-"' and ^i'"'"' are the oeculating 
elements [Art. 172) of the orbits of mj and mi respectively at the 
time t = tt, and that the other coefficients of (20) are the ciefinile 
integrals of the differential equations which de&ne them taken 
between the limits ( = (o and ( = (. 

2W. The Terms of the First Order. The terma of the first 
order with respect to the masses are defined by equations (23), 
Since the terms of order zero are the osculating elements at l* 
the differential equations become 
(dot 



(27) 



di 



dt 



M«. 



= i^i(ai"" 



3,(11) ■ 



0, 



: 0- 



The right members of these equations are proportional to the rata 
at which the several elements of the orbits of the two planets 
would vary at any time t, if the two planets were moving at tliat 
instant strictly in the original ellipses. The integrals of (27) are, 
therefore, the sums of the instantaneous effects; or, in other wordf, 
they are the sums of the changes which would be produced if the 
forces and their instantaneous results were always exactly equal 
to those in the undisturbed orbits. Of course the perturbationa 
modify these conditions and produce secondary, tertiary, and 
higher order effects. They are included in the coefficients of 
higher powers of mi and mi in (20). 

The quantities a/"'" and ^i"'"' are usually called perturbatiinB 
of the first order with respect to the masses. The reason is clearly 
because they are the coefficients of the first powers of the maasa 
in the series (20). In the planetary theories it is not necessary to 
go to perturbations of higher orders except in the case of the 
larger planets which are near each other, and then comparatively 
few terms are great enough to be sensible. It is not necessary in 
the present state of the planetary theories to include terms of tbe 
third order except in the mutual perturbations of Jupiter and Saturn. 

Instead of there being but two planets and tbe sun there are 
eight planets and the sun, so that the ac^tual theory is not quite 
BO simple as that which has been outlined. Yet, as will be shown, 
the increased complexity comes chiefly in the perturbations of 
higher orders. If there were a third planet m» whose orbit had 
the elements 71, - - -, 7e, equations (23) would become fl 
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there were more planets more equations of the same type 
Id be added. Consider tile perturbations of tiie first order of 
elements of tiie orbits mi; tiiey are composed of two distinct 
s given by the second and third equations of (28), one coming 
1 the attraction of mi, and the other from the attraction of mi, 
refore, the statement of astronomers that the perturbing ef- 
} of the various planets may be considered separately, is true 
,he perturbations of the first order with respect to the masses. 
iO. The Terms of the Second Order. It has been shown that 
0) = j,,n,o) _ ^^(0.1) = g.io.ti ^ 0- therefore it follows from 

that the terms of the second order with respect to the masses 
determined by the equations 

f&.,"" A a<'i(»i"',---,»."':ft'".---.8i"';l) „„ „ 
dt 



daf 





S0j 




a*.(oi"', ■ 


■,o,i";S,", ■ 


■.S.":0 




So, 




«*.(«,'", ■ 


-,a«"':3i"', • 


•,W;i) 




*., 




aw«,'", ■ 


■■,".'»;ft»', • 


•■,*.•»; 1) 



384 TERMS OF Tan SECOND ORDBB. ^10 J 

The perturbations of the first order are those which would resuh I 
if the disturbing forces at every instant were the same as they 
would be if the bodies were moving in the original ellipseg. If the 
bodies ttii and ma move in curves differing from the original ellipses 
the rates at which the elements change at every instant are dif- 
ferent from the values given by equations (27). The perturbatiom 
of the elements of the orbit of mi due to the fact that m% departs 
from its original ellipse by perturbations of the first order are 
given by the equations of the type of the first of (29), for, if 
ff.d.a) = Q^ it follows that a,"'" = also. The perturbations of 
the elements of the orbit of mi due to the fact that mi departs from 
its original ellipse by perturbations of the first order are given by 
the equations of the type of the second of (29), for, if a^"- " = 0, 
it follows that «('"■" = also. The terms ^Z''" and ^i'''* in 
the elements of the orbit of mj arise from similar causes. Thus the 
perturbations of the second order correct the errors in the temtB of 
the first order, and those of the third order correct the errors 
in the second, and so on. 

As has been said, the solutions expressed as power series in the 
masses converge if the interval of time is taken not too great. 
In a general way, the smaller the masses of the planets the lon^ 
the time during which the series converge. In the Lunar Theory 
the sun plaj^s the r61e of the disturbing planet. Since its mass a 
very great compared to that of the centra! body, the earth, the 
series in powers of the masses as given above would converge for 
only a very short time, probably only a few months instead of 
years. Such a Lunar Theory would be entirely unsatisfactory. 
On this account the perturbations in the Lunar Theory are de- 
veloped in powers of the ratio of the distances of the moon and the 
sun from the earth, and special artifices are employed to avoid 
secular terms in all the elements except the nodes and perigee. 

If there is a third planet the perturbations of the second onfat j 
are considerably more complicated. Let the planets be mi, nfl 
and mj, and consider the perturbations of the second order of tlfl 
elements of the orbit of mi. From purely physical considerations 
it is seen that the following aorta of terms will arise; (o) terms 
arising from the disturbing action of mi and ms, due respectively 
to the perturbations of the first order of the elements of m» and in 
by mi; (6) terms arising from the disturbing action of m, and » 
due to the perturbations of the first order of the elementa of tl 
orbit of mi by rrtt and mj; (c) terms arising from the disturin 
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action of «», due to the perturbations of the firat order of the 
elements of the orbit of mi by mj; {d) terms arising from the 
disturbing action of nia, due to the perturbations of the first order 
of the elements of the orbit of mj by mj; (e) terms arising from the 
disturbing action of m,, due to the perturbations of the first order 
of the elements of the orbit of »ii by mjj and (/) terms arising 
from the disturbing action of wia, due to the perturbations of the 
first order of the elements of wij by wii. 

Under the supposition that there are three planets, the terms of 
the second order with respect to the masses are found from equa- 
9 (19) and (20) to be 
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and similar equations for -jj- and 

The first two equations give the perturbations of the class (a), 
for, <t>x{a, 0) and <fi{a, y) are the portions of the perturbative 
function given by mj and mj respectively, while ^j"-"-'*^ and 
■y/i"''" are the perturbations of the first order of the elements of 
the orbits of trti and inj by mi- Similarly, the third and fourth 
aquations give the perturbations of the class (6); the first term 
of the fifth equation, those of class (c); the second term, of class 
(d) ; the third term, of class (e) ; and the fourth term, of the class (/). 
2U 
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It appea.rB from this that the temiB of the second order cannot be 
computed separately for each of the disturbing planets. 

The tj-pes of terms which will arise in the perturbations of the 
third order can be similarly predicted from physical considera- 
tions, and the predictions can be verified by a detailed discuA- 
aion of the equations. 



X5V. PROBLBHS. 

1 . In equalionB (3) take the term » raa i/ to the left member before ttsrtJUi 
the integration, atid include it \a equations (4). Carry out the whole proMN 
of integration with this varialion in the procedure, 

2. If equations (T) are integrated as power aeries in » and r, what types o( 
functionB of I will arise in the terms of the second order? 

3. Write the equalionB defining the terms of order zero, one, and two in 
the masses when equations (1 1) are int^rated as series in mi and mi. Show 
that the terms of order aero are the co6rdinatea that m, and m, would ban 
if they wen; particica moving around the sun in elUpsea defined by their 
initial conditions. Show that the equations defining the terms of the Gnt 
and higher orders are hnear and non-homogeneous, instead of being reduced 
to quadratures as they ore after the method of the variation of parameten 
has heea used. 



4. Suppose there are four planets, 
the second order with respect 



I, m», » 



masses according U) 



> all the terma of 
30) and interpret 



5. Suppose there are two planets mi and mt; write all of the t«nns of iIk 
third order with respect to the masaes and interpret each. 

9. Suppose mi =■ mt — >ni and that the planets are arranged in the onhr 
mi, mt, mi with respect to their distance from the sun. Show i.hat of the 
perturbations deSncd by equations (30) the most important are those givai 
by the first and third equations and the second torn) of the fifth; that the 
perturbations next in importance are given by the first, tiiird, and fourtii 
terms of the fifth equation; and that the least important are given by the 
second and fourth equations. 




It Choice of Elements. In order to exhibit the maaoer in 
1 the various sorts of terms ent/r in the perturbations of the 
order, it will be necessary to develop equations (19) explicitly. 
I was deferred, on account of the length of the transformations 
sb are necessary, until a general view of the mathematical 
ciples involved could be given. 
terms of the first order alone are considered the functions 
, 0) can be considered independently of i^i{a, 0). Any inde- 
lent functions of the elements may he used in place of the 
nary elements. In fact, one of the elements already employed, 
u) + Si, is the sum of two geometrically simpler elements. 
I the form of i^>{a, 0) will depend upon the elements chosen; 
I certain elements they are rather simple, and with others very 
plicated. They will be taken in the first example which 
iws 80 that those functions shall become as simple as possible. 
;2. Lagrange's Brackets. Lagrange has made the following 
^formation which greatly facilitates the computation of (19). 
tiply (18) hy-p'. -f-L-, _ to', ?£!, ?&, ;- . 
ly and add. The result is 
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tgrange'a brackets [m, o^] are defined by 

dxi dxi dxi dxi , dyi dy\' 



{at, oj = 



dat daf dat daj da,- doj 



3jh'3Vi 

32,' dZi 



dZi dZi' 

dett dai dai daj 



PROPERTIES OF IiAOHANQB S BRACKETS. 



Form the equations corresponding to (31) inai, ■ ■ -tat; then 
iog system of equations is 

A lioi se,. 



These equations are equivalent to tile system (18) and will be aged 
in piace of tliem. 

213. Properties of Lagrange's Brackets. It follows at onM 
from the definitions of Lagrange's bracl^ets that 

jk, 0,1 = 0, 

|fc,a,l--K,o,l. 
A more important property is that they do not contain the t 
explicitly; that is, 

a[»i, «,] 
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- = o, 



(• - 1, ■ 



; J - 1. 



as will be proved immediately. 

Many complicated expressions will arise in the following d 
cussion which are symmetrical in x, y, and z. In order to abbre 
ate the writing let 5, standing before a function of x, indicate thi 
the same functions of y and 2 are to be added. Thus, for example, 
SlxiXi - X3X1') = (xiXi - XiXi) + iyiyi - j/jy,') + (zi?i' - zji/). 

In starting from the definitions of the brackets and omitting the 
subscripts of i, ■ ■ • , 2', which will not be of use in what follows, 
it is found that 
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FROPERTIEB OF LAOHANQIl S BRACSB9B. 



rhe partial derivatives of the coordinates with respect to the time 
Lre the same in disturbed motion as the total derivatives in un- 
listurbed motion. Therefore this equation becomes as a conse- 
luence of (14) 
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ran ax 

\dx dat 


ia,) 


So, \ So J 


a-fl 
aoiao 


m 



da dx'x 



= 0, 



uch proves the theorem that the brackets do not contun I 
explicitly. This would hardly be anticipated since each of the 
quantities which appears in the brackets is an expUcit function of (. 
Since the brackets do not contain the time explicitly they may 
be computed for any epoch whatever, and in particular for t = («. 
The equations become very simple if the coordinates at the time 
t = It are taken for the elements ai, • ■ ■, ag. This is permissible 
ance the ordinary elements are defined by these quantities, and 
conversely. It must not be supposed that they are constants; 
they are such quantities that if the elements are computed from 
them, and then if the coordinates at any time t are computed using 
these elements, the correct results will be obtained. Since in 
diaturbed motion the elements vary with the time, the values of 
tile coordinates at i = (o also vary. Otherwise considered, if the 
Osculating elements at t are used and if the coordinates at the 
time I = to are computed, it will be found in the case of disturbed 
motion that the coordinates at f = fg vary, and these values of 
the coordinates are the ones in question, 
^^^ the coordinates at the time t = fo be Xg, ■ ■ ■ , Zg'; then 



[lo, ! 



{dxo dxo' 






irhich equals zero because Zo' is independent of yo and xa. Simi- 
larly, 

1^0, zj = [zo, lol = [xa', yo"] = [yo, Zo'] = W, xn"] = [lo, yol =0, 
201 = [zo, Xo'l = [Zo, 9o1 = 0. 



flyO, Z(J=IZ0, IoI = tlo', »!)'] = [Wl 

l[xo, W] = [^o, V] = [!/o, Xo'l = Iyo, 



But 
(37) 



[xa, xt\ = [yn, yo'] = Izo, Zo'] = 
rherefore equations (33) become in this case 
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Any system of differential equationg of the form (38) ia known ^ 
as a canonical system, and they posBeea properties which make them 
particularly valuable in theoretical investigations. There is a 
theorem that any dynamical problem in which the forces can be 
represented as partial derivatives of a potential function can beex- 
preaaed in this form; and if it is possible to put a problem in the 
canonical form it is possible to do so in iiihnitely many systems of 
dependent variables. 

If equations (38) were solved they would give the values of the 
coordinates at fg which would have to be used to obtfun the true 
coordinates at the time {, under the auppositiou that the planet 
moved in an undisturbed ellipse during ( — 1^. If the variables 
were the elliptic elements the solutions of the equations would 
give the elements which would have to be used to compute the 
coordinates at the time t, when they are supposed to have been 
constant during the interval ( — U. Thus, when the elemeoti J 
have been found the remainder of the computation is that (d 
undisturbed motion. * 

214. TransfonnatioQ to the Ordinary Elements. The elements 
used in Astronomy are not the coordinatps at ( = l^, but ii, i, a. 
e, TT, and 7" (or ( = ir — nT), which were expressed in terms of the 
initial conditions in Arts. 86, 87, and 88. It will be necessarj', 
therefore, to transform equations (38) to the corrp^sponding on« 
which involve only the elements which are actually in i 
astronomers. 

Let a represent any one of the elements Si, i, a, e, r, t. It n 
be expressed symbolically in terms of the initial conditions l^ j 

(39) s = /(xo, yo, zo, xt, yt, Za). 

Hence it follows that 



dl" {dxQdt '*' 3x9' dt l 



or, because of (38), 
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(40) ^ = „^|___-._-___J. 

The partial derivatives of fli, t are expressed in terms of the 
partial derivatives with respect to the new variables by the 
equations 



Si, 


SKi. 


■ an as,,, at aft, 
aio "*" ai aio aa 


,ao aKi, 
'aio ae 


, ae 
'a»o 






^ a» 


dxo St 


> a< 
'ax,' 


aR,,. 

Sj,' 


SB,, 

SJJ 


■a jj as,. , ai as,. 

azo'"^ at aao''*' da 


ao aBi, 
azo''*' ae 


'si? 






air 


a^ , afli, 
a;,'''' a. 


3 a« 

"az." ■ 



On carrying out the complicated computations of - — , ■ ■ ■ , t—, 

by means of the equations given in Arts. 86, 87, and 88, and ex- 
pressing all the partial derivatives in terms of the new variables, 

the partial derivatives —ri 
the elements and . '' ' , ■ ■ 



, ■ '', - are found in terms of 
-. On substituting in (40) and 



eXpreasmg •—- , ■ ■ ■ , -r— r m ucima ui LUC cicuicuuB, "T li 

dXo dZa at 

tenna of the elements and the derivatives of the perturbative 
function, fii, i, with respect to the elements. 

215. Method of Direct Computation of Lagrange's Brackets. 

The transformations required in the method of the preceding article 
are very laborious, and the direct computation of the brackets, 
though considerably involved, is to be preferred from a practical 
point of view. AU of the compuiation in the transformations of (his 
sort might be avoided by usirig canonical variables; but, in order to 
employ them, a lengthy digression upon the properties of canonical 
systems would be necessary, and such a discussion is outside the 
limits of this work. Still, the labor may be notably reduced by 
first taking elements somewhat different from those defined in 
chapter v., and then transforming to those in more ordinary use. 
The following is ba^d on Tisserand's exposition of La^ange's 
method. • 

• Tiaserand'B Mfcanique C&etU, vol. I., p. 179. 
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Let the xvp'^i^^ be the plane of the ecliptic, £iP the projection 
of the orbit upon the celestial sphere, n the projection of the pen- 
helion point, and P the projection of the position of the planet it 
the time (, In place of ir and t, adopt the new elements w and « 
de6ned by the equations 

(42) 




The 

tained 



Fig. 60. 

following equations are either given in Art. 98, or are C 
from Fig. 60 by the fundamental formulas of Trigonomet 

k-^S + mi 



E- 




- e cos jC 

= r]co8 (u + w) COB £i —taa{v + a) mn a caaiT7 
= rlcos (u + w) sin fl + Bin (f + w) COB il co8i| 
: T sin (w + w) sin i. 
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)m these equations and their derivatives with reepect to the 
le the partial derivatives of the coordinates with respect to the 
menta can be computed. The elements have been chosen 
such a manner that they are divided into two groups having 
tinct properties; Q,, i, and « define the position of the plane of 
ition and the orientation of the orbit in the plane, and a, e, 
i a define the dimensions and shape of the orbit and the position 
the planet in its orbit. Therefore the coordinates in the orbit 
1 be expressed in terms of the elements of the second group 
ne, and from them, the coordinates in space can be found by 
ana of the first group alone. 

Take a new system of axes with the origin at the sun, the positive 
1 of the f-axis directed to the perihelion point, the T-axia 90° 
ward in the plane of the orbit, and the f-axis perpendicular to 

plane of the orbit. Let the direction cosines between the 
xis and the J, i), and f-axes be a, a , a"; between the y-axis and 

£, )j, and f-axes be &, &' , 0"; and between the z-axis and the 
I, and f-axes be y, y', y". Then it follows from Fig. 60 that 



1A) 



tre exist among these nine direction cosines, as can easily be 
ified, the relatione 



o = 


C08 


WCOB £i 


- 


sin u) sin 


a 


cost, 


(S- 


COS 


«8in Ei 


+ 


sin u cos 


n 


cost, 


7 = 


Jin 


usini, 












- sin » cos 


a 


— COfiw 


sin 


a cmi 


!' - 


- sin w sin 


Q+«1B» 


cos 


Ocoei 


r'- 


COS 


£u sin i, 












sin 


a sin i, 












- cos fl sin t, 









a" + 3" + r' 

." + e'' + t" 

- 3V' - 7'/S", 



$' + yy' - 0, 
+ t't" - 0, 
) + 7"t - 0, 
«" - SY - T^', 
0" •= ya' — art', 



^^V^^^IH^^I 
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It follows from (43) and (44) and the definition of the nev 


system of axes that 




f = r C08 f = a{co8 E — e), ij = o VI — e* sin B, 




SB n 




S( l-«cofl£' 




, -nasinE - t VS + m, sm B 


(46) ■ 


1 - e cos E Vo(l - « cos B) ' 




l' 


raVl - e-cosB i VS + m,Vl - «" oo« B 1 


1-eco.B V5{l-ccoeE) ' 1 




I - of + o',, y = K+ (S'», ! = Ti + v'l, 1 




I' - «£' + a',', 1/' - «' + «',', «' - yl'+iW. 1 


where the acceats on x, y, z, £, i), and f indicate first derivatiTee 


with respect to (. 


The partial derivatives of a, ■ ■ ■ , y" with respect to the elemeott 


may be computed once for all; they are found from (44) to be 




da , S«' Sa" ^ 








aw "• s» "' s<. ' 


(47) 


S(! ,, Sff' 5S" 

s;-«' s;;--*' -ST-"' 




St , St' St" ^ 




si--'' sir---'' sT-"' 




Sa a Sa' a, 9a" ^, 




= — 8, = — (3 . = — B^ 




sa '• sa '^' s(s " ' 


B (48) 


as s8' , m" 


da "' sa °' stj " ■ 


ft 


ii . 0, ^ - 0, ?i^' - 0: 


■ 


sn ' aa ' sn ' 


W 


So; „ . Sff' „ Sa" 




— r = a Sin W, — T = a COS w, r 


■ 


Si " ■"" ' Sx "'•'"■ Si - + sin B cos >, 


H (49) • 


??-r8iiii., §-(»"co8», §-' 




St *^ 'Si '^ 'St-=-cosnco8i, 


1 


St „ . St' „ »y" . . 


1 


jv-V'sm., ^-,"C06», -ji-=-»n.. 


L ^^ 



It is found from (46) that 



(61) 
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There are as many brackets to be computed as there are combi- 

6! 
nations of the six elements taken two at a time, or ^^^, = 15. 

Three of them involve elements of only the first group; nine, one 
element of the first group and one of the second; and three, ele- 
ments of only the second group. Let K and L represent any of 
the elements of the first group, Si, i, w; and P and Q any of the 
elements of the second group, a, e, a. Then the Lagrangian 
brackets to be computed are 



(«) UC.il 



m [K.P\-S\~~-"^"^\. (9equ.tio,»), 



and similar equations in y and z. 

216. Computation of [w, £i.\, [Q,, i\, [i, u]. Let iS indicate that 
the sum of the functions, symmetrical in a, p, and y, is to be 
taken. Then the first equation of (50) becomes as a consequence 
of (51) 



But the law of areas [Art. 89] gives 



Therefore 

(52) [Jt,l].™..Vl^r?s 



SK dL ^K^L|^ 
On computiDg the right member of this equation by means of (47), 
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(48), and (49), and reducing by means of (45), the brackets in- 
volving elements of only the first group are found to be 



[oj, fil = na» Vn^ (- a& - a')3' + Qi3 + a'0') - 0, 



Vl-e=(- 
[£i,i] = Tw' Vl - c= |(a^" - ^") Qos w 
+ (fiW - a'S") sm ^\ 
= na* Vl — e* (— y' cos oi — y sin w) 
= — na^ Vl — e' sin t, 
[i, 0,] = - na' Vn^ I (a'«" + fi'r + t'7") cob w 
+ (a"a + 0"ff + y"y) sin w\ = 



217. Computation of [K, P]. The second equations of (50) 
become, as a consequence of (51), 

, r ,ao' .,«s' ,37'1 r V ,a,-| 

, r So' 3j' S7'i r sj' ,si-\ 



It follows from equations (45), (47), (48), and (49) that 









IK L° a 



m- 
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t V , , 5{ , Sri 



' dP ' dP "dPi 



L SJC^'^SJC+^SXj dP 



Let P = a, e, ff in succession. Then it is found that 



(55) 



- a Vnd - e-) 



SK I SP • 



5a 



Vl -e", 



, rs— ; 3 Va(l — e') na*e 

k-JS + mi ^ , 

«e Vl - «• 



- a Vu(l - e") _ 



I^t K = to, is, i in turn in (54), and malce use of (55); then it 
! found that 



(56) ■ [!», o| ■ 

[Ci, e] ' 



Vl -e" 



1 - e* cos i, [i, a] - 0, |i, e| - 0, 

[SJ, »1 = 0, [i, »] - 0. 



218. Computation of [a, c], [c, tr], [tr, a]. The third equation 
of (50) becomes, as a consequence of (51), 

L ap^ spj L «e sojj 



3PaQ aQai^J 
+ (» +» +t>[5p5«-5qspJ 



8|^V , ar*7__s£5il 

dQaP'^dQiP SPBQi 
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As a coDseqaence of equations (45), the right member of this equa- 
tion reduces to 



(57) 



dPdQ 



dQdP 



dPdQ 



' aQdP' 



i 



Since the brackets do not contain the time explicitly t may b« 
given any value after the partial derivatives have been formed. 
The partial derivatives become the simplest when ( = T, the time 
of perihelion passage. For this value oi t, E = 0, r = a(l — e), 

and it is found from equations (46) that* 



(68) 



= - 0, 

Then equation (57) gives 
(69) lo, e] - 0, [«, »] - 0, 




1", »1 - -i- • 



4 



On making use of the fact that [oi, a,] = — [a,, a,] and equatioiu 
(53), (56), and (59), equations (33) become 



(60) ■ 





na'e de 
Vl-e-a 


Vi-^ 


.inif + ^ 



= COB 1 -r- •= Mj ■ 



« "1 



* It should be remembered that a and e enter explicitly and also itopIiciUt 
through E and n, for B is defined by the equation 



n fi = n(t - D = - 



COMPUTATION OF LAGRANQe' 
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These equations are easily solved for the derivati 
dt 



(61) 



171,(1 -e')afl,.i 
na'e da 

mi(I - e*) afli 




The perturbative function Bi, t involves the element a explicitly, 
and also implicitly through n which enters only in the combi- 
nation nl ■\- <r. Consequently the last equation of (61) becomes 



m,(l-e')3Bn 2m,, 



^"'"' di na'e de na \ da / na dn da' 

where the parti^ derivative in parenthesis indicates the derivative 
u taken only so far as the parameter appears explicitly. 
It follows from the combination ni + a that 



na dn 



da 



It will be shown [Arte. 225-227] that 



dRi, 



m of periodic 

terms; therefore a, as defined by (62), contains terras which are 
the products of / and trigonometric terms. It ia obvious that such 
an element is inconvenient when large values of f are to be used. 
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In order to avoid this difficulty Leverrier used* in place of o the 
mean longitude from the perihelion as an element. It is defined by 

(64) I = fndt + a, 



Since n = - — — i ■' , it follows that 

of 



(66) 



_ 3 M dn _ in da 

2o' H 2adi' 

Therefore equation (65) becomes, on making use of {' 

^= wid - e") dRi, 
dt Tta'c de 



(67) 



mt/ dRi,t \ 
la \ da } ' 



Since 



3Ri, 



al 



the fourth and fifth equations, where alone 



the partial derivative of Ri.t with respect to a occurs, will not be 
changed in form. Hence, it I ia used in place of a throughout (61). 
the equations will be unchanged in form, and the partial deriva- 
tive of Rt, ) with respect to a is to be taken only so far as a occurs 

explicitly. 

219. Change from Q,, u, and a to £i, t, and c. The trana- 

formation from the elements Q,, u, and it to ft, sr, and c is 
readily made because the relations between the w and tr and the 
T and * are very simple. It follows from the definitions of Arts. 
214 and 215 that 



(68) 



(6fl) 



On solving (68) for Ei , r, and c in terms of 
that 

* AntutUt de VObMrvaioire de Pant, vol. 
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(70) 

ence the transformatioQS in the partial derivatives are given by 
le equations 



(71) 

I 



ag,., 
aa 



^ + 









^ a«,.i 
^ a. 



>> a, ja» + 



/aa 



/ a«i. 



I SR,,, 



B fiubetituting (69) and (71) in (61) and omitting the parenthesea 
oiind the partial derivatives, and on solving for the derivativea 
the elements with respect to (, it is found that 
dSl _ mj afii.j 



I 

(72) 

I 



1" no'Vl -e"sini ai ' 




di -m, aR,., ""*"5raR, 

dt ra'Vl-e'sini aa na'i/T^L ai 


'-^j. 


J, -".tauj 3^ _ m.Vl-e-aa,,, 




* lUl'Vl -e" ai ' no'e de ' 




da 2mg aR,. i 
di no a. ' 




J- ™Wi ^' VW^«... -VT 


-e-aK,,. 
e ar 


d. """"5 aK,,,, r, ii Vr 


^^ aB,., 



na'-^l 



2m2 3ffi.« 
na da 
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These equations,* together with the corresponding ones for the 
elements of the planet mj, constitute a rigorous system of differ- 
ential equations for the determination of the motion of the planets 
7«i and nij with respect to the sun when there are no other forces 
than the mutual attractions of the three bodies. 

If if],: IS expressed in terms of the time and the oscukting 
elements at the epoch t^, equations (72) become the explidt 
expressions for the lirst half of the system (27), and define the 
perturbations of the elements which are of the first order with 
respect to the masses. 

220. Introduction of Rectangular Components of the Disturbing 
Acceleration. Equations (72) reqiiire for their application thai 
fli, I shall be expressed first in terms of the elements, after which 
the partial derivatives miist be formed. In some cases, especially 
in the orbits of comets, it is advantageous to have the rates of 
variation of the elements expressed in terms of three rectangular 
components of the disturbing acceleration. 

The disturbing acceleration will be resolved into three rect- 
angular components W, S, R, where W is the component of 
acceleration perpendicular to the plane of the orbit with the 
positive direction toward the north pole; S is the componect in 
the plane of the orbit which acts at right angles to the radiu? 
vector with the positive direction making an angle less than 90° 
with the direction of motion; R is the component acting along the 
radius vector with the positive direction away from the sun- 
■ The components used in the preceding chapter evidently might be 
employed here instead of these, but the resulting equations would 
be less simple. 

In order to obtain the desired equations it is only neceasftiy W 
express the partial derivatives of fl|,i with respect to the ele- 
ments in terms of W, S, and R, and to substitute them in (fiD 
or (72), depending upon the set of elements used. The trane- 
formation will be made for the elements used in equations (61). 



The quantities mj 



dRus 






dR,, 
dz 



ponents of the disturbing acceleration parallel to the fixed axes 
reference. It follows from the elementary properties of 

* The subacript I, which was omitted from the cofirdinatcs and elements 
Art. 213, should be replaced when the equationa for more than one planet 

written. 



are the coto*- 

he fixed viesi^l 
>pertie8 of tl^H 

ea and elements i> 1 
\isai one planet >f> I 
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dR,. 



esolutioQ and compoBition of accelerations that mt '' is equal 

o the sum of the projections of W, S, and R upon the a:-axis, and 
limilarly for the others. 

Let u represent the argument of the latitude, or the distance 
irorn the ascending node to the planet P, Fig. 61. Then it follows 




from the fundamental formulas of Trigonometry that 
SRi. 



\ 



(73V 



ft 



+ fl(co8 u COS £J — sin u sin Ji COS i) 

— S{8in u coe il + cos « sin ii cos t) 

+ TP sin ii sin i, 

+ fi{cos u sin ft + sin u cos ft cos i) 

— S(8in u sin ft — cos u cos ft cos t) 

— W cos ft sin i, 

+ K sin u sin i + 5 cos u sin I + IT cos i. 



Let s represent any of the elements ft, ■ ■ ■ , a; then 



The derivatives — 

di' ds' 
pleted at once. 



p-are given in (73) and when 
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m equations (51) that 

, da , da' ax ae , , 3i? 

^ 9(3 , 3/3' dy ^H , ^,&it 

*flA:^''aA:' ap ^ap^^ dP' 

y of the elements Si, i, u, and P any of the ele- 
The quantities a, ■■ ■, y' are defined in (44), and 
s are given in (47), (48), and (49); the derivatives 

to be computed from (46). 

ter some rather long but simple reductions that 

— ^ = St COS i — Wr cos u taa i, 

Rl ! „7 ■ 




.R + 



dl n Vr^ 

dt na nd^e L '' J 



37= cosy \R 

dt tia\_ a e J 



H-^]"' 



XXVL PROBLEMS. 

1. Find the components S and R of this chapter in t^rma o! T and N, 
which were used in chapter ct., An. 174. 



^ 


(!+««».) , 




Vl+^' + fecoe. 


ff 


eemt 



2. By means of the equations of problem 1 express the variations of the 
elements il, ■ ■ ■ , o in terms of T and JV, and verify alt the results contained in 
the Table of Art. 182. 

3. Explain why -r- contains a term depending upon W. 

4. Suppose the disturbed body moves in a resisting medium; find the 
eqoations for the variations of the elements. 



2Vr -e" 



- T, 



dt not Vl+«' + 2<cofl(i 

da 2Vl +1 ^ + 26 cos F 
^ " nS\ - 

de_ 2Vl -«■ (cosp + e) J 

'" ndVl +e'-f2«C08ir 



I 



fi. Discuss the way in which the elements vary in the last problem, includinE 
the values of v for which the maxima and minima in thdr rates of clumge 
occur, when 7* is a constant, and when it varies as the square of the velocity. 
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6. Derive the equations correepondiiig to (77) for the elemoiU G, i, i, 



|.V^{«^.+ .(,.i^ + eo..)}, 

^ = _?:? + ^ 'i' .0^1 — ^ ■ .''-^fi 



221. Development of the PerturbatiTe Function. In order 
to apply equations (72) the perturbative function R,, j must be 
developed explicitly in terms of the elements and the time. From 
this point on only perturbations of the first order will be con- 
sidered; therefore, in accordance with the results of Art. 208, 
the elements which appear in fli. i are the osculating elements at 
the time to. 

In the notation of Art. 205 the perturbative function is 



(78) 



Hi. 



■[^.- 



x,x, + yi^i + zizt ] 



ri, s = ■<iixi - x,y + (j/j - y^y + {z, — e,)». 



The perturbing forces evidently depend upon the mutu*l 
inclinations of the orbits, rather than upon their inclinatiooB 
independently to the fixed plane of reference. It will be con- 
venient, therefore, to develop Ri, s in terms of the mutual incUi* 
tion. Since this angle is expressible in terms of ii, u, £i ,, and fli, 
the partial derivatives of ffi.j with respect to these elements will 
depend in part on their occurring implicitly in this angle. 

The development of the perturbative function consists of three 
steps:* 

• There are many more or leas important variations of the method outlined 
here, which is baaed on the wwk of I^verrier in the yliinolM de J'ObMrvolMn 
de Paris, vol i. 
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} Development of ff i, « as a power series in the square of the 
of half the mutual inclination of the orbits. 
) Development of the coefficients of the series obtained in 
nto power aeries in ci and ej. 

I Development of the coefficients of the preceding series into 
■ier series in the mean longitudes of the two planets and the 
liar variables iti, Vi, Sli, and Ai- 
the Uttle space available here it will not be possible to gjve 
; than a general outline of the operations which are necessary 
ffect the complete development, A detailed discussion is 
1 in Tisserand's Micanique Cileste, vol. i-, chapters xii. to 
[. inclusive. 

2. (a) Development of Ri,t in the Mutual Indinatioa. 
S represent the angle between the radii Ti and rj; then 



(ri* +rt* — 2riri cobS)-*. 




?t the angles between rj and the x, y, and z-axes be a\, fi\, ti 
jctively, and in the case of rj, at, $i, and 7s. Then it follows 



0) Xi = ri cos ai, yi = rj coa ^: 
X1X3 + yiyt + 3!8s = riri(cos ai 



1) 



Zi = Ti COS 71, etc., 
ai + cos /9i cos 0t 
+ coa 7i cos 7j) = TiTi coa S. 
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the distances from their ascending nodes to their point of inte^ 
section. From the spherical triangle P1P3C the value of cos S il 
found to be 

cos S = cos {ui — Ti) cos (ua — Tj) 

+ sin (ui — Ti) sin (u» — rj) cos /, or 

cos iS = cos (Ui — Ui + Tj ~ Ti) 



(82) 



1 (wi — Ti) sin (til - 



n) sin' 



— Ti = Vi -i- vi - 

Wj — Tj = Bj + TTj - 



The quantities /, ti, and n are determined by the formulas of 
Gauss applied to the triangle flifisC: 

/ sin T] = sin it sin (fli — £ii}, 
/ sin Ti = sin ii sin (ili — Sit), 
I cos Ti = sin ii cos ii — cos I'j sin ij cos (fiii — fii)i 
/ cos rj = — coaii sin 11 + sin t'l cosi'i cos (Sii — Sii), 
cos 7 = cos ii cos ij + sin ii sin is cos {fti — iJi)- 

For simplicity /, t,, and n will be retained, but it must be remem- 
bered when the partial derivatives of flj. 3 are taken that they are 
functions of i|, t-, Sii, and Sit- 

As a consequence of (79), (81), and (82), the perturbative 
function can be written in the form 



ffi. 



^ [ri* + r,^ - 2riri cos (wi — ttj + r, - n)]- 
4rir5 sin (ut — tj) sin (uj — ti) sin 



-9[ 



T-i' + Ti' — 2rirj cos (wi — u» + n — rjJ 

(Ui - Ui + r, - Ti) 

- 2 sin (ui — Ti) wn (wj — n) an* s 



The radii ri and fj are independent of /. The second factor ol 
the first term of the right member of this equation can be expands 
by the binomial theorem into an absolutely converging power 

series in sin' = so long as the numerical value of 
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... 4rirt fan (u, - t{) ain (ui - rt) ain* ^ 

ri* + ri* - 2riri cos (u, — Uj + n — n) 
less than unity. This fraction is Iras than, or at most equal to. 



this expression is less than unity for all the values which ri 
id r% can take in the given ellipses the expansion of (84) is valid 
f all values of the time. In the case of the major planets it is 



id Mars, 0.0118. In the perturbations of the planetoids by 
ipiter it often fails, for / is sometimes of considerable magnitude 
hile Ti — Ti may become very small. In the case of Mars and 
ro9 rt — ri may actually vanish and this mode of development 
msequently fails. It is needless to say that it is not generally 
ipli cable in the cometary orbits. 

In those cases in which the expansion of (84) does not fail, the 
cpreauon for Ri, i becomes 



I 



(87) 



» 



fii,i= + tri* + rj» - 2rirj cos (u, - U| + r» - n)]"* 

— rir,[ri* + n' - 2r,r, coe (ui ~ Ut+ t,- T,)]^ 

X 2 sin (ui — Ti) sin (til — r») wn* = 

+ riV»*[r,' + r^ - 2rir» cos (lii — Uj + t» - rJjH 

X 6 sin' (ui — Ti) sin* (ut — ti) sin* s 



- ^cos (wi - "t + r» - Ti) 
+ --ram (ui - r,) am (ui - r, 



223. (b) Development of the Coefficients in powers of ei and a. 
"he radii ri and ri vary from ai(l — Ci) and Oi(l — ej) to ai(l + eO 
Qd a»(l + «0 respectively. Let 



m 



fn = at(l + pt), 
\ri = ai(l + pi). 
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The angles Ui and ui are expressed in terms of the true anomalies, 
Vi and Vi, and the elements by (82). The true anomalies are equal 
to the mean anomalies plus the equations of the center, whicb 
may be denoted by Ws and tuj. Let ii and (a repreaent the lOEiii 
longitudes counted from the x-axia [Fig. (62)]; thea 



(89) 



Jui - Ti = li— ill - Ti + ur,, 
lu, - n = ii - fti - T» + Wt. 
It follows from (81) that Ri, i can be written in the form 
fii, . = f [a.{l + m), a,(l + p,)], 

where F is a homogeneous function of ai and a^ of degree - !■ 
Therefore 

The right member of this equation can be developed by Taylor'i 
formula, giving 

(91) 

4 

The expressions ( ^~ — — ) can be developed as power Beries in 

\ I i- Pi / 
Piandpi. But in Art. 100, equation (62), pis given as a power series 
in e whose coefficients are cosine-s of multiples of the mean anofflslV' 
On making these expansions and substitutions in (91), /fi.icui 
be arranged as a power series in ei and ea. These operations a* 
to l>e actually performed upon the separate terms of the senc* 
(87), so the resulting series is arranged according to powen of 

«!, ei, and sin^ ^ . The angles Wi and wt also depend upon ii 

and ej respectively, but their developments will not be introduced 

until after the next step. 

224. (c) Developments in Fourier Series. The first tfino 
within the bracket of (91) is obtained by replacing r, and ri byfli 
and ai respectively in (87). The higher terms involve the derivs- 
tives of the first with respect to Oi. On referring to the explicit 
series in (87), it is seen that the development of the expressions of 
the type 
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(flifli) » [oi' + o^ — 2{iiOj COS (ui - Uj + n - n)] », 

lere >< IB an odd integer, muat be considered. 

Let ui — uj + Tj — n = ^. It is known from the theory of 

>urier aeries when Qi and a% are unequal, as is assumed^ that 

i* + Oj* — 2aiagco8^] ' can be developed into a series of cosines 
multiples of ^, which is convergent for all values of ^. That ia, 



(92) {oiOj} » [oi' + o,^ - 2aia, cos ^] 



Y. B/*' COB t*, 



here fi,"'' = S,<-''. 

The coefficients B,'"' are of course given by Fourier's integral 

B,'** = -I (aias)~'lai' + oi* — ZoiOi coa ^^] Scos t^d^, 

it the difficulty of finding the integral ma]ces it advisable in this 

irticular problem to proceed otherwise. 

Let z = e''~'*, where e represents the Napierian base. Then 

2 cos ^ = z + z~', 2 cos iip - z* + r*. 
ippose as > ci and let — — a; then (92) becomes 



1 . 



+ a" - 2a cos ^) * = (\ - az) * (1 - oz"') 

erefore 



Since the absolute values of az and az'* are less than unity for 

I real values of ifi, the factors {1 — az)~* and (1 — az-')~*can 
; expanded by the binomial theorem into convergent power 
lies in az and tnz-'. The coefficient of a'" in the product of these 
lies ia Jft,'*'', after which By''"' is obtained from (94), The 
neral term of the product of the expansions is easily found to be 
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ib." - 



(96) 



i\ L ^1 i + 1 

1-2 (i+l)(i+2) ° "^ ■ J- 



In this manner the coeiEcients of pj'p^' 



("-■s)' 



are de- 



veloped in Fourier series in cos i(ui - uj + rj — ti). But these 
fuQctiona are multiplied by the factors sin (uj — ti) sin (u, — tJ 
raised to different powers [equation (87)]. These powers of 
sines are to be reduced to sines and cosines of multiples of the 
arguments, and the products formed with cos i(ui — u» + ti - t,), 
and the reduction a^ain made to sines and cosines of multiples 
of arcs. The final trigonometrical terms will have the form 
cos (jiUi + jiuj + fciTi -f kiT^, where ji, jj, k\, and fcj are integers. 
As a consequence of (89) this expression can be developed into 
cos O'ld + jil% - ji£i 1 - jtSii + kiTi + ktTt+jiWi +iiWi) 
= COS ijili + jilt - jiiii - Jiili + fciri + fc,rj) 
(96) -j X I cos (jiWi) cos (jiui») - sin (jitoi) sin (ii«i)| 

- sin (jVi + jV, - jifti - jift, + kiTt + ftjTj) 

X {sin (iiu>i) cos (jswi) + cos (jiu>i) sin (jiWi)). 
Since 

(h= ai + m + ndlo - Ti) + n,(i - It) = n,( + «i, 

\lt= iS» + £.Ji + nt(ta - r,) -^ n,(( - (b) = n^ + H, 
the first factors of the terms in the right member of this equation 
are independent of ei and ej. Cos (jiWi), etc., are to be expand«i 
into power series in uji and luj by the usual methods. Now 
ifi = Hi — Ml, wi = V3 — Ma, and these quantities were developed 
into power series in Ci and ei [Art. 100, eq. (64)] whose coeffidenM 
were Fourier series with multiples of the mean anomaly as arga- 
menta. On substituting these series for w)i and wj in the expansioni 
of the second factors of the terms of the right member of (96), and 
reducing the powers of sines and cosines of the mean anomaly to 
sines and cosines of multiples of the mean anomaly, and multi- 
plying by the factors 

cos O'l'i + jVi — j\£i\ — j'lSij + kiTi + fcin) 
and 
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1 (ji^i +jVi - jifiii 



1 + hiTt + ktu), 



1 again reducing to sines and cosines of multiples of the argu- 
mts, the expression (96) is developed as a power series in Ci 
1 et whose coefficients are series in sines and cosines of sums of 
^ultip^e8 of li, h, fti, Sis, n, ti. Mi, Mi. But Af i = Ii — ti, 
= is — T»; therefore the arguments will be !i, It, fli, Sit, 
, rt, Ti, Tg, where n and n are functions of Sii, Sit, t'l, and it 

i by (83). 

When the several expansions and reductions which have been 
described have all been made, fli, j will be developed in a power 
,/ 



, the coefficients of which a 



of 



aeries in C|, ej, and 

nnes and cosines of multiples of U, U, Sii, Jii, ti, t,, ^i, n, the 
coefficient of each trigonometric term depending upon the ratio 
of the major semi-axes. If the signs of fli, ili, ti, xi, n, n, 
tiy El, and t are changed the value of Ri, », as defined in (84), 
obviously is unchanged; therefore the expansion in question 
contains only cosines of the argument. Hence 

Hi. » = 2CcraD, 

D = j,{nit + £,) + j,(n,( + «,) - ;,'fl, - jt'Rt 



(97) 



G = S \<^u «i. fill e», sin* ^ ) , 



in which ji, ■ ■ ■, ^j'take all integral values, positive, negative, and 
zero, the summation being extended over all of these terms. 

It is clear from the foregoing that the series for R\,t is very 
complicated and that much labor is required to expand it in any 
particular case. Leverrier has carried out the literal development 

of all terms up to the seventh order inclusive in ei, cs, sin* ^ , 

and the length of the work is such that fifty-three quarto pages of 
the first volume of the Annales de VObservaioire de Paris are 
required in order to write out the result. 

225. Periodic Variations. It follows from equations (72) and 
(97) that the rates of change of the elements of m\ are given by 



(98). 
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\1 — ci* sin i\ \ °'i 



-[*-g+'-lir]^ 




i» v^ f - , 

—. ■ ■ Z { J- - 

ei* 8in ii I 






XCmO 






"■'"2 _rac „ ri«"iiH 



!^ Ej.C sin C, 



— EjiC sin D 






>_ T— cos Z). 

The perturbations of the elements of the orbit of mi of the firsl 
order with respect to the mass mj are the integrals of these equa- 
tions regarding the elements as constants in the right members. 
Similar terms must be added for each disturbing planet. 

There are terms in fli. » of three classes: (a) those in whicli 
jiTii + jtig is distinct from zero and not small; (b) those in which 
ji^i + jiTit is very small, but distinct from sero; and (c) thoee in 
which jiBi + jt"! equals zero. Denote the fact that R\, t contaiM 
tbeae three sorta ol termabj ifTAivBt 
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El. » = 2Co COS Do + SCi C08 D, + XCt cos D,, 

;re the three sums in the right member mclude these three 
laes of terms respectively. Hence the perturbations of the 
nente of mi by mt of the firat order and of the first class are 



(«,<"■») - (ft."-»).o 



TiiOi' Vl — Si* sin ii 









•hftH 



*ii J jifli + Jill J 



nifli* Vl — « 



, d-ri 1 Co COS Po 
*5il, Jj",ni+jini 



n,ai* -Vl - e,' L or, dri J jiti, + jim 

vii tan 7^ 



5Ti ] Cocos Do 



f (0 u^ f M m 2 .r^ f dCo sin Do 

nia,>e, ^ 



fit'i Jjini+jiniJ 
wn Vl - ci' y aCo sin Do 

Co COS Do 



(c,«'.")~(e,«.").o=-«>-Vl-e,»- 



jini+JiOi 



mi Vl — Ci' y^ I 1. » 4, L ^Zl ^]r §ll\ pQ <^08 Do 



Cti"-»)-(*i'"-").o = 



rrii tan ;r 



Vl - ci' ^ \ dii jiKi + j,n» 
Co cos Do 1 



+ m,vn 



-.1 - 



Vl — El* r^ 3Co sin Do 



"lOi ^-'doi j,n, + jW 




1 ' 

ly 

1 ji repreoentiJ 
refore, unleMS 
h that jiBi + l 



These tenns are purely periodic with periodB -. ~-. — , and 

Jill + Jin» 
coiiBtitute the periodic variations. Every element ia subject to 
them, depending upon an infinity of BUch terms whose periods 
are different. The larger jiWi + jin, is, the shorter is the period 
of the term and in general the smaller ia its coefficient. 

The method of representing the motion of the planets by a series 
of periodic terms is somewhat analogous to the epicycloid theofj 
of Ptolemy, for each term alone is equivalent to the adding of 
small circular motion to that previously existing. This theory 
more complex than that of Ptolemy in that it adds epicycloid 
upon epicycloid without limit; it is simpler than that of Ptolemy 
in that it flows from one simple principle, the law of gravitation. 

226. Long Period Variations. The letters ji and j 
all positive and negative integers and zero. Therefore, 
«! and M) are incommensurable j'l and ji exist such that jini 4 
jjHi = 0, where ji and jt are not zero. But then D ia a constant 
and the integral is not formed this way. However, whether ni and 
«! are incommensurable or not, such a pair of numbers can be found 
that jiui + jtnt ia very small. The corresponding term will be 
large unless its C is very small. It is shown in a complete dis- 
cussion of the development of ffi. t that the order of C in et, <ii 



Tisserand's Mic. CU., vol i., p. 308). Since tii and nj are both 
positive, one of the numbers ji, jt must be positive and the other 
negative in order that the sum jiHi + jmi shall be small. The 
more nearly equal ji and ji are numerically the smaller the numeri- 
cal value of ji -\~ ji is, and consequently, the larger C will I 
When the mean motions of the two planets are such that they • 
nearly commensurable with the ratio of Wi to n» expressible I 
small integers, then large terms in the perturbations will i 
from the presence of these small divisors. The period of such I 

term is ? ; — : — , which is very great, whence the appellation ' 

Jill +3int' ^ " *^*^ 

long period. These terms are given by equations of the same 
form as (69), but with the restriction that jiti, + jjn, shall be 
very small. 

Geometrically considered, the condition that the periods shall 
be nearly commensurable with the ratio expressible in small 
integers means that the points of conjunction o 



;onj unction occur at nearly tiM^ 
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t of the orbits with only a few other conjunctions inter- 
The extreme case is that in which there are no con- 
ions intervening, i. e., when ji and ji differ in numerical value 
oity. 

le mean motions of Jupiter and Saturn are nearly in the ratio 
ve to two. Consequently ji = 2, j* = — 5 gives a long 
d term, and the order of the coefficient C is the absolute 
i of 2 — 5, or 3. The cause of the long period inequaUty of 
:er and Saturn was discovered by Laplace in 1784 in com- 
ig the perturbations of the third order in ci and cj. The 
h of the period in the case of these two planets is about 850 



7. Secular Vaiiations. The expression D is independent 
le time tor all of those terms in which ji = j'l = 0. The 
al derivatives of D with respect to the elements are also 

pendent of the time; hence, on taking these terms of (98) and 
pmting, it is found that 



lil.«'»l = 



Idii 



~[k.'^^ + h'^]c.^nD.}ii-t.), 



nioi' VI — «i* sin ii 



Zhv- 






\ Ct sin Df (l~ (») 



niOi» VI - e,* I 



(„»..>] . 




St, 
C. • (1 - (.), 



C, sin £>■ I (I - W 
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|32; 



1.,,.,.,,.: 



[„(....] . - 



+ t,|^}e,smD, -(l-W, 

, n i 1 - Vl - e,* 

4- mi i/l — e.* — : 



"ill dflt 

It follows that there are no secular terms of this type of the fint 
order with respect to the masses in the perturbationa of a. Thii 
constitutes the first theorem on the stability of the solar system. 
It was proved up to the second powers of the eccentricities by 
Laplace in 1773,* when he was but twenty-four yeare of age, il 
a memoir upon the mutual perturbations of Jupiter and Sat) 
it was shown by Lagrange in 1776 that it is true for all powen 
the eccentricities, t It was proved by Poisson in 1809 that there 
are no secular terms in a in the perturbations of the second order 
with respect to the maaaes, but that there are terms of the typf 
t cos D, where D contains the time.]: Terms of this type are 
commonly called Paiason terms. 

All of the elements except a have secular terms. It appeals 
to have been supposed that the secular terms, which apparently 
cause the elements to change without limit, alone prevent the use 
of equations (72) for computing the perturbations for any time 
however great- Many methods of computing perturbati 
been devised in order to avoid the appearance of secular tei 
yet it is clear that, whether or not terms proportional to the 



ies by 

atuid 
renfltJ 



* Memoir presented to the ParU Academy of 
t Memoirt of the Berlin Academy, 1776. 
X Journal de I'Eeok Polytechnique, vol. XV. 
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appear, the method is strictly valid for only those values of the 
time for which the seriea (20) of Art. 207 are convergent. 

Secular terms may enter in another way, usually not considered. 
If jifii + jiTit = with ji + 0, j'l + 0, D is independent of the 
time and the corresponding terms are secular. In this case D is 
not independent of ti and there will be secular terms in the per- 
turbations of a. As has been remarked, this condition will always 
be fulfilled by an infinity of values of ji and ji if ni and wj are not 
inconmiensurable. But it is impossible to determine from obser- 
vations whether or not ni and ni are incommensurable, for there 
is always a limit to the accuracy with which observations can be 
made, and within this limit there exist infinitely many com- 
mensurable and incommensurable numbers. There is as much 
reason, therefore, to say that secular terms in a of this type exist 
as that they do not. However, they are of no practical im- 
portance because the ratio of nj to nj cannot be expressed in small 
integers, and the coefficients of these terms, if they do exist, are 
so small that they are not sensible for such values of the time as are 
ordinarily used. 

228. Terms of the Second Order with Respect to the Masses. 

The terms of the second order are defined by equations (29), 
Art. 210. The right raeraljers of these equations are the products 
of the partial derivatives, with respect to the elements, of the right 
members which occur in the terms of the first order, and the 
perturbations of the first order of the corresponding elements. 
Thus, the second order perturbations of the node are determined 
by the equations 



(101) 



where Si and 8% represent the elements of the orbits of nti and mt 

respectively. The partial derivative . '• ' is a sum of periodic 

&nd constant terms; Si"" and Si""' are sums of periodic terms 
and terms containing the time to the first degree as a factor. The 

products ^. '•* «,"*■ " and .■ ''* si"-"' therefore contain terms of 
dtidS\ diidSi 
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four types: (a) „^ A where D contains the time; (6) ',™,^; 
(c) ^° Z>», where Dj is independent of the time; and (d) '^ft- 
The integrals of these four types are respectively : 



(a) 



Ji"! +jtnt' 
(c) (™Z),; 



jini +jtnt (iiri] + jVii)*' 



(d) 



Therefore, the perturbations of the second order with respect to 
the masses have purely periodic terms; Poisson terms, or termi 

in which the trigonometric terms are multiplied by the time; 
secular terras, where the time occurs to the first degree; and secular 
terms where the time occurs to the second degree. This is tnie 
for all of the elements except the major semi-axis, in the case ot 
which the coefficients of the terms of the third and fourth types 
are zero, as Poisson first proved. 

In the terms of the third order with respect to the masses there 
are secular terms in the perturbations of all the elements except 
Oi, which are proportional to the third power of the time, and so on. 

229. Lt^ange's Treatment of the Secular Variations. The 

presence of the secular terms in the expression.^ for the elements 
seems to indicate that, if it is assumed that the series repreeent 
the elements for all values of the time, then the elements change 
without limit with the time. But this conclusion is by no means 
necessarily true. For example, consider the function ^— 



(102) 



sin (cmi) = cmt 



3! ■* 



where c is a constant and m a very small factor which may take thf 
place of a mass. The series in the right member converges for 
all valu^ of (. This function is never greater than unity for any 
value of the time; yet if its expansion in powers of m were given, 
and if the first few terms were considered without the law of the 
coefficients being known, it might seem that the series 
a function which increases indefinitely in numerical value 
the time. 
On following out the idea that the secular terms may be 
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pansions of functions which are always finite, Lagrange has shown 
(see ColUcled Works, vols. v. and vi.), under certain a&sumption? 
which have not been logically justified, that the secular terms are 
in reality the expansions of periodic terms of very long period. 
These terms differ from the long period variations (Art. 226) in 
that they come from the small uncompensated parts of the periodic 
variations, instead of directly from special conditions of con- 
junctions. As a rule these terms are very small, and their periods 
are much longer than those of the sensible long period terms. It 
will not be possible to give here more than a very general idea of 
the method of Lagrange. 

The first step in the method of Lagrange is a transformation of 
variables by the equations 



(103) 
and 
(104) 



[A/ = «/ sin T/, 

ilj = Bj cos ITj, 






tan if sin £if, 
tan I'/coB £ij, 



where e,-, t,-, etc., are the elements of the orbit of m,-, and /,■ is a 
new variable not to be confused with the mean longitude. These 
transformations are to be made simultaneously in the elements of 
the orbits of all of the planets. The elements a,- and <, remain 
without transformation. On omitting the subscripts, it is found 
from (103) and (104) that 



dh , dv , . de 



(105) . 



- e sin T-J7 + cos ir-j 



de dh Se dl Se 



dR 

' dl • 



*- 



- tan i flin £i -j— + sec* i coe St- 




(106) 



Then it follows from (72) that 



<106) ■ 



" 1 + VI - »' - P * 





mil tan 2 


'-a 


vn 


-h'-F 


-mi-jr 


-4- 


-P3B 


no" 


6A 



. p de 



mjft tan = 






i» Vi - A' ~ P cob" t ^2 

Wlip 



2na* Vl — A* — P cos i cos* 
I* a/1 — A' — P coa* I ^P 



it 



air 






2na* Vl — A* — P cob i cos* 



On developing the right members of these equations and oegla 
all terras of degree higher than the first* in A, I, p, and q, 

* The terms of order higher than the first axe neglected thioughM 
later atep in t^ methol. 




The terms which involve the derivative of R with respect to t, i, 
and r do not appear in these equations because they involve h, I, 
p, or q Bs a factor. Thia fact follows from the properties of C 
given in Art. 226 and the form of equations (103) and (104). 

Elach perturbing planet contributes terms in the right members 
of equations (107) similar to the ones written which come from mi. 
These differential equations are not strictly correct, since the 
first approximation has already been made in neglecting the higher 
powers of the variables. 

The second step is in the method of treating the differential 
equations. The expansions of the ffj, ,■ contain certain terms 
which are independent of the time, which in the ordinary method 
give rise to the secular terms. Let fl^'^, / represent these terms. 
Lagrange then treated the differential equations by neglecting the 
periodic terms in Ri, ,-, and writing 



dhi ,.J, dfi"*'.., 
(fli -^ 3fl°".-. f 



(i = 



, n; J 4= i), 




Tbe values of hi, U, Vh and qt determined from equations 
(108) are used instead of the secular terms obtained by the 
method of Art. 227. The process of breaking up a differential 
equation in this manner is not permissible except as a first approxi- 
mation, and any conclusions based on it are open to suspicion. 



4Si 
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In spite of the logical defects of the method and the fact that & ^ 
caimot be generally applied, there is little doubt that in the 
present case it gives an accurate idea of the actual manner in which 
the elements vary. 

The right members of equations (108) are expanded in powers of 
hi, U, V'l and qi, and all of the terms except those of the first degree 
are neglected; consequently the terms omitted in (107) would 
have disappeared here if they had been retained up to this poiat. 1 
The system becomes linear, and the detailed discussion of t 
Ri, i shows that it is homogeneous, giving equations of the tonn I 

f + gcA-o, 
f + g^A-o, 



[t+s-.* 



-0, 



and a similar system of equations in the pj and the q/. 

The coeEBcients ca depend only on the major axes (the t 
appearing in the secular terms) which are considered as 1 
constants, since the major axes have no secular terms in 1 
perturbations of the first and second orders with reepect to tl 
masses. It is to be noted here that the assumption that the A 
are constants is not strictly true because the major axes haVB 
periodic perturbations which may be of considerable magnitik 

When these linear equations are solved by the method used M 
Art. 160, the values of the variables are found in the fona 



(110) 






9. = ^Qifi^'. 



(Ill) 



(112) 
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where the Ha, Ly, P,-,-, and Qa, are constants depending upon the 
initial conditions. A detailed discussion shows that the X,- and tij 
are all pure iraaginaries with very small absolute values; there- 
fore the hi, U, Pi, and qi oscillate around mean values with very 
long periods. Or, since the Cj and tan ij are expressible as the 
sums of squares of the hj, Ij, pj, and qj, it follows that they also 
perform small oscillations with long periods; for example, the 
eccentricity of the earth's orbit is now decreasing and will continue 
to decrease for about 24,000 years. 

Equations (109) admit integrals first found by Laplace in 1784, 
irbich lead practically to the same theorem. They are 

y.rninia,Kh^ + l,^) = Constant = C, 

or, because of (103) and (104), 

S\m{Hfaj*e? = C, 

T* m{nja? tan' i,- = C, 

where Uj is the mean motion of *»,. The constants C and C as 
determined by the initial conditions are very small, and since the 
left members of (112) are made up of positive terms alone, no c, 
or ij can ever become very great. There might be an exception 
if the corresponding wiy were very small compared to the others. 

Equations (112) give the celebrated theorems of Laplace that 
the eccentricities and inclinations cannot vary except within very 
narrow limits. Although the demonatration lacks complete rigor, 
yet the results must be considered as remarkable and significant. 
Equations (112) do not give the periods and amplitudes of the 
oscillations as do equations (110). 

230. Computation of Perturbations by Mechanical Quadratures. 

If the second term of the second factor of (84) in absolute value is 
greater than unity, the series (87) does not converge and cannot 
be used in computing perturbations. The expansions may fail 
because ri and ti are very nearly equal; or, sometimes when they 
are not nearly equal, because / is large. In the latter case 
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another mode of expaneion sometimes can be employed, * but there 
are cases in which neither method leads to valid results. They 
both fail if the two orbits placed in the same plane would intersect, 
for in this case 



= ri» + ri» - 2rir, cos (ui - 



. - T.). 



would vanish when the two bodies arrive at a point of mte^ 
section of their orbits at the same time. Unless the periods are 
commensurable in a special way this would always happen. Of 
course, it is not necessary that ri, » should actually vanish in 
order that the expansion of (84) should fail to converge. 

Perturbations can he computed by the method of mechanicti 
quadratures without expanding the perturbative function explicitly 
in terms of the time. Consequently, this method can be used in 
computing the disturbing effects of planets on comets and in other 
cases where the expansion of ffi.j fails altogether or converges 
slowly. Let s represent an element of the orbit of mi; then 
equations (77) can be written in the form 



ds 



Ut), 



and the perturbations of the first order in the interval ^ — 1« are 

(113) s = So + £'Mt)dt, 

where so is the value of a at f = (o. 

The only difficulty in computing perturbations is in forming the 
integrals indicated in (1 13). When the perturbative function can- 
not be expanded explicitly in terms of t the primitive of Uw ■ 
function /,(() cannot be found. But in any case the values 
/,(() can be found for any values of I, and from the values of /,(( 
for special values of ( an approximation to the integral can \ 
obtained. Geometrically considered, the integral (113) is I 
area comprised between the (-axis and the curve/ = /.(f) and ti 
ordinates to and („. An approximate value of the integral ti 

S ± So+UtoXh - (o) + /.((i)((» - (i) + ■ ■ ■ + /.(t.-0((, - t 
The intervals ti — to, ti — ti, ■■■,(, — („_i can be taken bo s 
that the approximation will be as close as may be desired. 
Another method of obtaining an approximate value of the ii 
" Tiaserand, Miaxnique CiUtte, vol. i., thap. xxnn. 
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gral is to replace the curve /,((), whose explicit value in conTenient 
form may not be obtainable, by a polynomial curve of the nth 
degree which agrees in value with /.(() at t = to, h, • ■ •, l^. The 
equation of this polynomial is 

f I il-ti){l'U) -•• jt-Q . . 
J' "•" n. — tAif. — t.-\ ... (I. ^ I \ J'^^ 






Mh) 



~ (t. - mtn - t,) ■ ■ ■ it. - t^^y•^'~'■ 

Since there is no trouble in forming the integral of a polynomial 
there is no trouble in computing the perturbation of s for the in- 
terval in — (o- If the value of the function /,(() is not changing 
Very rapidly or irregularly, its representation by a polynomial is 
Very exact provided the intervab h — to, ■ •-, In — (n-i are not 
too great. 

However, the area between the polynomial, the ^axia, and the 
limiting ordinates is not the best approximation to the value of 
the integral that can be obtained from the values of /,(() at to, 
• • ■ , (,. The values of the function give information respecting 
tbe nature of the curvature of the curve between the ordinates 
(this being true, of course, only because the function /,(() is a 
regular function of I), and corrections of the area due to these 
curvatures can easily be made. Ordinarily they would involve the 
derivatives of /.(() at (o, ■ ■ ■ , tn, which would require a vast amount 
of labor to compute; but the derivatives can be expressed with 
aulBcient approximation in terms of the successive differences of 
the function, and the differences are obtained directly from the 
tabular values by simple subtraction. The derivation of the 
most convenient explicit formulas is a lengthy matter and must 
be omitted.* 

Suppose the computation of the integrals from the values of 
/,(() at I = (fl, ■ ■ ■ , 'n has not given results which are sufficiently 
exact. More exact ones can be obtained by dividing the interval 
/, — (o into a greater number of sub-intervals. A little experience 
usually makes it unnecessary to subdivide the intervals first chosen. 

* See Tiaserand's Mieaniqw CtUste, vol. iv., chapa. x. and xi.; and Cba^ 
fin's Utdutnik da Hitnmeli, vol. a., chap. 1, 



428 PBRTURBATIONB BY UECHAmCAL QCADRATUKES. 1^30 

There is a second reason why the results obtained by mechaniciil 
quadratures may not be sufficiently exact. It has bo far been 
assumed tbat/.CO is a function of t alone; or, in other words, that 
the elements of the orbits on which it depends are constants. 
This is the assumption in computing perturbations of the fint 
order. If it is not exact enough, new values of f,{ti), ■ • -, /.{(J 
can be computed, on using in them the respective values of 
the elements s which were found by the first integration. From 
the new values of /.(ii)i ' " "i /"('■) * more approximate value of 
the integral can be obtained. Unless the interval (» — (o is too 
great this process converges and the integral can be found with 
any desired degree of approximation, because this method ifl 
simply Pi card's method of successive approximations whose 
validity has been established.* In practice it is always ad%'isable 
to choose the interval (, — 'o so short that no repetition of the 
computation with improved values of the function at the ends of 
the sub-intervals will be required. At each new stage of the inte- 
gration the values of the elements at the end of the preceding 
step are employed. It follows that the method, as just explmned, 
enables one to compute not only the perturbations of the first order, 
but perturbations of all orders except for the limitations thai 
the intervals cannot be taken indefinitely small and the compu- 
tation cannot be made with indefinitely many places. 

The process of computing perturbations by the method of 
mechanical quadratures, as compared with that of using the 
expanded form of the perturbative function, has its advantages 
and its disadvantages. It is an advantage that in emplo>'in$ 
mechanical quadratures it is not necessary to express the po^ 
turbing forces explicitly in terms of the elements and the t 
This is sometimes of great importance, for, in cases where t 
eccentricities and inclinations are large, as in some of the aste 
orbits, these expressions, which are series, are very slowly coo- 
vei^ent; and in the case of orbits whose eccentricities exceed 
0.6627, or of orbits which have any radius of one equal to any 
radius of the other the series are divergent and cannot be UM&J 
The method of mechanical quadratures is equally applicable I 
all kinds of orbits, the only restriction being that the inter* 
shall be taken sufficiently short. It is the method actually em- 
ployed, in one of its many forms, in computing the perttirbations 
of the orbits of comets. 

• Picard's TraiU d" AtuJ^m, vol. h., chap, xt., oection 2. 
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The disadvantages are that, in order to find by mechanical 
uadratures the values of the elements at any particular time, 
; is necessary to compute them at all of the intermediate epoch a. 
(eing purely numerical, it throws no light whatever on the general 
haracter of perturbations, and leads to no general theorems 
yarding the stability of a system. These are questions of 
reat interest, and some of the most brilliant discoveries in Ce- 
tstial Mechanics have been made respecting them. 

231. General Reflections. Astronomy is the oldest science 
nd in a certain sense the parent of all the others. The relatively 
;mple and regularly recurring celestial phenomena first taught 
len, in the days of the ancient Greeks, that Nature is systematic 
Dd orderly. The importance of this lesson can be inferred from 
tie fact that it is the foundation on which all science is based. 
'or a long time progress was painfully slow. Centuries of obaer* 
ations and attempts at theories for explaining them were neces- 
iry before it was finally possible for Kepler to derive the laws 
'hich are a first approximation to the description of the way in 
'hich the planets move. The wonder is that, in spite of the 
istractions of the constant struggles incident to an unstable 
KJal order, there should have been so many men who found their 
reatest pleasure in patiently mailing the laborious observations 
'bich were necessarj' to establish the laws of the celestial motions. 

The work of Kepler closed the preliminary epoch of two thousand 
ears, or more, and the brilliant discoveries of Newton opened 
nother. The invention of the Calculus by Newton and Leibnitz 
imished for the first time mathematical machinery which was 
t all suitable for grappling with such difficult problems as the 
isturbing effects of the sun on the motion of the moon, or the 
lutual perturbations of the planets. It was fortunate that the 
elescope was invented about the same time; for, without its use, 
; would not have been possible to have made the accurate obser- 
ations which furnished the numerical data for the mathematical 
beories and by which they were tested. The history of Celestial 
Mechanics during the eighteenth century is one of a continuous 
eries of triumphs. The analytical foundations laid by Clairaut, 
'Alembert, and Euler formed the basis for the splendid achieve- 
ments of Lagrange and Laplace. Their successors in the nine- 
eenth century pushed forward, by the same methods on the 
'hole, the theories of the motions of the moon and planets to 
igher orders of approximation and compared them with more 
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and better observations. In this connection the names of Lever- 
rier, Delaunay, Hansen, and Newcomb will be especially remem- 
bered. Near the close of the nineteenth century a third epoch 
waa entered. It is distinguished by new points of view and new 
methods which, in power and mathematical rigor, enormously 
surpass all those used before. It was inaugurated by Hill in ioB 
Researches on the Lunar Theory, but owes most to the brilliant con- 
tributions of Poincar^ to the Problem of Three Bodies. 

At the present time Celestial Mechanics is entitled to be regarded 
as the most perfect science and one of the most splendid achieve- 
ments of the human mind. No other science is based on so maoj 
observations extending over so long a time. In no other science 
is it possible to test so critically its conclusions, and in no other 
are theory and experience in so perfect accord. There are thou- 
Btmda of small deviations from conic section motion in the orbits 
of the planets, satellites, and comets where theory and the obser- 
vations exactly ^ree, while the only unexplained irregularitiCB 
(probably due to unknown forces) are a very few small onea isJ 
the motion of the moon and the motion of the perihelion of ^fl 
orbit of Mercury. Over and over again theory has outrun practi«l 
and indicated the existence of peculiarities of motion which had 
not yet been derived from observations. Its perfection during 
the time covered by experience inspires confidence in following it , 
back into the past to a time before observations began, and int>M 
the future to a time when perhaps they shall have ceased. AM 
the telescope has brought within the range of the eye of man ti»» 1 
wonders of an enormous space, so Celestial Mechanics has brou|Jit 
within reach of hia reason the no lesser wonders of a correapoiid- 
ingly enormous time. It is not to be marveled at that he t 
profound satisfaction in a domain where he b largely freed f 
the restrictions of both space and time. 
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1. Suppose (a) that Ri. i is large and nearly constant) (ft) that Si 
large Euid changing rapidly; (c) that Ri. ■ b small and nearly constant, ir tli« 
perturbations are computed by mechanical qiiadratiires how should tbf 
U — tube chosen relatively in the three caaes, and how ahould the numbers of 
subdivisions of f, — to compare? 

2. The perturbative function involves the reciprocal of the distance frao 
the disturbing to the disturbed planets. This is called the principal pari and 
gives (he most difficulty in the development. How many Beparat« 
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diatancea mufit be developed in order to compute, iu a. system of one sun and 
n planets, (a) the perturbationa of the first order of one planet; (6) the per- 
turbations of the first order of two planets; (c) the perturbationa of the second 
order of one planet; and {d) tbe perturbations of tte third order of one planet? 

3, What eimpMcatioDS would there be in the deretapment of the per- 
turbative functian if tbe mutual inclinatioua of the orbits were aero, and if 
the orbits were circles? 

4. What sorts of terms will in general appear ia perturbaliona of tbe third 
order with respect to the masses? 



HISTORICAL SKETCH AND BIBLIOGRAPHY. 

The theory of perturbations, as applied to the Lunar Theory, was developed 
from the geometrical standpoint by Newtoa. The memoirs of Clairaut and 
D'Alembert in 1747 contained important advances, making the solutions 
depend upon the integration of the differential equations in series. Clairaut 
aooa had occasion to apply his processes of integration to the perturbationa 
of Ealley's comet by the planets Jupiter and Saturn. This comet had been 
observed in 1531, 1607, and 1682. If its period were constant it' would pass 
the perihelion again about the middle of 1756. Clairaut computed the 
perturbations due to tbe attractions of Jupiter and Saturn, and predicted that 
the perihelion passage would be April 13, 1750. He remarked that the Ume 
was uncertain to the extent of a month because of the uncertainties in the 
mosses of Jupiter and Saturn and the possibility of perturbations from un- 
known planets beyond these two. The comet passed the perihelion March 13, 
giving a striking proof of the value of Clairaut's methods. 

The theory of the perturbations of the planets was begun by Euler, whose 
memoirs on the mutual perturbations of Jupiter and Saturn gmned the prizes 
of the French Academy in 1748 and 1752, In these memoirs was given the 
first analytical development of the method of the variation of parameters. 
The equations were not entirely general as he had not conadcred the elemenls 
as being all simultaneously variables. The first steps in the development of 
the perturbative function were also given by Euler. 

Lagrange, whose contributions to Celestial Mechanics were of the most 
brilliant character, wrote bia first memoir in 1766 on the perturbations of 
Jupiter and Saturn, In this work he developed atill further the method of 
the variation of parameters, leaving his final equations, however, still incorrect 
by regarding the major axes and the epochs of the perihelion posaages as 
constants in deriving the equations for the variations. The equations for 
the inclination, node, and longitude of the perihelion from the node were 
perfectly correct. In the expressions for the mean longitudes of the planets 
there were terms proportional to the first and second powers of the time. 
These were entirely due to the imperfections of the method, their true form 
being that of the long period terms, as was shown by Laplace in 1784 by 
coiuddering terms of the third order in the eccentricities. The method of the 
variation of parameters was completely developed for the first time in 1782 
by Lagrange in a prize memoir on the perturbations of comets moving in 
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elliptical orbile. By far the most eitenaive use of ihe method of vuiatioD o| 
parameters is due to Delaunay, whose Lunar Theory ia eaBentially a long 
■ucceaaioD of the appUc&tiona of the process, each atop of it lemovic^ a tenn 
from the perturbative function. 

In 1773 Ijiplace presented his firet memoir to the French Academy of 
Sciences. In it he proved his celebrated theorem that, up to the second 
powers of the eccentricities, the major axes, and consequently the me&D 
motions of the planets, have no secular terms. This theorem waa extended 
by Lagrange in 1774 and 1776 to all powers of the eccentricities and of the sjne 
of the angle of the mutual inclinal ion, for perturbations of the first order with 
respect to the maesea. Polsson proved in 1S09 that the major axes have no 
purely eeciilar terms in the perturbations of the second order with respect to 
the masses. Haretu proved in his Dissertation at Sorbonne in 1878 that 
there are secular variations in the expressions for the major axes in the terms 
of the third order with respect to the masses. In vol. xix. of Antiala de 
I'Obe&^valoire de Pane, Eginilis considered terma of still higher order with 
respect to the masses, 

Lagrange began the study of the secular terms in 1774, introducing tie 
variables h, I, p, and g. The investigations were carried on by L&grsnge 
and Laplace, each BUpplemenling and extending the work of the other, until 
1784 when their work became complete by Laplace's discovery of his celebrated 
equationa 



_ m,-n,a,'ei 



mttifl 



,' tan* ij - C. 



These aquations were derived by using only the linear terms in the diStn 
equations. Leverrier, Hill, and others have extended the work by method 
successive approximations to terms of higher degree. Newcomb (Smi 
Coniribuiiorw to Science, vol. xxi., 1876) has established the more far-i 
results that it is possible, in the case of the planetary perturbations, I 
seot the elements by purely periodic functions of the time which fom 
satisfy the differential equations of motion. If these seriei 
Ihe stability of the solar system would be assured; but Poincar^ has d 
that they are in general divergent (Lea Milhodta Nouvtllei de la Mkt 
CiUtU, chap. IX. >. Lindstedl and GyldSn have also succeeded ii 
the equations of the motion of n bodies in periodic eeries, which, j 
are in general divergent. 

Gauss, Airy, Adams, Leverrier, Hansen, and many othera have n 
important contributions to the planetary theory in some of ita n 
Adams and I*verrier are noteworthy for having predicted the e 
apparent position of Neptune from the unexplained irregularitiee ii 
of Uranus. More recently Poincar^ turned his attention to Celestial Meehanicii 
publishing a prize memoir in the Acta MatherTialiea, vol. xiii. This mmoit 
was enlarged and published in book form with the title Lea MHhoda Nomditi 
de la Micanigue CiUale. Poincan5 applied to the problem all the reaounM 
of modem mathematics with unrivaled genius; he brought into the invtatip- 
tion such a wealth of ideas, and he devised methods of such immenae power 



HISTORICAli SKETCH. 



that the subject in its theoretical aspects has been entirely revoiutionixed in 
bis hands. It cannot be doubled that much of the work of the nert fifty 
years will be in amplifying and applying the processee which he explained. 

The following works should be consulted: 

Laplace's Micanigue Cilcate, containing practically all that was known of 
Celestial Merhanice at the time it was written (1799-1805). 

On the variation of parameters — AnnaUs de I'Obaervatoire de ParU, vol, i,; 
Tiaserand's Mftaniqut CfUsU, vol. 1.; Brown'a Lunar Theory; Diiobek'a 
Ptanelen-Bewegunnen . 

On the development of the perturbative function — -AnJialeB de I'Obseniatoire 
de Paris, vol. i.; Tisaerand's Atlainique Cilttle, vol. i.; Hansen's Enlwiekelung 
det Prodiiela eiiier Polenz deg Badiug-Vectors mil dent Simts odcr Cosiniie einea 
Vielfachcn der tuahren Atumtalie, etc., .46ft. d. K. S<Scha. Ges. eu Leipzig, vol. il.; 
Newcomb's memoir on the General Integrab of Planetary Motion; Poincarg, 
Let Mithodes NowkIUs, vol. i., chap. Vi. 

On the stability of the solar system — Tisaerand's Micanique CiUiU, vol. i., 
chaps. XI., XXV,, XXVI., and vol. iv., chap, xxvi.; Gylden, Traiti AruUytique 
des Orbitex absotuet, vol. i.; Newcomb, Smiihmnian ConC., vol, xxi.; Poincar^, 
Lt* Milhodea NouveUet de la Micanique CHesle, vol. u., chap. x. 

On the subject of Celestial Mechanics as a whole there is no better work 
Bvulable than that of Tiaserand, which should be in the posaeasion of every 
one pving special attention to this subject. Another noteworthy work is 
Charlier'e Mechanik dea Himmelt, which, besides maintaining a high order of 
general excellence, is unequaled by other treatises in its discusaioQ of periodic 
BolutiooB of the Problem of Three Bodies. 
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